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To the reader 


1. The Elements of Mathematics series takes up mathematics at their 
beginning, and gives complete proofs. In principle, it requires no particular 
knowledge of mathematics on the reader’s part, but only a certain familiarity 
with mathematical reasoning and a certain capacity for abstract thought. 
Nevertheless, it is directed especially to those who have a good knowledge 
of at least the content of the first year or two of a university mathematics 
course. 


2. The method of exposition we have chosen is axiomatic, and normally 
proceeds from the general to the particular. The demands of proof impose 
a rigorously fixed order on the subject matter. It follows that the utility of 
certain considerations will not be immediately apparent to the reader unless 
he already has a fairly extensive knowledge of mathematics. 


3. The series is divided into Books, and each Book into chapters. The 
Books already published, either in whole or in part, in the French edition, 
are listed below. When an English translation is available, the corresponding 
English title is mentioned between parentheses. Throughout the volume 
a reference indicates the English edition, when available, and the French 
edition otherwise. 


Théorie des Ensembles (Theory of Sets) designated by E (S) 


Algébre (Algebra) — A (A) 
Topologie Générale (General Topology) on TG (GT) 
Fonctions d’une Variable Réelle 

(Functions of a Real Variable) — FVR (FRV) 
Espaces Vectoriels Topologiques 

(Topological Vector Spaces) — EVT (TVS) 
Intégration (Integration) _ INT (INT) 
Algébre Commutative 

(Commutative Algebra) = AC (CA) 
Variétés Différentielles et Analytiques — VAR 
Groupes et Algébres de Lie 

(Lie Groups and Lie Algebras) — LIE (LIE) 


Théories Spectrales — TS 
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In the first six Books (according to the above order), every statement 
in the text assumes as known only those results which have already been 
discussed in the same chapter, or in the previous chapters ordered as follows: 
S; A, Chapters I to III; GT, Chapters I to III; A, from Chapter IV on; GT, 
from Chapter IV on; FRV; TVS; INT. 

From the seventh Book onward, the reader will usually find a precise 
indication of its logical relationship to the other Books (the first six Books 
being always assumed to be known). 


4. However we have sometimes inserted examples in the text that refer 
to facts the reader may already know but which have not yet been discussed 
in the series. Such examples are placed between two asterisks: *...,. Most 
readers will undoubtedly find that these examples help them to understand 
the text. In other cases, the passages between *..., refer to results that 
are discussed elsewhere in the series. We hope that the reader will be able 
to verify the absence of any vicious circle. 


5. The logical framework of each chapter consists of the definitions, 
the azioms, and the theorems of the chapter. These are the parts that 
have mainly to be borne in mind for subsequent use. Less important results 
and those which can easily be deduced from the theorems are labelled as 
“propositions”, “lemmas”, “corollaries”, “remarks”, etc. Those which may 
be omitted on a first reading are printed in small type. A commentary on 
a particularly important theorem occasionally appears under the name of 
“scholium” . 

To avoid tedious repetitions it is sometimes convenient to introduce 
notations or abbreviations that are in force only within a certain chapter or 
a certain section of a chapter (for example, in a chapter that is concerned only 
with commutative rings, the word “ring” would always signify “commutative 
ring”). Such conventions are always explicitly mentioned, generally at the 
beginning of the chapter in which they occur. 


6. Some passages in the text are designed to forewarn the reader against 
serious errors. These passages are signposted in the margin with the sign 
(“dangerous bend”). 


7. The Exercises are designed both to enable the reader to satisfy himself 
that he has digested the text and to bring to his attention results that have 
no place in the text but are nevertheless of interest. The most difficult 
exercises bear the sign |. 


8. In general, we have adhered to the commonly accepted terminology, 
except where there appeared to be good reasons for deviating from it. 


9. We have made a particular effort always to use rigorously correct 
language, without sacrificing simplicity. As far as possible we have drawn 
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attention in the text to abuses of language, without which any mathematical 
text runs the risk of pedantry, not to say unreadability. 


10. Since in principle the text consists of the dogmatic exposition of a 
theory, it contains in general no references to the literature. Bibliographical 
references are gathered together in Historical Notes. The bibliography which 
follows each historical note contains in general only those books and original 
memoirs that have been of the greatest importance in the evolution of the 
theory under discussion. It makes no pretense of any sort to completeness. 

As to the exercises, we have not thought it worthwhile in general to in- 
dicate their origins, since they have been drawn from many different sources 
(original papers, textbooks, collections of exercises). 

11. References to a part of this series are given as follows: 

a) If reference is made to theorems, axioms, or definitions presented in 
the same section (§), they are cited by their number. 

b) If they occur in another section of the same chapter, this section is 
also cited in the reference. 

c) If they occur in another chapter in the same Book, the chapter and 
section are cited. 

d) If they occur in another Book, the Book is cited first, by the abbre- 
viation of its title. 


The Summaries of Results are cited by the letter R; thus S, R signifies 
the “Summary of Results of the Theory of Sets”. 


CHAPTER VII 


Haar measure 


In this chapter and in the next, when we speak of a function (resp. 
a measure), it will be understood to be either a real or a complex function 
(resp. measure); if T is a locally compact space, the notation #(T) will 
denote either the space R(T) or the space X(T); similarly for the 
notations #(T), @(T), L°(T,u), A(T), etc. It is of course understood 
that in a situation involving several functions, measures or vector spaces, the 
results obtained are valid when these functions, measures or vector spaces 
are all real or all complex. The space #(T) will always be assumed to be 
equipped with the topology of uniform convergence, the space @(T) with the 
topology of compact convergence, and the space #(T) with the direct limit 
topology whose definition is reviewed at the beginning of Chapter VI. The 
notation #4.(T) will denote the set of functions >0 of #(T). If ACT, 
ya will always denote the characteristic function of A. If t€ T, e¢ will 
denote the positive measure defined by the mass +1 at the point t. 

_ All locally convex spaces will be assumed to be Hausdorff. 

We will denote by e the neutral element of all of the groups considered, 

absent express mention to the contrary. 


§1. CONSTRUCTION OF A HAAR MEASURE 


1. Definitions and notations 


Let G be a topological group operating continuously on the left (GT, 
III, §2, No. 4) in a locally compact space X; for s € G and x € X, let sx be 
the transform of x by s. We denote by yx(s), or ¥(s) , the homeomorphism 
of X onto X defined by 
(1) 4(s)z = sx. 

We have 


(2) ¥(st) = ¥(s)v(t) - 
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If f is a function defined on X, y(s)f will be defined by transport of 
structure, that is, by the formula (y(s)f)(7(s)z) = f(x); in other words, 


(3) (v(s)f) (2) = f(s7*a). 


If yw is a measure defined on X, ¥(s)u will also be defined by transport of 
structure, which leads to 


(4) (f,9(s)u) = (y(s~*)f,u) for f © 2 (X). 


In other words, 
(5) [ teatro) @) = [ #12) due). 


If A isa (7(s)4)-integrable set, then s~1A is p-integrable and 


(6) (y(s)u)(A) = u(s~*A). 


The measure (s)u may also be defined as the image of w under 7(s). 
Instead of writing d(y(s)4)(zx), it is sometimes useful to write du(s~*x); 
the formula (5) then takes the following form: 


/ f(x) du(s74x) = | f(s) dyu(c) ; 
x x 


the expression on the right may then be deduced from that on the left by 
‘replacing z by sz.’ 


DEFINITION 1. — Let w be a measure on X. 

a) pw ts said to be invariant under G if y(s)u= wp for every sEG. 

b) yu is said to be relatively invariant under G if (s)u is proportional 
to uw for every sEG. 

c) p is said to be quasi-invariant under G if y(s)u is equivalent to u 
for every sEG. 


Remarks. — 1) Assume yp invariant. Then |u|, @(u), 4%(u) are in- 
variant. If y is real, then wt and pw are invariant. 

2) Assume yp relatively invariant and nonzero. There exists, for ev- 
ery s € G, a unique complex number x(s) such that 


(7) ¥(s)u = x(s)7*p, 
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and the function x on G is a representation of G in C*, called the mul- 
tiplier of 4. The formula (5) then gives 


(8) [ ts2) aula) =x) [ Fe) ute), 
and formula (6) gives 

(9) u(sA) = x(s)u(A). 

With the conventions made above, (7) may also be written 
(10) du(sz) = x(s) du(z). 


3) Since |y(s)u| = 7(s)(|u]), to say that pu is quasi-invariant amounts 
to saying that |u| is quasi-invariant. 

If u is quasi-invariant and py’ is another measure on X equivalent to pz, 
then -y(s)y’ is equivalent to y(s)u, hence to pu, hence to p’, and so p’ is 
quasi-invariant. To say that y is quasi-invariant under G therefore means 
that the class of w is invariant under G. 

For yu to be quasi-invariant, it is necessary and sufficient that the set 
of locally p-negligible subsets of X be invariant under G (Ch. V, §5, No. 5, 
Th. 2), or again that, for every p-negligible compact subset K of X and for 
every s€G, sK be p-negligible (loc. cit., Remark). 

If yw is quasi-invariant, then the support of y is invariant under G. In 
particular if G is transitive in X (A, I, §5, No. 5, Def. 6), this support is 
either empty (if 4 =0) or equal to X (if w #0). 


Lemma 1.— Let X, Y, Z be three topological spaces, with Y locally 
compact. Let (x,y)++ zy be a continuous mapping of Xx Y into Z, which 
defines a mapping xt uz, of X into F(Y;Z) by the relation uz(y) = ry. 
Let £ be a continuous function on Z with values in R. or in a Banach space, 
S the support of f, and a measure on Y. Assume that for every ro € X, 


there exists a neighborhood V of zo in X such that (J) uz+(S) is relatively 
zEV 
compact in Y. Then: 


a) for every EX, foug is continuous on Y , with compact support; 

b) the mapping x J, f(xy) du(y), which is defined by a), is continu- 
ous on X. 

The assertion a) is obvious. Let us prove b). Since continuity is a 


local property, we may reduce to the case that [J uz1(S) is contained ina 
rEX 
compact subset Y’ of Y. Since the function (z,y)+> f(zy) is continuous 


on Xx Y, fou, tends to fou,, uniformly on Y’ as x tends to 29 
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(GT, X, §3, No. 4, Th. 3), therefore (fou,) tends to u(fouz,). Whence 
the lemma. 


Let us now return to the previous notations. 


PROPOSITION 1. — Assume that G is locally compact. Let w be a 
nonzero relatively invariant measure on X. Then its multiplier x is a con- 
tinuous function on G. 

For, let f € #(X), S the support of f, so a point of G, and V a 
compact neighborhood of so in G; then, the set 


U v(s)-*(S) = v-*s 


seEV 


is compact in X; by Lemma 1 and formula (8), x(s~')(u, f) depends con- 
tinuously on s; if f is chosen so that (u,f) #4 0, one sees that yx is 
continuous. 


Now let G bea topological group operating continuously on the right in 
a locally compact space X; for s€ G and z€ X, let zs be the transform 
of x by s. We denote by 6x(s), or 5(s) , the homeomorphism of X defined 
by 
(1’) 6(s)z = as—', 

We have 
(2') 6(st) = 6(s)6(t). 


By transport of structure, one defines the action of 6(s) on functions 
and measures on X: 


(3/ (6(s)f)(«) = F(es) 

(4) (f,6(s)4) = (6(s)F, n) 

(5) [ #@)a(6(s)u)@) = f Fes) auto) 
6’) (5(s))(A) = u(As). 


We agree to write du(rs) in place of d(6(s)u)(x), and (5’) then takes the 
form 


[ #@ duces) = [ fas) dye). 
x x 
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One defines in an analogous manner the measures on X invariant, rel- 
atively invariant and quasi-invariant under G. If yw is relatively invariant, 
its multiplier x is defined by the formulas 


(7’) 6(s)u = x(s)u 

(8) [ f(s) du(e) = x(s)7} i f(a) du(e) 
(9’) u(As) = x(s)u(A) 

(10’) du(ws) = x(s) du(e). 


If one regards the group G° opposite to G as operating in X by 
(z,s) ++ xs, then yp is relatively invariant under G° with the same multi- 
plier x. 


Finally, let G be a locally compact group. It operates on itself 
by left and right translations, according to the formulas y(s)z = sz, 
6(s)x = xs~1. Then 


(11) (s)8(t) = 6(t)y(s) . 


All of the foregoing is applicable here, thus we have on G the concepts of 
measures that are left-invariant, right-invariant, relatively left-invariant, rel- 
atively right-invariant, left quasi-invariant, right quasi-invariant (however, 
see Nos. 8 and 9). 


The mapping rr 27! 


is a homeomorphism of G onto G. For every 
Vv 
function f on G, we define the function f on G by 


(12) f(z) = f(a). 
For every measure pp on G, we define the measure ji by 


(13) hf) =u(f) for fex(G). 


In other words, 
(14) i f(a) dji(ae) = L f(a?) du(e). 


If A is a p-integrable set, then A-! is p-integrable and 


(15) B(A) = (AT). 
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We agree to write du(a~') in place of dji(x), and (14) then takes the form 


i f(a) du(a-) = [ fla) du(e). 
G G 


2. The existence and uniqueness theorem 


DEFINITION 2. — Let G be a locally compact group. A nonzero positive 
measure on G that is left (resp. right) invariant is called a left (resp. right) 
Haar measure on G. 


THEOREM 1. — On every locally compact group, there ezists a left (resp. 
right) Haar measure, and, up to a constant factor, there exists only one. 
A) Existence. — Set #(G) = 4%, #(G) = %, HF = 4% — {0}. 
If C is a compact subset of G, we denote by .#(C) the set of f € x 
with support in C. For f € # and g € A , there sy numbers 
C1,---;Cn 20 and elements s1,...,8, of G such that f < a ci (Si)g: 


for, there exists a nonempty open set U in G such that inf f a(s) > 0, 

and the support of f can be covered by a finite number of Teft-tranalates 
n 

of U. Let (f : g) be the infimum of the numbers )>c¢; for all sys- 


tems (Cj,...,;Cn;$1,---,$n) of numbers > 0 and sictiente of G such that 
f < So eiy(si)g. Then: 

i=l 
(i) (vs)f +9) =(f:9) for fe #,g€ XH, 8 EG; 
(ii) (Af: 9) =A: 9) for fe #,g9€ 4, rA>0; 
(ii) (F+F):9)<(f:9)+(f':9) for fe#, fle KH, ge Hf; 
(iv) (f : 9) 2 (sup f)/(sup g) for fe #,g9€ #f; 
(v) (f:h) <(f:9)(g:h) for fe #,g€ Hf he £f; 
(i) 0< tc ED cs fe) for Ff, fos g in HH; 


(fo: f) ~ (fo: 9) ~ 

(vii) let f, f’, h bein #4 with h(s) >1 onthe support of f +f’, and 
let ¢ > 0; there exists a compact neighborhood V of e such that, for 
every 9 € #(V), 


(f:9)+(f':9) < (f+): 9) +e(h:Qg). 
The properties (i), (ii), (iii) are obvious. Let f € #@,g € a if 
ua n 
f < Ya(si)g with the c > 0, then supf < >> cig(s;*s) for some 
i=1 


i=1 
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n 
s €G, therefore sup f < ( >> c;) supg, whence (iv). Let us now prove (v); 
i=1 


let f eH Goh ins Aa P< dens )g and g< daes)r 
(c, 2 0, d; 2 0, 5;,t; in G), fic f° Dedsalstsyh, “theese 


(fi h)< Led j= (a)(L 4): thus (f :h) < (f:g)(g:h). Apply- 


ing (v) to FG: f,g on the ie hand and to f,fo,g on the other, one ob- 
tains (vi). Finally, let f,f’,h bein #4 with h(s) >1 on the support 


1 
of f+f’, andlette > 0. St F=f+f'’+ aon the functions 9,’ , 
that coincide respectively with f/F and f’/F onthe support of f+’ and 
are zero outside it, belong to .#; for every 7 > 0, there exists a compact 
neighborhood V of e such that |y(s) — y(t)| <7 and |y’(s)—y’(t)| <n 
for s~'t € V. Then let g € .4#4*(V); for every se G, 
y-¥(s)9 < (v(s) +) -Y(8)95 


for, this is obvious at the points where y(s)g is zero, therefore outside 
of sV; and in sV, y < y(s) +7; similarly, y’ -y(s)g < (y'(s) +) -Y(8)9- 
This stated, let ci,...,C, be numbers 20 and sj,...,8, elements of G 


n 
such that F < > ci7(si)g; then 
4 


n 


r<)> cp (sig < >> c(i) + 0) - ¥(si)9 
i=1 


i=l 


and similarly for f’; consequently 
n n 
(f 29) +(F': 9) < do ci(y(si) + 9'(ss) + 2m) < A +20) Doe 
i=1 i=1 


since y+ y’ <1. Applying the definition of F, then (ii), (iii) and (v), one 
infers that 


(f 9) +(f':9) < (1+ 2n)\(F: 9) < 
(1+ 2n)[((F + f):9) + seth :Q)< 
((F +’) 9) + 5e(h:9) +2n((F +1): A)(h: 9) +en(h : 9) 


and, if 7 has been chosen so that n(2((f +f"): h) + €] < a one ob- 
tains (vii). 
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As V runs over the set of compact neighborhoods of e, the %*(V) 
form a base of a filter B on #%* ¢. Let ¥ be an ultrafilter on we finer 
than 8. On the other hand, let us fix fo € #2 * and let us set, for ri € HF 
and g€ 4, 

7 9 
By (vi), lim I,(f) =I(f) exists in the compact space [1/(fo: f),(f : fo)]. 
By (iii), 1(f + f’) < Uf) +1(f'). By (vii), 1) + 1(f’) < Uf + f’) + €l(A) 
for all ¢ > 0 provided h is > 1 on the support of f + f’; it follows that 
I(f + f’) = 1(f) +1(f’). By Ch. II, §2, No. 1, Prop. 2, I is extendible to 
a linear form on .% ; this linear form is a nonzero positive measure on G, 
left-invariant by (i); this is the sought-for left Haar measure. Passing to the 
opposite group, one deduces from this the existence of a right Haar measure. 

B) Uniqueness. — Let pu be a left Haar measure, v aright Haar mea- 
sure. Then v is a left Haar measure. We are going to show that p and v 
are proportional. This will prove that any two left, Haar measures are indeed 
proportional. 

Let f € # be such that u(f) #0. By Lemma 1, the function D, 
defined on G by the formula 


(16) Dy(s) = wf) i f(t-4s) du(t) 


is continuous on G. Let g € £. The function (s,t) + f(s)g(ts) is 
continuous with compact support in G x G. By Ch. III, §4, No. 1, Th. 2, 


w(fo(a) = ( f #6) duls)) ( f 94-10) 
= f an(s) [ reattsyavey = f avtey f #0s)oCts) auto) 
(17) = [ave [ r0-*9)9(6) duis) 
= f o(8)[ [ #05) av(e)] duis) = ul u(Dy), 


whence 
(18) v(g) = w(Dy - 9). 


This proves, first, that D; does not depend on f. For, if f’ € % is such 
that u(f’) 40, then Ds- w= Dy +p, therefore Dr = Dy locally almost 
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everywhere for y, hence everywhere, since Ds and Dy are continuous and 
the support of uw is G. We may therefore write Ds =D. The formula (16) 
gives 


(19) u(f)D(e) = u(f). 


The formula (19) may be extended by linearity to the functions 
f € & such that u(f) = 0. We have D(e) 4 0 since v # 0. This 
indeed establishes the proportionality of 4 and V. 


COROLLARY. — Every left-invariant (resp. right-invariant) measure 
on G is proportional to a left (resp. right) Haar measure. 


Examples. — 1) On the additive group R, the Lebesgue measure dx 
is a Haar measure (Ch. III, §1, No. 3, Example). 
2) For every function f € #(R4.), we have (FRV, II, §1, formula (12)) 


Po Se) = ae f (ta) _ +e F (tx) 
i. : ae = | ae tde = | dx 


x 


for all t > 0; the measure z~!dz is thus a Haar measure on the multiplica- 
tive group R4. 

3) Let us take for G the torus T = R/Z. Let y be the canonical 
mapping of R onto T. For f € #(T), the function f oy is continuous 
and periodic with period 1 on R, and the integral 


a+1 
f= F(ee))de 


is independent of the choice of a € R; it is immediate that it is invariant 
under translation; it therefore defines a Haar measure on T. By transport 
of structure, one deduces from this that I(f) = f° +) F(e2nit) dt is a Haar 
measure on the multiplicative group U of complex numbers of absolute 


value 1 (GT, VIII, §2, No. 1). 


PROPOSITION 2. — Let G be a locally compact group, w a left or right 
Haar measure on G. For G to be discrete, it is necessary and sufficient 
that p({e}) > 0. For G to be compact, it is necessary and sufficient that 
p*(G) < +00. 

The conditions are obviously necessary. Let us show their sufficiency. 
Let V be a compact neighborhood of e. If u({e}) > 0, then V is a finite 
set since p4(V) < +00; since G is Hausdorff, it is therefore discrete. Suppose 
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u*(G) < +00 and yw is, for example, left-invariant. Consider the set & of 
finite subsets {s1,...,5n} of G such that s;VNs;V=©% for i #7; then 


np(V) = w(siVU...Us,V) < w*(G), 


therefore n < y*(G)/u(V). We may therefore choose in @ a maximal 
element {s1,...,5,}. Then, for every s € G, there exists an 7 such that 
sVNs,V # @, hence such that s € s;VV~!. Thus G is the union of the 
compact sets s;VV~', hence is compact. 


3. Modulus 


Let p be a left Haar measure on G. For every s € G, 4(s)y is also 
left-invariant (No. 1, formula (11)), therefore (Th. 1) there exists a unique 
number Agc(s) > 0 such that 6(s)u = Ag(s)u. By virtue of Th. 1, the 
number Ag(s) is independent of the choice of p. 


DEFINITION 3. — The function Ag on G is called the modulus (or 
modular function) of G. If Ag =1, the group G is said to be unimodular. 


One can also say that p is relatively right-invariant with multiplier Ag . 
Thus Ag is a continuous representation of G in R¥ (No. 1, Prop. 1). 


Remark. — If y is an isomorphism of G onto a locally compact 
group G’, then Ag: oy = Ag. In particular: 

1) Since ++ x7! is an isomorphism of G onto the opposite group G°, 
one has Ago = Neos 

2) If y is an automorphism of G, then Agoy=Ag. 


Let s € G. Then: 
6(s)(Ag* - #) = (5(s)Ag’) - (6(s)2) = (Ac(s)7*Ag’) - (Ac(s)z) = Ag’: x, 
therefore An - =p’ is aright Haar measure. From this, one deduces 
that 7(s)u’ = (y(s)Ag’) w= Aa(s)(Ag’- u) = Ac(s)u’, therefore, for 


every right Haar measure v, we have y(s)v = Ac(s)v. Since jt is a right 
Haar measure, It — ase” -p with a constant a > 0; it follows that 


w= a(Ag’-p)” =adg p= a'p, 


therefore a = 1 and finally ps = AR -y. One sees similarly that v=Aqv. 
We therefore have the following results: 
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Formulary. — Let G bea locally compact group, A its modulus, yu a 
left Haar measure, and v aright Haar measure. 


1) One has 


(20) y(su=p 4su=Als)u f= A*-p. 


If f is p-integrable on G, then the left and right translates of f are 
p-integrable, and 


/ f(s) du(e) = / flat) d(x) 


(21) 
/ fas) du(e) = A(s)7? i fla) dy) . 


Vv 
Moreover, f is integrable for A~!- and 


(22) J f@)a@) dn(e) = f Fe) dul). 
If A is a p-integrable subset of G, then sA and As are p-integrable and 
(23) w(sA)=p(A) (As) = A(s)y(A). 
2) One has 
(24) b(s)\v=v  —-¥(s)v = A(s)v v=A-v. 


If f is v-integrable on G, then the left and right translates of f are 
v-integrable and 


| (es) av(e) = [t@we) 


(25) 
ip f(s) dv() = A(s) 7: f(a) dv().. 


Vv 
Moreover, f is integrable for A-v and 


(26) [He a@ ae) = [ se) a0). 
If A is a v-integrable subset of G, then sA and As are v-integrable and 


(27) v(As) = v(A) v(sA) = A(s)~!v(A). 
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3) v is proportional to A~!- 4, and yu is proportional to A-v. 
4) Suppose G is unimodular. Let » be a Haar measure on G. Then: 


(28) y(s)p = 4(s)u = w= p. 


If f is p-integrable on G, then the left and right translates of f are 
p-integrable, as is f , and 


(29) f s(s2) ute) = f #(es)dutz) = f Fe) auto) = f (2) dul). 


If A is a p-integrable subset of G, then sA, As and AW! are p-integrable 
and 


(30) u(sA) = w(As) = p(A7*) = p(A). 


The analogous properties hold for the essential integral. 


PROPOSITION 3. — If there exists in G a compact neighborhood V 
of e invariant under the inner automorphisms, then G is unimodular. 
For, let 4 be a left Haar measure on G. For every s€G, 


u(V) = u(s~*Vs) = Ac(s)u(V), 


whence Agc(s) =1 since 0 < u(V) < +00. 
From this, one deduces immediately: 


COROLLARY. — If G is discrete, or compact, or commutative, then G 
is unimodular. 


This is moreover trivial when G is commutative. Note also that if G is 
discrete, then the measure on G for which each point has mass 1 is obviously 
a left and right Haar measure on G, called the normalized Haar measure 
on G. If G is compact, there exists one and only one Haar measure on G 
such that p(G) = 1; it is called the normalized Haar measure of G. The 
preceding two conventions are not in accord when G is both discrete and 
compact, that is, finite; when we are in this case we shall always explicitly 
specify what is meant by normalized Haar measure. 

Subgroups and quotient groups of a unimodular group are not always 
unimodular (§2, Exer. 5). See, however, Prop. 10 of §2, No. 7. 

*We shall see later that semi-simple or nilpotent connected Lie groups 
are unimodular., 
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4. Modulus of an automorphism 


Let G be a locally compact group, y an automorphism of G, and p 
a left Haar measure on G. It is clear that y!(u) is also a left Haar 
measure on G. Therefore there exists (No. 2, Th. 1) one and only one 
number a > 0 such that y~!(u) = au. By No. 2, Th. 1, this number is 
independent of the choice of y. Note that if one had started with a right 
Haar measure, for example Ae - py (No. 3), one would have arrived at the 
same scalar a: for, since y~! leaves Ag invariant (No. 3, Remark), one 
has y*(Ag’- uw) = Ag’: po (u) = aAg’ -p. 


DEFINITION 4. — The number a>0 such that p~+(u) = ap is called 
the modulus of the automorphism ~ and is denoted modg y or simply 
mody. 


If f is a w-integrable function on G, then 


(31) J #7 @)auz) = (nod) f #(2) du(2). 
If A is a w-integrable subset of G, then 


(32) u(y(A)) = (mod y)u(A). 


In particular, for s € G, let i, be the inner automorphism z +> s~ 
Then i;1 = 6(s)y(s), therefore 


is *(u) = 6(s)u = Ac(s)u, 


lys. 


consequently 
(33) modi, = Ag(s). 


If G is either discrete or compact, then its normalized Haar measure is 
transformed into itself by every automorphism y of G, as one sees imme- 
diately by transport of structure. Thus an automorphism of a discrete or 
compact group has modulus 1. 


PROPOSITION 4. — Let G be a locally compact group, T a topological 
group, and y++u,, ahomomorphism of T into the group Y of automor- 
phism of G, such that (y,x)+> u,(x) is a continuous mapping of Tx G 
into G. Then, the mapping y++ mod(u,) is a continuous representation 
of T in Ri. 

This mapping is obviously a representation (algebraic) of [ in Ri ; it 
will suffice to prove its continuity. Let f € #(G) and let S be its support. 
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Let yo € IT and let U be a relatively compact neighborhood of it, (S). 
The mapping y+ u, is a continuous mapping of I into Y equipped with 
the topology of compact convergence (GT, X, §3, No. 4, Th. 3); therefore 
uy'(S) C U for ¥ sufficiently near yo. Lemma 1 of No. 1 then proves that 
J f(uy(z))du(x) (where p denotes a left Haar measure of G) depends 
continuously on 7; whence the proposition. 


5. Haar measure of a product 


PROPOSITION 5. — Let (G,).e1 be a family of locally compact groups. 
For every vu €1 let pu, be a left (resp. right) Haar measure on G,. Assume 
that there exists a finite subset J of I such that, for every 1.€1—J, G, is 


compact and p,(G,) =1. Then the product measure &), is a left (resp. 
cel 
right) Haar measure on G= []G,. If c=(a2,)€G then 
vel 


Ag(z) = |] Ac. (2.). 


cel 
For every finite subset J of I, ® uw, isa left (resp. right) Haar measure 


Led 
on |] G,, as follows immediately from the definitions. Therefore ® py, is 


Led cel 
a left (resp. right) Haar measure on G (Ch. III, §4, No. 6, Prop. 9). On the 
other hand, if the y, are left Haar measures then 


5(2)(Q m1) = QSle.)m. = @(Ac. (em) = (T] Ae.) ) Qa, 


cel 
whence Ac(z) = [] Ac, (z.)- 
cel 


Examples. — 1) Lebesgue measure on R” is a Haar measure of the 
additive group R”. 

2) The mapping (r,u) ++ ru is an isomorphism of R} x U onto C* 
(GT, VIII, §1, No. 3). If C* is identified with R} x U_ by means of this 
isomorphism, and if du denotes a Haar measure on U, then r~!drdu is 
a Haar measure on C* by Example 2 of No. 2. On the other hand, the 
bijection 0+ e”'*? of [0,1[ onto U transforms the Lebesgue measure d6 
on [0,1[ into a Haar measure on U by Example 3 of No. 2. It follows that 
if f € #(C*), the integral 


+00 1 : 
i i f(re*™9)r—! dr dO 
0 0 


defines a Haar measure on C*. 
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6. Haar measure of an inverse limit* 


Let G be a locally compact group (hence complete). Let (Ka)aca 
be a decreasing directed family of compact normal subgroups of G, with 
intersection {e} (so that the filter base formed by the Ky converges to e). 
Set Gg = G/Ky; let Ya: G—> Ga and Ypga: Ga > Gg (a 2 8) be 
the canonical homomorphisms. Then, the inverse limit of the inverse system 
(Goa, ¥6a) may be identified with G, and the canonical mapping of this 
inverse limit into Gg is identified with ya (GT, III, §7, No. 3, Prop. 2). 
The mappings Yo and gq are proper (loc. cit., §4, No. 1, Cor. 2 of Prop. 1). 
These assumptions remain fixed throughout this subsection. 


Lemma 2. — a) Let f € #4(G), S a compact subset of G containing 
Suppf, U an open neighborhood of S in G, and ¢ > 0. There exist 
an a€ A and a function g € #4(G), zero outside U and constant on the 
cosets of Ka, such that |f —g| <e«. 

b) Let p and py’ be two measures on G such that Ya(u) = Yalu’) for 
all aE A. Then p=p'. 

There exists an a; € A such that Kg,SNKa,(G — U) = @ (GT, I, 
§4, No. 3, Prop. 4). Augmenting S and diminishing U, we may therefore 
assume that S and U are unions of cosets of K,, . Consider the continuous 
numerical functions h on S having the following property: there exists an 
a > a, such that h is constant on the cosets of Kg. These functions 
form a subalgebra of #(S) (because (Kq) is a decreasing directed family) 
that contains the constants and separates the points of S: for, let z,y be 
two distinct points of S; since the intersection of the Ky is {e}, there 
exists an a@ > Q, such that ya(z) # Ya(y), then a numerical function 
u continuous on Ya(S) such that u(Yya(z)) 4 u(~a(y)). By the Stone- 
Weierstrass theorem, there exist an a@ > a; and acontinuous function h > 0 


E 
on S, constant on the cosets of K,, such that |f —h| < 3 on S. For 


+ 
every t€ R, set 6(t) = (t — =) , and set h’ = 60h. Then h’ is a func- 


tion > 0, continuous on S, constant on the cosets of K,, and |h—A’| < = 
on S, therefore |f — h’| < € on S. On the other hand, A’(z) = 0 if x 
belongs to the boundary of S in G, because then h(x) < = If h’ is 
extended by 0 on the complement of S, one obtains a function g that 
meets the requirements, which proves a). 

Now let yz, yu’ be two measures on G such that yo(u) = Yo(p’) for 
all ac A. Let v € #(G) be a function constant on the cosets of Kg for 
some a € A, so that we may write v= wo, with w € #(Gaq); then 


* Cf. Ch. III, §4, No. 5. 
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uv) = (Pats) (w) = (Ya(u’))(w) = w'(v) ; it follows that y= py’ by virtue 
of a). 

PROPOSITION 6. — For every a € A, let tig be a positive measure 
on Gq. Suppose that Yga(ta) = ue for a> GB. Then, there exists one and 
only one positive measure on G such that pa(tt) = Ma forallaecA. 

Uniqueness follows immediately from Lemma 2 b). Let us prove the 
existence of 4. Let V be the vector space of functions belonging to “(G) 
and constant on the cosets of sme Kg (a may depend on the function). 
It follows from Lemma 2 a) that V satisfies the condition (P) of Ch. III, §1, 
No. 7, Prop. 9: for, let K be a compact set in G and choose f € 4#4(G) 
with f(x) > 0 for all x € K; let a > 0 be the smallest value of f 
on K; by Lemma 2 a), there exists a function g € VM.#4(G) such that 
|f—g| < a/2, therefore g(x) > 0 for all x € K, and condition (P) is verified. 
Let f © V. There exists an a € A such that f is constant on the cosets 
of K,. By passage to the quotient, f defines a function fg € #(Ga). 
The number u(f) = Ha(fa) does not depend on the choice of @: for, 
let @ be any index such that f is constant on the cosets of Kg; let ye A 
be such that y > a, y > (@; then f defines functions fg € (Ga), 
fy € # (Gy) such that f = fgoyg = fyoyy; then fe°Ppay = fy, therefore 
By (fy) = (Yay(u)) (fa) = Ho(fa), and similarly (fy) = ue(fs), whence 
our assertion. This established, it is clear that y is a linear form on V and 
that u(f) > 0 for f > 0. By Prop. 9 of Ch. III, §1, No. 7, ~ may be 
extended to a positive measure on G, which we again denote by . One 
has Yo() = Ua for all a € A by the very construction of p. 


DEFINITION 5. — The measure y is said to be the inverse limit (or 
projective limit) of the ba. 


PROPOSITION 7. — We retain the notations of Prop. 6. If each [tq is 
a left (resp. right) Haar measure on Gq, then pu is a left (resp. right) Haar 
measure on G. 

Suppose, for example, that the uq are left Haar measures. Let s€G. 
For every 2EG, 


(Ya 0 ¥(s))(x) = Past) = Ya(s)~a(z) = (¥(Ya(s)) 2 Ya) (x); 


therefore Ya(y(s)u) = ¥(~a(s))Ha = Ma. Therefore y(s)u = p by 
Lemma 2 b), thus yp is a left Haar measure. 


We suppose henceforth the K, to be not only compact, but open in G. 
The Gq are then discrete and, for @ > a, Ka/Kg is a compact and discrete 
group, hence is finite. The group G is unimodular (Prop. 3). 


PROPOSITION 8. — a) Let pw and yp’ be two positive measures on G such 
that, for every a and for every coset C of Ka, w(C) = w'(C). Then p= p'. 
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b) Fiz an ag € A. For every a > ag let ng be the number of elements 
of the finite group Ka,/Ka. There exists one and only one positive meas- 
ure 4 on G such that, for every a > ag, each coset of Ka, has measure nz. 
Moreover, 4 is a Haar measure on G, such that u(Ka,) =1. 

Let and p’ be two positive measures on G satisfying the condition a). 
The points of the discrete group Gq then have the same measure for ya(p) 
and Yo(p’), whence Ya(H) = Ya(u’), and this for all a. Therefore y= p’ 
(Lemma 2 b)). 

Let us prove b). For every a 2 do, let fq be the Haar measure 
of the discrete group Gag such that every point has measure nj!. 
Let a, @ be such that a > 8 > a9. Then Kg/Kq has nq/ng elements. 
Therefore Yga(Ua) is the measure on Gg such that each point has measure 


ai: = = igs in other words, Yga(te) = Wg. It then suffices to apply 
p 


Props. 6 and 7. 


n 


Example. — Let Q, be the p-adic field, the completion of Q for the 
p-adic absolute value |x|, = p~’») (GT, IX, §3, No. 2, Example 3). The 
elements of Q, are called p-adic numbers. We denote again by |z|, the 
continuous extension of the p-adic absolute value to Q,. One has 


|z + ylp < sup(|zlp, |ylp) 


for z,y in Q (loc. cit.), hence for x,y in Q,; moreover, if |y|, < |z|p then 
It + ulp = lalp, because |zlp = |(w + y) — ylp < sup(le + ulps lp) If (tn) 
is a sequence of points of Q, tending to z € Q7, then |z — ralp < |z|p 
and |x — Zn|p < |%n|p for n sufficiently large, therefore |x|, = |zn|p. This 
proves that, for every x € Q; , |t|p is a power of p. 

Let Zp be the closure of Z in Q,; this is a subring of Q,; its el- 
ements are called p-adic integers. One has |z|, < 1 for every x € Zp. 
Conversely, let x be an element of Q, such that |z|,p < 1, and let us show 
that x € Z,; there exists a sequence (rp) of elements of Q tending to z, 
and |rn|p <1 for n sufficiently large by what we have seen above; it suf- 
fices to show that z, belongs to Z, for n sufficiently large; in other words, 
we are reduced to the case that z € Q; then x = a/b with b relatively 
prime to p; for every integer n > 0, there exist b), € Z and hy, € Z such 


/ h. nr nr 
that bb), + Anp” = 1, whence x= a ial wn 
|x - abl,|p <p~”, therefore ab/, tends to x. 

From this, it follows that the closed ball with center 0 and radius p~”, 
identical to the open ball with center 0 and radius p~"*!, is p"Z,. The 


topological space Q, is therefore zero-dimensional, hence totally discon- 
nected (GT, IX, §6, No. 4). 


= ab), + and 
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Let us show that the integers 0,1,...,p” — 1 constitute a system of 
representatives of Z, modulo p"Z,. First, |k — k’|) > p~” for two such 
integers k and k’, therefore the classes modulo p"Z, of these integers are 
distinct. On the other hand, let z € Z,; there exists a k € Z such that 
|t—klp < p-”; adding a suitable multiple of p” to k, one can suppose that 
k & [0,p" — 1], and z is congruent to k modulo p"Z,. Whence our asser- 
tion. This shows that Z,/p"Z, is canonically isomorphic to Z/p"Z. One 
sees, moreover, that Zp is precompact, hence compact since it is complete. 
Since Zp is an open subgroup of Q,, Q, is locally compact. The topology 
of Q, has a countable base (GT, IX, §2, No. 9, Cor. of Prop. 16). The 
additive group Q, may be identified with the inverse limit of the discrete 
groups Q,/p"Z,. 

There exists one and only one Haar measure a on the additive group Q, 
such that a(Zy) = 1; it is called the normalized Haar measure on Q,. 
Since Z, is the union of p” disjoint cosets of p"Z, (n an integer > 0), one 
has a(p"Zy) = p-”; similarly a(p~"Z,) = p”, so that, finally, a(p"Z,) = 
p-” for every n € Z. By Prop. 8b), @ is the only positive measure on Q, 
such that every coset of p"Zp (n an integer >0) has measure p~”. 

The restriction of a to Z, is obviously a Haar measure on Z,. 


7. Local definition of a Haar measure 


PROPOSITION 9. — Let G be a locally compact group, V an open subset 
of G, and pw anonzero positive measure on V having the following property: 
if U is an open subset of V and if s € G is such that sU C V, then the 
image of the measure t4y induced by uw on U, under the homeomorphism 
xt+> sz of U onto sU, is usu. Then, there exists one and only one left 
Haar measure a on G that induces uw on V. 

For every s € G, let 4s be the image of w under the homeomorphism 
xzt++ sx of V onto sV. The restriction of us to VM sV is the image 
of fs-1vnv under the restriction of z ++ sx to s~!1VNV;; by hypothesis, 
this image is uvrsyv . By translation, one concludes from this that uw, and py 
have the same restriction to sVMtV for any s,t. Therefore, by Prop. 1 of 
Ch. III, §2, No. 1, there exists a measure a on G that induces 4, on sV for 
every s. It is clear that a is the unique left Haar measure on G inducing p 
on V. 


COROLLARY. — Let G, G’ be two locally compact groups, V (resp. V’) 
an open neighborhood of the neutral element of G (resp. G’), and a local 
isomorphism of G’ with G (GT, III, §1, No. 3, Def. 2) defined on V’, 
such that y(V’) = V. Let a’ be a left Haar measure on G’, and at, its 
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restriction to V’. Then y(aty,) ts the restriction to V of a unique left Haar 
measure a on G. 

Let V, be an open neighborhood of e in G such that ViVi" cV. 
Let p be the restriction of y(at,) to Vi. Let U be an open subset of V1 
and let s € G be such that sU C V;. Then s€ ViV;" Cc V, therefore 
s = y(s’) for some s’ € V’. Let « € U. Then x = y(z’) for some 
x’ € V’, therefore sx = (s’)yp(z’) = (s’x’) since sre sU C V. Since 
the left translations in G’ preserve a’, one sees that V, and yp satisfy the 
conditions of Prop. 9. Let a be the left Haar measure on G inducing yu 
on V,. For every t € V, there exists an open neighborhood W of e in V, 
such that tW Cc V. Then the restriction of y(aty,) to tW may be deduced 
by translation from the restriction of u to W, hence is the restriction of a 
to tW. Therefore y(a,,) is the restriction of a to V. 


One says that a is deduced from a!’ by means of the local isomorph- 
ism (p. 


Example. — The Haar measure on T obtained in No. 2, Example 3 
may be deduced from the Lebesgue measure on R by a local isomorphism 
of R with T. 


8. Relatively invariant measures 


PROPOSITION 10. — Let G be a locally compact group, w a relative- 
ly left-invariant measure on G with multiplier x. If x1 is a continuous 
representation of G in C*, the measure x1- pu is relatively left-invariant 
with multiplier xix. 

For, 


y(s)(x1 - #) = (¥(s)x1) + (1(s)) = (x1 (87")xa) « (x(s)7*H) 
= (x1x)(s)7*(x1- #)- 


COROLLARY 1. — Let p be a left Haar measure on G. For a nonzero 
measure v on G to be relatively left-invariant, it is necessary and suffi- 
cient that it be of the form ay-p, where a € C* and x is a continuous 
representation of G in C*; its multiplier is then x. 

The condition is sufficient (Prop. 10). On the other hand, if v is a 
nonzero relatively left-invariant measure with multiplier x, then y~!-v is 
left-invariant (Prop. 10) hence is of the form ay with a € C* (No. 2, Cor. 
of Th. 1). 


COROLLARY 2. — Every relatively left-invariant measure is relatively 
right-invariant. 
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For, with the notations of Cor. 1, 


5(s)(x - 4) = (6(s)x) - (6(s)u) = (x(s)x) - (Ac(s)#) 
= (xAg)(s)(x - #)- 


On account of Cor. 2, we shall henceforth speak of relatively invari- 
ant measures on G, without further specification. The relatively invariant 
measures admit as special cases the left Haar measures and the right Haar 
measures. Given a relatively invariant measure v on G, it is convenient to 
distinguish between its left multiplier x and its right multiplier y' , defined 
by ¥(s)v = x(s)~1v, 4(s)v = x/(s)v. By (34), these multipliers satisfy the 
relation 


(34) 


(35) x’ = xAc. 


Still denoting by yw a left Haar measure, we have 
v= (xm) =X- = (xg!) -n, 


thus Vv is relatively invariant with left multiplier yaa and right multi- 
plier x7!. 

The concepts of negligible, locally negligible, measurable and locally 
integrable function are the same for every relatively invariant measure. 


9. Quasi-invariant measures 


PROPOSITION 11. — Let G be a locally compact group, p a left Haar 
measure on G. For a measure v £0 on G to be left quasi-invariant, it is 
necessary and sufficient that v be equivalent to pw. 

Sufficiency is obvious. Let v # 0 be a left quasi-invariant measure, 
and let us show that v is equivalent to 4. We can restrict ourselves to 
the case that vy > 0. Let A be a compact subset of G. We will show, as 
will establish the proposition, that the conditions (A) = 0, v(A) =0 are 
equivalent (Ch. V, §5, No. 5, Th. 2). 

a) For every f € #4(G), the function (z,y) ++ f(z)ya(zy) on GxG 
is (v ® ys)-integrable, because it is upper semi-continuous, bounded, and its 
support is contained in the compact set K x K~!A if one sets K = Supp f. 
Therefore, by the Lebesgue—Fubini theorem, 


(30) f avy) y. palay) fe) du(e) = / fle) du(e) a pa(ey) dv(y). 
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b) Suppose v(A) = 0. By hypothesis, v(zA) = 0 for all z € G, 
therefore the right side of (36) is zero. Therefore there exists a v-negligible 
set Ny such that, for y ¢ Ny, 


(37) 0= if pa(oy) f(a) du(z) = Ae(y)? i, pale) flay?) dye) . 


Let B be a compact subset of G such that v(B) # 0, and take for f 
a function in .#.(G) equal to 1 on AB~!. There then exists a y € B 
such that (37) is verified. But since ya(x)f (zy!) = ya(z) for y € B, this 
proves that (A) = 0. 

c) Suppose p(A) = 0. Then, for every f € -#4(G), the left side 
of (36) is zero, hence also the right side. Consequently, there exists a locally 
p-negligible set M such that f ya(xy) dv(y) =0 for « ¢ M. Since » £0, 
it follows that v(zA) =0 for some z € G, whence v(A) =0. 


Applying Prop. 11 to G®, one sees that the right quasi-invariant mea- 
sures are identical with the left quasi-invariant measures. They are called 
simply quasi-invariant measures on G. 


10. Locally compact fields 


DEFINITION 6. — Let K be a locally compact field“). For a € K*, one 
calls modulus of a, and denotes by mod, (a) or simply mod(a) , the modulus 
of the automorphism xt ax of the additive group K+ underlying K; one 
sets mod(0) = 0. 


Examples. — 1) Let K=R. If s >0 then s- [0,1] = [0,s]; if s <0, 
s- [0,1] =[s,0]. Thus modgt = |t| for all te R. 

2) Let K = Qp. If s € QF is such that |s|) =p”, then sZp is the 
set of x € Q, such that |z|, < p~”; therefore, if 4 denotes the normalized 
Haar measure on Q,, then p(sZ,) = p-”. Thus moda,t = |t|p for all 
tEQ,. 


PROPOSITION 12. — The function mod is continuous on K, and 
mod(ab) = mod(a)mod(b) for all a,b in K. 

The last assertion is obvious. Prop. 4 of No. 4 shows that the function 
mod is continuous at every point of K*. It remains only to show its con- 
tinuity at 0. This is obvious for discrete K; we shall therefore assume K 
nondiscrete. Let a be a Haar measure on Kt and let C be a compact sub- 
set of K such that a(C) > 0; for a € K*, we have a(aC) = mod(a)a(C). 


() Corps (A, I, §9, No. 1), also translated as “division ring” (GT, III, §6, No. 7). 
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Since K is not discrete, a({0}) = 0 (No. 2, Prop. 2); therefore, for ev- 
ery € > 0 there exists an open neighborhood U of 0 such that a(U) <e. 
Since the product in K is continuous, aC C U for a sufficiently near 0, 
and then mod(a) < €/a(C). 


PROPOSITION 13. — For every M > 0, let Vu be the set of x € K 
such that mod(z) < M. If K is nondiscrete, the Vw form a fundamental 
system of compact neighborhoods of 0 in K. 

The Vm are closed neighborhoods of 0 by Prop. 12. Let us show that 
they are compact. Let U be a compact neighborhood of 0. There exists 
an r #0 in K such that mod(r) < 1 and r” € U forall n> 0: for, let W 
be a neighborhood of 0 such that WU Cc U; by Prop. 12, there exists 
an r #0 in K such that mod(r) < 1 and re UNW;; then r? e WUCU, 
and r” € U for all n > 0 by induction on n. We are going to show that 
Vm. is contained in a finite union of sets r~?U (gq an integer > 0), which 
will prove that the Vw are indeed compact. If z is a cluster point of the 
sequence (r”), then mod(z) is a cluster point of the sequence (mod(r)”), 
therefore mod(r) = 0, x = 0; since U is compact, it follows (GT, I, §9, 
No. 1, Cor. of Th. 1) that Jim r” = 0. Now let a € Vy. Since the 


sequence (r”a)n>0 tends to 0, there exists a smallest integer n > 0 such 
that r"a € U. If n>0 then r”~1a ¢ U, therefore r"a € UN C(rU); the 
closure X of UNC (rU) is compact since U is compact, and it does not con- 
tain 0 since rU is a neighborhood of 0; therefore, in X , mod(z) is bounded 
below by a number m > 0. Thus, if n > 0, we have m < mod(r”a) , whence 
mod(r~1)" < M/m. Since mod(r~1) > 1, the integer n can only take on 
a finite number of values, a number not depending on a, which completes 
the proof of our assertion. 

This being so, since the intersection of the Vm reduces to {0} the Vu 
form a fundamental system of neighborhoods of 0 (GT, I, §9, No. 2, Prop. 1). 


COROLLARY. — The topology of a nondiscrete locally compact field ad- 
mits a countable base. 

For, K is the union of compact sets V1, V2, .... On the other hand, 
K is metrizable by Prop. 1 of GT, IX, §3, No. 1. Therefore the topology 
of K admits a countable base (loc. cit., §2, No. 9, Cor. of Prop. 16). 


PROPOSITION 14. — Let a be a Haar measure on K+. Then the mea- 
sure 3 = (modx)~!-a@ on K* is a left Haar measure on the multiplicative 
group K*. 

For, if b € K*, the mapping a+ b~1a of K into K transforms a 
into (modx b)a@, hence (modx)~!-q@ into itself, whence the proposition. 


COROLLARY. — Let f be a function defined on K*, with values in R 
or in a Banach space. For f to be B-integrable, it is necessary and sufficient 
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that (modx)~!f be a-integrable, in which case 


J .£@460) Sy) (modx(z))~*f(x) dex) . 
K K+ 


This follows from Prop. 14, the Cor. of Prop. 13, and Ch. V, §5, No. 3, 
Th. 1. 


PROPOSITION 15. — Assume K to be commutative. Let u be an auto- 
morphism of the vector space E= K". Then 


modg u = mod, (det wu) . 
It suffices to verify the formula when u runs over a system of generators 
of GL(E). Now, GL(E) is generated by the following elements (A, II, §10, 
No. 13, Cor. 2 of Prop. 14): 


(a) The elements u; of the form 


(Zi = , Ln) re (Zo(1))- . sila) 4 


where o € Gy; 
(b) the elements uz of the form 


(@1,...,2n) + (a1, 22,...,2n) 


with a € K*; 
(c) the elements u3 of the form 


(Gaye tay Git Deve, ay.-- sn). 
If f € #(E) then, denoting by a a Haar measure on Kt, 
Jefe F(t + Deiwnae,.. . pn) da(xr;)da(a2)...da(rn) 
a She da(a2)...da(an) |) f(er+ Sreves, a2...) da(er) 
-f..f da(z2)...da(en) [ f (21, 22,..., Ln) da(x1) 
Kr-1 K 
= fo fl Hen. --120)dalay) ...da(en), 


and on the other hand mod (det us) = modx(1) = 1, whence the result 
for ug. It is established in an analogous manner for u, and uz. 
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Let K be acommutative locally compact field, E a vector space of finite 
dimension n over K. If ~ is an isomorphism of the vector space K” onto 
the vector space E, » transforms the topology of K” into a topology on E 
that makes E a locally compact vector space. This topology (called canon- 
ical) is independent of y since every automorphism of the vector space K™ 
is bicontinucus. Absent express mention to the contrary, when we speak 
of E as a topological vector space, the topology will always be understood 
to be the one just defined. Every automorphism u of the vector space E 
is bicontinuous, therefore modgu is defined. If, on the other hand, wu is a 
noninvertible endomorphism of E, one sets modgu = 0. Then: 


COROLLARY 1. — Let K be a commutative locally compact field, E a 
finite-dimensional vector space over K, and u an endomorphism of the 
vector space E. Then modg(u) = modx (det wu) . 

If wu is invertible, this follows from Prop. 15. If u is not invertible then 
det u =0, therefore mod, (det u) = 0 = modgu. 


COROLLARY 2. — Let E be a real vector space of finite dimension n, 
(€1,€2,---,€n) @ basis of E, P the set of x = dae € E_ such that 


< & <1 for all i, and wp the unique Haar pacnsire on the. additive 
group E such that u(P) =1. Let 11,...,2n be points of E, S the closed 
n 


convex envelope in E of the set fade Writing 21 = > aiye;, 
j=l 
one has P i 
HS) = w(S) = al | det(ai;)| . 


We shall identify E with R” by means of the isomorphism that trans- 
forms (e;) into the canonical basis of R”. Then p is identified with the 
Lebesgue measure i, on R”. 

Suppose first that 2; =e; for all i. Then S is the set S, of x = (€;) 
in R” such that 


€&,;20 foralli and &,+---+& <1 


Set Un(Sn) = an. Let A € R. Identifying R” with R”-! x R, we 
may consider the section C) of S, at A. This section is empty if A < 0 
or A>1;if O<A<1, Cy is the set of (€,...,€:-1) € R™! such that 


: 2 0,...,€n-1 20, i t--:+&n-1 <1-A, 


hence may be deduced from 5,_; by a homothety of ratio 1 — 2, so that 
Hn—1(Cy) = (1 —A)""1an_1. By the Lebesgue-Fubini theorem, 


1 
Qn - | (1 —A)""1ap_1 dd = : Qn-1- 
0 n 
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1 
Since a; = 1, one sees that a, = mie 


Let us return to the general case of the corollary. Let u be the endo- 
morphism of R” such that u(e;) = x; for all i. One has u(S,) =S. If u 
is invertible, Prop. 15 proves that 


1 1 
Un(S) = — |detul = — | det(ais)|. 


Since $ — § is contained in a finite number of hyperplanes, (S) = pu(S). 
Finally, if u is not invertible, then S is contained in a hyperplane, so that 
p(S) = 0 = det(aj;). 


11. Finite-dimensional algebras over a locally compact field 


Let K be a commutative field, A a K-algebra of finite rank with unity 
element. For every a € A, let Dg,R, be the endomorphisms z + az, 
x++ xa of the vector space A, and let Na/x(a) € K, Nao/x(a) € K be the 
norms of a in the regular representations of A and the opposite algebra A°; 
recall that Na/x(a) = det(La), NaosK(a) = det(Ra) (A, III, §9, No. 3). 
The following conditions are equivalent: a@ invertible, L, invertible in 
Homx(A, A), Rq invertible in Homyx(A, A), Na/x(a) 40, Nao/x(a) £0. 
We denote by A* the set of invertible elements of A. 

Now assume the field K to be locally compact, hence the algebra A to 
be locally compact. Then Na; and Nao, are continuous mappings of A 
into K, therefore A* is open in A. By Cor. 1 of Prop. 15 of No. 10, 


(38) moda La = modx Na/x(a@), moda Ra = modx Nao/K(a). 


PROPOSITION 16. — Let a be a Haar measure of the additive group 
of A. The measures 


(modx Na/x(a))~da(a), (mod Nao/x(a))~ da(a) 


on A* are, respectively, left and right Haar measures of the multiplicative 
group A*. 

Let a’ be the restriction of a to the open set A*. For a € A*, one 
has Lg(a’) = (mod Na yx(a)) "a , therefore (modx Na/x(a))~ da’ (a) 
is a left Haar measure on A* (No. 8, Cor. 1 of Prop. 10). Passing to the 
opposite algebra, one sees that (mod Nao yx(a))~ do! (a) is a right Haar 
measure on A*. 
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PROPOSITION 17. — Suppose A is a field (locally compact). For every 
aéA, moda(a) = modx Na;x(a). 

This is a translation of the first formula of (38). 

Examples. — 1) Take K = R, A = C. Taking into account Alg., 
chap. VIII, §12, n° 2, prop. 4, we obtain modg(z) = |z|? for all z € C. ) 

2) Take K = R, and for A the quaternion field H (GT, VII, §1, 
No. 4). Consider the following elements of M2(C): 


0 4 0 -1 i O 
Helo) SS a) GS) 
which, together with Iz, form a basis of M2(C) over C. One verifies easily 


that 
XP = Xf=XZ=-h, XiX2_ = —X2X1 = Xz, 


X_X3 = —X3Xq=X, X3X1 = —X1X3 = Xo. 


The mapping a+ bi+cj+dk + alg + bX; +cX2+dX 3 may therefore 
be extended to a C-isomorphism of the algebra C ®RH_ onto the alge- 
bra M2(C). Since [H: R] =4, C is a neutralizing field of H (Alg., chap. 
VIII, §10, n° 5), and the reduced norm of g=a+bi+cj+dk€H is 


Nrd(q) = det(alz + bX; + cX2 + dX3) 


atid -—c+ib 
= ae (074 aun ) =a? +b? +c? +a = |I\q|l?. 


By Alg., chap. VIII, §12, n° 3, prop. 8, one has 
2 
Nu/r(q) = (Nrdu/r(q))” = llall*- 
This stated, Prop. 17 shows that 


mody(q) = |\q\|*- 


A deeper study of the structure of locally compact fields will be made 
in CA, VI, §9. 


(2) This also follows from Cor. 1 of Prop. 15 and the fact that left-multiplication by 


z=a+ib has matrix 5 a) with respect to the canonical basis 1,7 of C over R. 


No. 1 MEASURES ON HOMOGENEOUS SPACES INT VII.27 


§2. QUOTIENT OF A SPACE BY A GROUP; HOMOGENEOUS SPACES 


1. General results 


Let X be a locally compact space in which a locally compact group H 
operates on the right, continuously and properly, by (z,&) > x& (x € X, 
€ € H). The equivalence relation in X defined by H is open (GT, III, 
§2, No. 4, Lemma 2) and X/H is Hausdorff (loc. cit., §4, No. 2, Prop. 3) 
hence locally compact (GT, I, §10, No. 4, Prop. 10). We denote by 7 the 
canonical mapping of X onto X/H. The saturation of a subset Y of X 


is YH = a ((Y)). If K is a compact subset of X, then m(K) is compact 


and the saturation a ((K)) of K is closed in X. Every compact subset 
of X/H is the image under 7 of a compact subset of X (GT, I, §10, No. 4, 
Prop. 10). We assume given once and for all a left Haar measure 6 on H. 

Let yx be a continuous representation of H in Ros If a function g 
on X satisfies g(ré) = x(€)g(x) for all 2 € X and € € H, its sup- 
port S is invariant under H hence may be written = (n(S)). We shall 
denote by .#*(X) the Riesz space formed by the continuous real-valued 
functions g on X that satisfy g(x€) = x()g9(z) (tc € X, € € H) and whose 
support is the saturation of a compact subset of X; we denote by #*(X) 
the set of elements > 0 of .#*(X). In particular, 1(X) is none other 
than the set of continuous functions on X, constant on the orbits, whose 
support is the saturation of a compact subset. 


PROPOSITION 1. — Let f be a continuous real-valued function on X 
whose support S has compact intersection with the saturation of every com- 
pact subset of X. 

a) For every x € X, the function ++ f(z€) on H belongs to #(H); 
one sets 


(1) f(a) = I Plaé)x(€)7? a6(€) . 


b) The function f* is continuous, is zero outside SH, and satisfies 
fX(wé) = x(é) f(a). 

c) If g is a continuous real-valued function on X and satisfies g(ré) = 
x(€)g(x), then (fg)* = fig (f1 being given by the formula (1) with y 
replaced by the representation €++ 1 of H in Ri ). 
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d) If 7 €H, then (4(m)f)* = x(n)An(n)7*f*. 

Let xo € X and let V be a compact neighborhood of zo in X. The set 
of £ €H such that Vé intersects S is also the set of € € H such that Vé 
intersects SM VH, hence is compact in H since SM VH is compact and H 
operates properly in X (GT, III, §4, No. 5, Th. 1); then Lemma 1 of §1, 
No. 1 proves a) and the continuity of f*. The rest of b) is obvious. Finally, 
c) and d) result from the following calculations: 


(f9)(2) = i Faé)g(2é)x(€)-* dB) = A Flaé)g(a)x(Ox(é)7} dB(€) 
= g(x) / f(aé) d6(é) = g(e) f(a) 
H 


(6(n) f)* (2) = A t(xén)x(€)7? dB(€) 
= Aut)? a Flaé)x(€n2)-* da (€) 
=(n)Au(n)7? : Flaé)x(€)7? da(é). 
H 


PROPOSITION 2. — The mapping ft f* of #(X) into #%(X) is 
linear, and the image of #(X) (resp. #4.(X)) is #*(X) (resp. 4% (X)). 

Linearity is immediate. It is clear that f* >0 for f > 0. It then 
suffices to apply the following lemma: 


Lemma 1. — Let K be a compact subset of X, u a function of #4(X) 
with u(x) >0 for «EK. Let g € #*(X) be such that Suppg C KH. 

a) One has inf _u‘(x) >0. 

«xe€KH 

b) The function h equal to g/u: on KH, and to 0 on X — KH, belongs 
to #%(X). 

c) g = (uh)*. 

One has u}(x) > 0 for €K, therefore inf u’(x) = inf u(x) >0. 

xe€KH zeK 

Assertion b) follows from this at once. Finally, (uh)* = uth by Prop. 1 c), 
and it is clear that uth = g. 


Let I be arelatively bounded linear form (Ch. II, §2, No. 2) on .#*(X). 
Then f ++ I(f*) is a relatively bounded linear form on .#(X), that is, a 
measure py on X. The mapping I + yy is injective by Prop. 2. The 
measures jj on X so obtained may be characterized as follows: 


PROPOSITION 3. — Let pp be a measure on X. The following conditions 
are equivalent: 
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a) There ezists a relatively bounded linear form 1 on 2*(X) such that 
I(f*) = (f) for all f € 2¢(X). 

b) 6(€)u=x(€)~*Au(é)u for all € ¢ H. 

c) For all f,g in #(X), 


(2) uf -g°) = w(f*-9). 
d) If f € #(X) is such that fX =0, then p(f)=0. 
a) > b): If w(f) =1(f*) then, taking into account Prop. 1 d), 
(6(€)u F) = (w5(E)F) = 1((6E-)F)*) 
= 1(x(€)7*An(€)f*) 
= x(6)-*An(€) (Hf), 


whence 6(€)u = x(€)~*An(E)u- 

b) = c): Suppose hypothesis b) is satisfied. Note that the functions 
(z,€) + f(x)g(x£) and (2,€)+ f(xé)g(x) on Xx H are continuous with 
compact support (because H operates properly in X); this established, 
Th. 2 of Ch. III, §4, No. 1 permits us to write: 


‘i f(e) du() iE o(zé) da(é) = f dp(é) [ f(x)g(eé) du(e) 
- | dp(é) / Fle!) g()x(€)Aw(€)7? du(se) 
H >.< 
= [ (2) du) [se x@)an a9) 
OG H 
= | g(t) du(c) / flaé)x(é)"2 dB), 
x H 


which proves c). 

c) > d): If c) is verified and if f¥ = 0, then w(f-g') = 0 for 
all g € #(X), thus u(f) =0 on choosing g € #(X) such that g! =1 on 
Supp f (which is possible by Prop. 2 applied with x = 1). 

d) = a): If condition d) is satisfied, there exists a linear form I 
on “%*(X) such that u(f) = I(f*) for f € #(X), and this form is 
relatively bounded by virtue of Prop. 2. 


2. The case x=1 
If f is a function on X/H, then fo7 isa function on X constant on 


the orbits, continuous if and only if f is continuous. The mapping f t+ fom 
defines in particular a bijection of #(X/H) onto #1(X). 
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We can then, in the case that y = 1, reformulate certain results of No. 1 
in the following way: 

Let f be a continuous numerical function on X whose support has 
compact intersection with the saturation of every compact subset of X. 
The formula 


(3) P’(x(2)) = a f(wé) dp(é) 


defines a continuous function f? on X/H. If g is a continuous function 
on X/H, then 


(4) (f-gon) =f -g. 
If 7 € H, then 
(5) (6(n)f)’ = Au(m)“17°. 


One must not forget that the definition of f* depends on the choice of @. 
If H is compact and @ is normalized, the function f’ is sometimes called the 
orbital mean of f. 


If f € “#(X), then f? € #(X/H). The mapping fr f® of (X) 
into #(X/H) is linear, and the image of #(X) (resp. #%4(X)) is #(X/H) 
(resp. #4.(X/H) ). 


Remark 1. — We are going to show that the mapping f t> f’ is a strict 
morphism (GT, III, §2, No. 8) of #(X) onto “(X/H). 

a) The mapping is continuous: it suffices to prove that, for every compact 
subset K of X, the restriction of f + f’ to 2%(X,K) is a continuous mapping 
of #(X,K) into #(X/H,7(K)) (TVS, I, §4, No. 4, Prop. 5); since H operates 
properly in X, the set P of € € H such that K€ intersects K is compact; one 
concludes from (3) that sup |f?(a(x))| < G(P) sup |f(x)|, and this proves our 

eeEK x2EeK 


assertion. 

b) Let K’ be a compact subset of X/H. Let us choose a compact subset K 
of X such that «(K) = K’, and let us show that the restriction of f > f? 
to “(X,K) is a strict morphism of “(X,K) onto %(X/H,K’). It suffices to 
construct a right inverse for this restriction (GT, III, §6, No. 2, Prop. 3). Now, 
by Lemma 1 of No. 1 (whose notations we adopt), one obtains such an inverse by 
composing the following mappings: 

a) the mapping f’ + f’o7m of #(X/H,K’) into the set E of functions 
of .1(X) whose support is contained in KH; 

B) the mapping of E into E that, to every g € E, makes correspond the 
function equal to g/u! on KH, and to 0 on X — KH; 

) the mapping of E into #(X) that, to every function h € E, makes 
correspond uh. 

c) This established, if V is a convex neighborhood of 0 in #(X), then 
VN. (X, K) is a convex neighborhood of 0 in .#(X, K), therefore V’N.% (X/H, K’) 
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is a convex neighborhood of 0 in .#(X/H,K’) by 6), therefore V” is a neighbor- 
hood of 0 in #(X/H) (TVS, II, §4, No. 4). This completes the proof. 
PROPOSITION 4. — a) Let A be a measure on X/H. There exists one 
and only one measure # on X such that 


(6) fdas / fdr 
X/H x 
for all f € #(X). One has 5(€)\# = Ay(€)A" for all € CH. 

b) Conversely, let 4 be a measure on X such that 5(€)u = An(é)u 
for all € € H. There exists one and only one measure X on X/H such 
that w= Al. 

This is a special case of No. 1, Prop. 3. 


DEFINITION 1. — With hypotheses and notations as in Prop. 4, X is 
called the quotient of u by GB and is denoted r or p/p. 


The mapping A+ A! of .#(X/H) into W(X) is none other than 
the transpose of the mapping f +> f of (X) into “(X/H). Let ¥ be 
a filter on .@(X/H); to say that lim); A"(f) = 0 for all f € #(X) is 
equivalent to saying that lim) A(f’) = 0 for all f’ € “(X/H); there- 
fore the mapping A +> A! is, for the vague topologies, an isomorphism of 
M(X/H) onto a linear subspace of .@(X). This subspace is vaguely closed, 
since it is the set of uw € @(X) such that d(é)u = Ay(€)y for all € EH. 
It is clear that the conditions \ >0 and \! > 0 are equivalent. 

The formula (6) may, by analogy with the usual notation for double 
integrals, be written 


u = i C= . 
(7) ‘a f(a) da#(a) = I 4 O@) ip flag) dB(@)  (@ = n(e)) 


This involves an abuse of notation, the integral ds f(x€) dB(é) being re- 
garded as a function of & and not of z; this manner of writing will be used 
frequently in what follows provided no confusion can arise. 


Remark 2. — Let E bea locally convex vector space and let m be a vectorial 
measure on X/H with values in E. The mapping f+ m(f’) of (X) into E 
is then a vectorial measure on X, with values in E, which we shall again denote 
by m!. The mapping m+ m! is again an isomorphism of ¢(#(X/H);E) 
onto a linear subspace A of #(.%(X);E) (when these spaces are equipped with 
the topology of pointwise convergence). Moreover, since the mapping f t> f’ is 
a surjective strict morphism, the subspace A consists precisely of the vectorial 
measures n on X that are zero on the kernel N of the mapping f + f’. In order 
that ne€ A, it is therefore necessary and sufficient that the scalar measures z’on 
be zero on N for every z’ € E’. One then deduces from Prop. 3 that n € A if 
and only if 6(€)n = Ay(€)n for all €€ H. 
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3. Another interpretation of yf 


For every z € X, the mapping +> z€ of H into X is proper (GT, III, 
84, No. 2, Prop. 4), therefore § admits an image measure on X under this 
mapping, which image is concentrated on the orbit +H (Ch. V, §6, No. 2, 
Cor. 3 of Prop. 2); since (@ is left-invariant, this image measure depends 
only on the class u = a(x) of x in X/H, and will be denoted 6,. By 
definition, for f € #(X), 


(8) [ serasun = [ 09) 4916) = Pw). 
We thus see that 
(9) (€u)" = Bu. 
Lemma 2. — Let f be a function on X, with values in a topological 
Bee 


a) If f is a numerical function >0 then, for rE X, 


[ sarase = f° ee ane) (¢ = n(2)). 
x H 


b) For f to be 8,-measurable, it is necessary and sufficient that the 
function €+> f(x&) on H be B-measurable. 

c) _ Suppose that f is a function on X, with values in a Banach space 
or in R; then, for f to be G;-integrable (ieep. essentially 8;-integrable), 
it is necessary and sufficient that the function € +> f(x€) on H be 
B-integrable (resp. essentially B-integrable), in which case f, f(y) dBi(y) = 
Joy (28) dB(6)- 

This follows from Ch. V, §4, Prop. 2, Prop. 3 and Th. 2. 


Since f* € “(X/H) for f € #(X), formula (8) proves that the 
mapping ut> Gy, of X/H into .@(X) is vaguely continuous, that the 
family (G,) is \-adequate! for any positive measure \ on X/H, and that 


(10) Ma [ Budru), 


which furnishes a new interpretation of \!. 


1In the sense of the first edition of Ch. V, hence a fortiori in the sense of the second 
(cf. the footnote to the Example of Ch. VI, §1, No. 1). 
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PROPOSITION 5. — Let X be a positive measure on X/H. 

a) Let f be aA4-measurable function on X, with values in a topological 
space, constant outside a countable union of d*-integrable sets. Then, the 
set of « © X/H such that the function € ++ f(x€) is not G-measurable is 
locally A-negligible. 

b) Let f be a A!-measurable function >0 on X, zero outside a count- 
able union of A4-integrable sets. Then, the function <> f . f (x€) dB(€) 
on X/H its A-measurable, and 


ja fla) daM(a) = - 4 ®) i f(aé)d6(é) (= (x)). 


c) Let f bea A" integrable function on X, with values in a Banach space 
or in R. Then, the set of & € X/H such that ++ f(x) is not B-integ- 
rable is \-negligible; the function f° on X/H defined almost everywhere by 


the formula 


(11) e(@)= f reeds) (= n(0)) 
is A-integrable, and 
b = | 
(12) 7 et [ f dd 
and 
b t 
(13) oz If jar < [ is}aa ; 


d) Let f bea A'-measurable function on X, with values in a Banach 
space or in R, and zero outside a countable union of d4-integrable sets. 
Then, for £ to be A4-integrable, it is necessary and sufficient that 


| * ana) / " |E(é)|dB() < +00 (@ = (2). 
X/H H 


Taking into account Lemma 2, the assertions a), b) and c) follow from 
Ch. V, §3, Prop. 4, Prop. 5 and Th. 1 (with the exception of (13), which 
follows from (12) because it is clear that |f?| < |f|>); d) follows from b). 


PROPOSITION 6. — Let X be a positive measure on X/H. 
a) Let N be a subset of X/H. For N to be locally d-negligible, it is 


necessary and sufficient that 7 (N) be locally \'-negligible. 
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b) Let g bea function on X/H, with values in a topological space. For g 
to be \-measurable, it is necessary and sufficient that gon be \4-measurable. 

c) Let h be a function on X/H, with values in a Banach space or in R. 
For h to be locally X-integrable, it is necessary and sufficient that hom be 
locally \'-integrable, in which case (h- )# = (hor) - db. 

Suppose hom is locally \!-integrable. For every f € #(X), f-(ho7) 
is \'-integrable, therefore (Prop. 5) the function (f - (ho n))’ = f’-h is 
A-integrable and 


f? -hd\= | f-(hom)da. 

X/H X 

Since f ++ f’ is asurjective mapping of .%(X) onto (X/H), this shows 
that h is locally \-integrable and that 


(h-d)§ = (hom)-Al. 


In particular, if 7 (N) is locally A#-negligible, then yy o 7 is locally 
Al-negligible, therefore (yn - A)! = (pn o m)- \# = 0, consequently 
yn: A = 0 and N is locally A-negligible. Now suppose that gov7 is 
Al_measurable. Let K’ be a compact subset of X/H. Let f € .%4(X) 
be such that f? =1 on K’ (No. 1, Prop. 2), and let K = Supp f; one has 
m(K) > K’. There exists a partition of K formed of a A!-negligible set M 
and a sequence (K,) of compact sets such that (go7) [Kn is continuous for 
every n. Then g|7(Kn) is continuous. Let P be the set of points of K’ not 


belonging to 7(K 1) Um(K2)U...; then 7(P) OK is contained in M, hence 
is \!-negligible; therefore f ‘Pap is \!-negligible; it follows (Prop. 5) that 


* 
o=[ tv, a= [ fpr dr> Pattie 
x n(P) X/H X/H 


therefore P is \-negligible, and g is \-measurable. 

If N is locally A-negligible, then 7 (N) is locally \#-negligible (Ch. V, 
§6, No. 6, Cor. 1 of Prop. 10). If g is A-measurable, then gov7 is 
d!-measurable (ibid.). Finally, suppose h is locally A-integrable. Then we 
already know that hoz is \!-measurable. For every f € %.(X) we have, 
by Prop. 5, 


| * f(a) [h| (m(2)) d#(e) = i ” [hl(u) f°(u) dd(u) < +00, 
x X/H 


therefore ho 7 is locally A!-integrable. 
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COROLLARY 1. — Let ,X’ be two positive measures on X/H. For 2’ 
to have base 2, it is necessary and sufficient that \'" have base \4. For X 
and ' to be equivalent, it is necessary and sufficient that \¥ and 4 be 
equivalent. 

The first assertion follows from Prop. 6, a) and c). The second follows 
from the first. 


COROLLARY 2. — Let X be a positive measure on X/H, and f a 
A‘-measurable numerical function on X. Suppose that, for every & € H, 
6(€)f = f locally 4-almost everywhere. Then, there exists a \-measurable 
function g on X/H such that f =gom locally \'-almost everywhere. 

Replacing f by f/(1+|f|), one reduces to the case that f is bounded, 
hence locally A!-integrable. Let = f-A!. The hypothesis on f implies that 
6(€)u = f -d(€)A* = An(é)p for all € € H. There then exists (Prop. 4) 
a measure \’ on X/H such that pw = /#. By Cor. 1, there exists a lo- 
cally A-integrable function g on X/H such that \’ = g-. By Prop. 6, 
f -A¥ =r! = (gom)- At, whence f =go7 locally \!-almost everywhere. 


COROLLARY 3. — a) Let (A,),e1 be a family of real measures on X/H. 
For the family (A,) to be bounded above in .@(X/H), it is necessary and 
sufficient that the family (At) be bounded above in A(X), in which case 


sup(A!) = (sup ,)". 


b) Let A be a real measure on X/H. Then (At+)# = (A#)+ and 
(A7)F= (AN)-. 

c) Let \ be a comple measure on X/H. Then |A|# = |A4]. 

Assume the family (\,) to be bounded above and let = sup),. 
Since \ > 0 implies \# > 0, we have yw! > d! for all 1, which shows that 
the family (A!) is bounded above and that 


sup \,)! > sup(A#). 
Lb 


Conversely, assume the family (A!) to be bounded above and let 
y = sup(At). Since 6(€)A = Ay()A! for all € € H, obviously 
6(€)v = Ay(€)v, therefore there exists a measure pu’ € &(X/H) such that 
vy =yp't. Since \4 > 0 implies \ > 0, we have p’ > 2, for all v, which 
shows that the family (A,)is bounded above and that v = yw’! > (supd,)!, 
whence 
sup(A!) > (sup A,)!, 


which completes the proof of a). The assertion b) then follows at once since, 
for example, \* is none other than sup(\,0). To prove c), it suffices to note 
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that |A| = sup&(aA) over the complex numbers a of absolute value 1, 
and on the other hand that #(u") = (@p)* for every w € (X/H). 


Remarks. — 1) Prop. 6 a) may be expressed by saying that A is a 
pseudo-image measure of 4 under a (Ch. VI, §3, No. 2, Def. 1). 

2) Suppose H is compact and 3 is normalized. The saturation of 
every compact subset of X is compact. Therefore, if f € 2(X/H) then 
fon € £(X); and, for every positive measure \ on X/H, Prop. 5 c) gives 


[ (fon)(x) d(x) = / F(u) dX(u). 
xX X/H 


In other words, X is the image of \* under 7. 

3) Cor. 3 c) of Prop. 6 shows at once that the results of this subsection 
remain valid in the case of complex measures (except for those that involve 
the upper integral). 

4) Let m be a vectorial measure on X/H with values in E, and let q be 
a lower semi-continuous semi-norm on E. For m to be g-majorizable (Ch. VI, 
§2, No. 3, Def. 3), it is necessary and sufficient that m" be so, in which case 
q(m!) = q(m)!. This follows at once from the definitions and Cor. 3 a). 

On the other hand, let be a positive measure on X/H. For m to be 
scalarly of base yz, it is necessary and sufficient that m! be scalarly of base pt: 
this follows from Cor. 1. ; 

Finally, if m has base yw, with density f with respect to wu (Ch. VI, §2, No. 4, 
Def. 4), then m! has base py! , with density fo 7: this follows from Prop. 6 c). 


4, The case that X/H is paracompact 


If X/H is paracompact, we shall first see that the vector spaces #*(X), 
for variable x , are all isomorphic to each other, and in particular isomorphic 
to 2#1(X). 


PROPOSITION 7. — Assume X/H paracompact. Let x be a continuous 
representation of H in Ri. 

a) There exists on X a continuous function r, with values > 0, such 
that r(zé) = x(€)r(z) forall ze X and €€H. 

b) The mapping g +> g/r is an isomorphism of the vector space 
HXX(X) onto the vector space #1(X). 

Let us apply Prop. 1 of No. 1 on taking f to bea function > 0 that is 
not identically zero on any orbit (this is possible by Lemma 1 of Appendix 1); 
then r = f* satisfies the properties of a). The assertion b) is obvious. 


PROPOSITION 8. — Assume X/H paracompact. There exists a contin- 
uous function h > 0 on X, whose support has compact intersection with 
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the saturation of every compact subset of X, and is such that h> =1. For 


such a function, one has g = (h- (go n))’ for every continuous function g 
on X/H. 

Let us apply Prop. 1 of No. 1, with y = 1, on taking for f a func- 
tion > 0 that is not identically zero on any orbit. We have f1(x) > 0 
at every point z of X. Set h = f/f!. Then hi = f'/f! = 1, there- 
fore h? = 1. It follows that if g is a continuous function on X/H, then 


b 
(h-(gom)) =hP-g=g. 
Remarks. — 1) In particular, let X be a locally compact space on which 
a discrete group D operates continuously and properly on the right; sup- 
pose X/D is paracompact. Then, there exists a continuous function h > 0 


on X whose support has compact intersection with the saturation of every 


compact subset of X, and is such that > h(xd)=1 for every x € X (all 
deD 
terms of the sum being zero except for a finite number of them). 


2) Let us conserve the hypotheses and notations of Prop. 8. The map- 
ping g++ h-(gom) is a continuous mapping of .#(X/H) into .%(X) that is 
a right inverse of the mapping f +> f’. Consequently, every bounded (resp. 
compact) subset of (X/H) is the image of a bounded (resp. compact) 
subset of #(X). From this, one deduces immediately that the mapping 
A+ Al is again an isomorphism of .@(X/H) onto a closed linear subspace 
of .@(X) when these spaces are equipped with the topology of bounded 
(resp. compact) convergence. 


PROPOSITION 9. — We conserve the hypotheses and notations of Prop. 8. 
Let X be a positive measure on X/H. 

a) The pair (x,h) is \4-adapted, and fy h(x)én(x) dA*(x) = 2. 

b) The mapping 1m is proper for the measure h-\*, and m(h-A*) =X. 

c) Let k be a function on X/H, with values in a Banach space or 
in R. For k to be measurable (resp. locally integrable, essentially integrable, 
integrable) for d, it is necessary and sufficient that h- (kom) be so for \4; 
and, if k is essentially integrable for , then 


(14) i kar= [he (kon) do. 
X/H ».¢ 
Let f € @(X/H). Then h- (fom) € #(X) and 
is hc) f (m(e))da¥(a) = fp CLAC) I h(xé) dB(é) = [ fOO@, 


whence a). The assertion b) is proved similarly. The assertions of c) con- 
cerning measurability, essential integrability and formula (14) may then be 
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obtained by applying the results of Ch. V (§4, Prop. 3, §5, Th. 1, §4, 
Th. 2). If k is )-integrable, then h- (ko 7) is Al-integrable (Ch. V, 
§3, No. 3, Th. 1). If h-(ko7) is A'-integrable, Prop. 5 proves that 
(h- (ko n))’ = h?-k=k is )-integrable. If k is locally \-integrable, then 
h-(ko7) is locally \!-integrable (Prop. 6). Finally, suppose h-(ko7) locally 
At-integrable; forevery f € # (X/H), h-(kom)-(fom) has compact support, 
and 
|h-(kom)-(fom)| <M|h-(kon)|, 


where M = sup|f|; therefore h- ((kf) o 7) is A'-integrable, consequently 
kf is -integrable, by what has already been proved; this proves that k is 
indeed locally A-integrable. 


COROLLARY. — The continuous linear mapping f > f> of L'(X,A*) 
into L1(X/H, A) defined by Prop. 5 is surjective. 

Suppose first that X/H is paracompact and let A be a function on X 
satisfying the conditions of Prop. 8. If k is a \-integrable numerical function 
on X/H, then h-(ko7) is At-integrable and (h- (k om))” =k (Prop. 9). 

In the general case, let u € L1(X/H,A). There exists a function 
f € %'(X/H,.) with class u and zero outside a countable union of com- 
pact sets K,. Let us define recursively a sequence of relatively compact 
open sets U, of X/H such that Unyi D Kn U Un, and let V be the union 
of the U,. Then V is an open subset of X/H, a countable union of com- 
pact subsets U,, hence is paracompact (GT, I, §9, No. 10, Th. 5). Set 


Y= = (V) and let Ay (resp. rN) be the measure induced by \ (resp. 4) 
on V (resp. Y). It is clear that Y/H may be identified with V (GT, 
I, §3, Prop. 10) and that rN may be identified with (Av)!. Moreover, 
f is zero outside V and belongs to £1(V,Av). Therefore, there exists 
g€ ZY, Le) such that g’ = f almost everywhere in V. Extending g 
by 0 on X — Y, one obtains a function g; € 1(X, 4), and it is clear that 
the class of g} in L1(X/H,,) is none other than u. 


Remark 3. — Suppose X/H paracompact, and let us retain the no- 
tations of Proposition 9. The mapping k + h-(ko7) of L!(X/H,A) 
into L!(X, A#) is then isometric by (14) and is a right inverse of the map- 
ping ft f? of L1(X,A#) onto L1(X/H, A). 


5. Quasi-invariant measures on a homogeneous space 
Lemma 3. — Let G be a locally compact group, wu a left Haar mea- 


sure on G, v and v’ two nonzero quasi-invariant measures on G. Tf, 
for every s € G, the densities of y(s)v with respect to v and of y(s)uv’ 
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with respect to v' are equal locally -almost everywhere, then v and v' are 
proportional. 

Write v = p-p, v’ = p+, where p, p’ are locally y-integrable functions 
on G and are everywhere nonzero (§1, No. 9, Prop. 11). For every s EG, 


y(s)v = (y(s)p)-H, —-¥(8)v’ = (7(8)0') -H, 
and the hypothesis implies that p~!-~(s)p = p’~!-(s)p’ locally y-almost 
everywhere. Set o = p’/p, which is a p-measurable function on G. For 
every s € G, y(s)o =o locally p-almost everywhere. Therefore o is equal 
to a constant locally y-almost everywhere, by Cor. 2 of Prop. 6 applied with 
X=H=G. 


Let G bea locally compact group, H a closed subgroup of G. Consider 
the homogeneous space G/H of left cosets with respect to H, on which G 
operates continuously on the left. We are going to show that there exists 
one and only one class of nonzero quasi-invariant measures on G/H. 

Note that H operates on G continuously and properly by right trans- 
lations; and the quotient space, which is none other than G/H, is paracom- 
pact (GT, III, §4, No. 6, Prop. 13). We may therefore apply the results of 
Nos. 1 to 4, with X = G. We thus have mappings f +> f’ of 2&(G) 
onto #(G/H), and 4+ A! of .@(G/H) into .W(G) (once a left Haar 
measure 3 on H has been fixed). The fact that G operates on the left 
in G/H gives rise to a supplementary property: 


(15) yau(s)- f? = (vals) f)’ (s€G, fe #(G)) 
(16) (Yayn(s)-A)P=7e(s)-Ae (8 EG, AC .H(G/H)). 


Indeed, for every rE G, 


(Yasa(s) - f?) (w(x) = f?(s7*a(a)) = f? (n(s~*2)) 
= I f(s tx€) dp(é) = FA (va(s)f)(wé) d6(€) = (ye(s)f)’ (w(a)); 


whence formula (15), which implies formula (16). 


Lemma 4. — Let » be a measure #0 on G/H, and yw a left Haar 
measure on G. The following properties are equivalent: 

a) A is quasi-invariant under G; 

b) for a subset A of G/H to be locally -negligible, it is necessary and 
sufficient that 7(A) be locally p-negligible; 

c) the measure A" is equivalent to p. 
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Suppose this to be the case and let \4 = p-, where p is a locally 
p-integrable function that is everywhere nonzero. Then, for every s € G, 
the density 0, of Ya/u(s)A with respect to X is such that 


(17) 0,(n(2)) = 2 


locally -almost everywhere on G. 

c) = b): This follows at once from Prop. 6 a). 

b) = a): If property b) holds, then the set of locally A-negligible subsets 
of G/H is invariant under G, thus is quasi-invariant under G. 

a) > c): Assume is quasi-invariant under G; for every s € G, \ and 
Ya/u(s)A are equivalent, therefore \# and yq(s)-A* = (ya/n(s) : x are 
equivalent (Cor. 1 of Prop. 6); since A4 4 0, A! is equivalent to pw (81, 
No. 9, Prop. 11). 

Moreover, for every s € G, 


(6,07) A = (0,- A)! = (yau(s)A)" = ya(s)A# 


= (4e(s)e) w= 72M, 


whence (17). 
The equivalence of a) and b) implies first the uniqueness result already 
announced, and even a more precise result: 


THEOREM 1. — Let G be a locally compact group, H a closed subgroup 
of G. 

a) Any two nonzero quasi-invariant measures on G/H are equivalent; 
the subsets of G/H locally negligible for these measures are those whose 
inverse image in G is locally negligible for a Haar measure. 

b) Let A,X! be two nonzero quasi-invariant measures on G/H. If, for 
every s € G, the densities of Yau(s)A with respect to A and of Yq/u(s)\’ 
with respect to ’ are equal almost everywhere for X (or X’), then X and X' 
are proportional. 

The assertion a) follows at once from Lemma 4. Let \ and X’ be two 
nonzero quasi-invariant measures satisfying the condition of b). Then, for 
every s € G, the densities of ¥g(s)A! with respect to # and of y¢(s)X’! 
with respect to \’! are equal locally y-almost everywhere, therefore (Lem- 
ma 3) A! and 4 are proportional, hence \ and ’ are proportional. 


On the other hand, Lemma 4 reduces the search for nonzero quasi- 
invariant measures on G/H to that for the measures on G equivalent to 
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Haar measure and of the form A#. On this subject we have the following 
lemma: 


Lemma 5. — Let pw be a left Haar measure on G, and p a locally 
p-integrable function. For p- to be of the form d4, it is necessary and 
sufficient that, for every €€ H, 


rata 


(18) p(x) = 


locally p-almost everywhere on G. 
To say that p-p is of the form A! amounts to saying that, for every 
£€ eH, 4(€)(p- uw) = An(€)p- pu (Prop. 4). Now, 


5(E)(o- u) = (6(€)p) - (6(€)u) = Ac(E)(6(6)p) - u, 


whence the lemma. 
We can now establish the announced existence result, and even a more 
precise result: 


THEOREM 2. — Let G be a locally compact group, H a closed subgroup 
of G, pw a left Haar measure on G, and 6 a left Haar measure on H. 
a) There exist functions p continuous and >0 on G, such that 


plat) = FEE ole) 


forall xe€G and €eH. 
b) Given such a function p, one can form the measure = (p- w)/B 
on G/H, and X is a nonzero positive measure quasi-invariant under G. 
c) For s,z in G, p(sx)/p(x) depends only on s and x(x), hence 
defines a function x continuous and >0 on Gx (G/H) such that 


(19) x(am(e)) = 22. 
Then 
(20) Yan(s)A =x(s7',.)-A forall s EG. 


a) follows from Prop. 7. 
b) follows from Lemmas 5 and 4. 
c) follows from (17). 
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Remarks. — 1) One deduces from Remark 1 of No. 3 that the nonzero quasi- 
invariant measures on G/H are none other than the pseudo-images under 7 of a 
Haar measure on G. 

*2) If G is a Lie group, we shall see later that the function p of Th. 2 can 
be chosen to be infinitely differentiable., 


Under the conditions of Th. 2, certain results of Nos. 3 and 4 may be 
specialized as follows (on taking into account Ch. V, §4, Th. 2 and Prop. 2 
for passing from properties relative to to properties relative to p- yu): 

a) Let f bea p-measurable function on G, with values in a topological 
space, constant outside a countable union of p-integrable sets; then, the set 
of < € G/H such that the function ++ f(z) is not G-measurable is locally 
A-negligible. 

b) Let f be a p-measurable function > 0 on G, zero outside a count- 
able union of y-integrable sets. Then, the function 


be I f(aé) dp(€) 
on G/H is A-measurable and 
JF sete) dua) = [ " ance) [” see) a6@)  (@="(@)). 
G G/H H 


c) Let f be a p- p-integrable function on G, with values in a Banach 
space or in R. Then, the set of  € G/H such that € + f(z) is not 
G-integrable is A-negligible; the function «+ fi, f(x) dG(€) is A-integrable, 
and 


[ £()p() du(c) = iE 2) I £(2é) aB(€). 


d) There exists a continuous function h > 0 on G, whose support 
has compact intersection with the saturation KH of every compact sub- 
set K of G, and such that f, h(aé)d@(€) = 1 for every x € G. Fora 
function g on G/H to be measurable (resp. locally integrable, essentially 
integrable, integrable) for \, it is necessary and sufficient that h- (go 7) 
be so for p- 4 =~A!; and, when g is essentially integrable for 1, one has 


[awa = [ r@e(())o2) ana). 
G/H G 
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6. Relatively invariant measures on a homogeneous space 


Let G again be a locally compact group, H a closed subgroup, @ a 
left Haar measure on H. 


Lemma 6. — Let X be a measure on G/H, x a continuous representa- 
tion of G in C*. The following properties are equivalent: 

a) X is relatively invariant on G/H with multiplier x; 

b) A! is relatively invariant on G with left multiplier x ; 

c) A! is of the form ax-p (a€C). 

The condition a) means that, for every s € G, 


Yau(s)A = x(s)7*A; 
this is equivalent to (ye/a(s)d)* =y(s)~1\', that is, to 


Ya(s)At = x(s) "7". 


Whence the equivalence of a) and b). The equivalence of b) and c) follows 
from 81, No. 8, Cor. 1 of Prop. 10. 


THEOREM 3. — Let G be a locally compact group, H a closed subgroup 
of G, p (resp. G@) a left Haar measure on G (resp. H), y a continuous 
representation of G in C*. 

a) In order that there exist on G/H a nonzero measure relatively in- 
variant under G and with multiplier x, it is necessary and sufficient that 
x(é) = Au(€)/Ac(€) for all € € H. 

b) This measure is then unique up to a constant factor; more precisely, 
it is proportional to (x- u)/fB. 

For there to exist on G/H a nonzero measure relatively invariant un- 
der G with multiplier x, it is necessary and sufficient (Lemma 6) that y- pu 
be of the form A! , hence (No. 2, Prop. 4) that 6(€)(x-“) = Ay(€)(x-) for all 
€ € H. This condition may also be written x(€)y - Ac(é)u = An(€)x - un, 


that is, 
x(€) = An(€)/Ac(€) 


for all € € H. Whence a). The assertion b) follows at once from Lemma 6 
and the fact that the mapping A+ A! is injective. 


We shall see in §3 (No. 3, Example 4) some very simple examples where the 
representation € ++ Ay(£)/Ag(é) cannot be extended to a continuous representa- 
tion of G in C*. In this case, there therefore does not exist any nonzero complex 
measure on G/H relatively invariant under G. 


COROLLARY 1. — For there to exist on G/H a nonzero positive mea- 
sure relatively invariant under G, it is necessary and sufficient that there 
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exist a continuous representation of G in Ri extending the representation 


fr An(E)/Ac(€). 


Note that this condition is fulfilled when H is unimodular. 


COROLLARY 2. — For there to exist on G/H a nonzero positive measure 
invariant under G, it is necessary and sufficient that Aa coincide with Ay 
on H. 


COROLLARY 3. — Suppose that H is unimodular and that there 
exists on G/H a nonzero bounded positive measure v relatively invariant 
under G. Then v is invariant, and G is unimodular. 

Let x be the multiplier of vy. For every s€ G, v and y(s)v have the 
same finite total mass (§1, No. 1, formula (6)); since 7(s)v = x(s)~1v, we 
have x(s) =1. Thus v is invariant. By Cor. 2, Ag(s) =1 for all s cH. 
Let G’ be the set of t € G such that Ag(t) = 1. This is a closed normal 
subgroup of G containing H. Let 7 be the canonical mapping of G/H 
onto G/G’. Then 7(v) is a nonzero, bounded positive measure invariant 
under G. Therefore the left Haar measure of the group G/G’ is bounded, 
so that G/G’ is compact (§1, No. 2, Prop. 2). Consequently the image of G 
under Ag is a compact subgroup of Rj ; this subgroup is reduced to {1}, 
thus Ag = 1 onall of G. 


7. Haar measure on a quotient group 


PROPOSITION 10. — Let G be a locally compact group, G’ a closed 
normal subgroup, G” the group G/G’, a the canonical mapping of G 
onto G/G’, and a,a’,a” left Haar measures on G,G’,G”. 

a) Multiplying a by a constant factor if necessary, we can suppose that 
a” =a/a’. In particular, if f € #(G) then 


[teaate) = faa) | eesyaa'@) — (@ = x(@)). 


b) One has Ac(€) = Aq (€) for all € € G’; in particular, if G is 
unimodular then so is G’. 

c) The kernel of the representation Ag of G in Ri. is the largest 
unimodular closed normal subgroup of G. 

Applying Th. 3 of No. 6 with y = 1 (and in the knowledge that here, 
there exists a measure on G/G’ invariant under G, namely a”), we ob- 
tain a) and b); c) follows at once from b). 


PROPOSITION 11. — We maintain the notations of Prop. 10. Let u 
be an automorphism of G such that u(G’) = G’. Let u’ be the restriction 
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of u to G’, and u” the automorphism of G” deduced from u by passage 
to the quotients. Then 
modg(u) = modg’(u’) modg(u”). 
For, if a” =a/a’ then u’(a”) = u(a)/u'(a’), that is, 
modg(u")~ta” = modg(u)~1a/modg:(u’)~ ta" 
o33 _ modg(u’) igja'i= modq(u’) 2 
“modg(u) modg(u)  ’ 
whence the proposition. 
COROLLARY. — For every EG, 
Ac(z) = Agya (a) mod(i,) 5 
where < denotes the canonical image of x in G/G’, and iz the automor- 
phism st>2-1sx of G’. 
This follows from Prop. 11, and formula (33) of §1, No. 4. 


8. A transitivity property 


Let X be a locally compact space in which a locally com- 


S pact group H acts on the right, continuously and properly, by 
iw (z,€) rH» x€ (© EX, €€H). Let H’ be a closed subgroup of H; 
then H’ operates on the right in X , continuously and properly. We 

XH shall denote by 1,7’,p the canonical mappings of X onto X/H, 


of X onto X/H’, and of H onto H/H’. 

Let G, 8’ be left Haar measures on H,H’; suppose that Ay and Ay 
coincide on H’; one can then form the measure 3/6’ on H/H’, left-invariant 
under H (No. 6, Th. 3). On the other hand, let yp be a positive measure 


on X such that 
6(6)u = An(é)u 


for € € H; one can then form the measures /3 on X/H and p/f’ on X/H’ 
(No. 2, Prop. 4). We are going to write /@’ as the integral, with respect 
to u/8, of a family of measures on X/H’ indexed by the points of X/H. 
When H’ = {e}, we shall find ourselves again in the situation of No. 3. 
The mapping (z,&) + 1’(xé) of XxH 


xX vs H into X/H’ is continuous; since 2’(zé) = 
: w'(x&é') for all €’ € H’ this mapping de- 
mn Pp fines, by passage to the quotient, a contin- 


uous mapping of X x (H/H’) into X/H’; 
H/H’ whence, for each fixed x in X, a partial 


X/H’ 
mapping w, of H/H’ into X/H’, deduced 
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by passage to the quotient from the mapping ~, :&++ xé of H into X. 
Note that pre = Urn (€) , therefore that wre = w20Yy/H/(€) for all € € H. 


Lemma 7. — Let K be a compact subset of X/H’, and L a compact 
subset of X. Then (J wz1(K) is relatively compact in H/H’. 
zeL 


Let Kk, bea compact subset of X such that 7’(K,) =K. Let Ko be 
the set of € € H such that Lé intersects K,. Then Ke is compact (GT, 
III, §4, No. 5, Th. 1). Let € € H be such that p(é) € U wz'(K). Thus, 

xzeL 


there exists an z € L such that wz(p(€)) € K, in other words such that 
m’(a€) € K. Since 7’(K1) = K, there exists €’ € H’ such that ré€’ € Ky. 
Then €£' € Ko, therefore p(€) = p(€E’) € p(K2). We have thus shown that 
U wz "(K) ¢ pls). 

zx 


This lemma shows first of all that the mapping w, is proper. One 
can therefore form the measure w,(3/6’) on X/H’, which is concentrated 
on w;(H/H’) = 7n’(¥,(H)) = 7’(cH). If f € 2% (X/H’), Lemma 7 and 
§1, No. 1, Lemma 1 show that the function z+ (f,wz(G/6’)) is contin- 
uous on X; moreover, (f,w.(8/6’)) is zero when Supp f does not inter- 
sect 7’(zH), in other words when a(x) does not belong to the canonical 
image of Suppf in X/H. 

Moreover, if « € H then 


wre (B/B') = we (Yaw (€)(8/6’)) = w2(8/6'). 


The mapping 2 + w,(G/@’) of X into .#(X/H’) therefore defines by 
passage to the quotient a mapping ut (G/6’)y4 of X/H into #(X/H’). 
The foregoing shows that, for every f € .#(X/H’), the mapping 
utr (f,(8/6’)u) is continuous with compact support. Consequently the 
mapping ut (G/6’), is a vaguely continuous and (/3)-adequate family 
of measures on X/H’', with X/H as index set. 

Let z € X, and u = a(x) € X/H. Let f be a function on X/H’, 
with values in a Banach space or in R. By Ch. V, §4, Th. 2, for f to 
be (G/’)y-integrable, it is necessary and sufficient that the function 
P(E) + f(w2(p(E))) = f(n’(zé)) on H/H’ be (@/6’)-integrable, in which 
case 


ny f  Faacsieruw)= fi e(e'(as)ata/ey) =n) 


f 
H/H’ 


One has analogous properties for measurability, the upper integral and the 
essential integral. 
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PROPOSITION 12. — With the foregoing notations, 
(22) J (0/6) atu/B\(u) = w/o" 
X/H 
Let f € #(X), and let f? € #(X/H’), defined by 
P(n'(@) = [ sae’) ap"). 
a 


It suffices (cf. No. 2) to prove that f’ has the same integral with respect to 
the two members of (22). Now, (u/@’, f’) = (u,f). On the other hand, 


Cf 8/6 au/B)(u).$°) = (B18 a #) du/B\(u): 
X/H X/H 
Now, let x € X and u=7(xr). We have 
((8/6")us f°) = we(8/B"), f) = | f? (we(€))d(8/6")(E) 
H/H’ 
=f Po as)ae/eV@ 
H/H’ 
= | d(a/6')(é) i f(xée!) dp (€’) 
H/W’ H’ 
o / f(aé) dp(é). 
H 
Therefore 
/ b\ _ = 
ff gl O/B n/N) I) = iE yg tnd 00 [ Hes) a616) = 5), 


which proves the proposition. 


COROLLARY 1. — a) Let f be a function on X/H’, with values in a 
Banach space or in R, integrable for /G'. There exists a (u/)-negligible 
subset N of X/H having the following property: if x € X is such that 
m(x) ¢ N, then the function fow,; on H/H', that is, the function € > 
f(x'(x€)), is integrable for 8/B'. The integral Sapw f(x’ (x€))d(B/6')(E) 


depends only on & = (x), and is a (u/B)-integrable function of £; and 


i sf n/ 8) = a 1g HIVE) [ set Cas) /8 V8). 
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b) Let f be a function > 0 on X/H’, measurable for 4/6’ and zero 
outside a countable union of (u/G’)-integrable sets. Then 


rte)rs [  Ha'eo)aco/oy 
is (u/B)-measurable, and 
ie gf HIB) = i d(ys/8)(é) hci (x'(wé)) d(3/6")(é). 


c) Let f be a function on X/H’ with values in a Banach space or in R, 
measurable for 4/8’ and zero outside a countable union of (u/')-integrable 
sets. Then, for f to be (u/Q’)-integrable, it is sufficient that 


ie d{u/B)E) [il (n’(w€)) |d(8/B')(E) < +00. 


COROLLARY 2. — Let G be a locally compact group, A and B closed 
subgroups of G such that A > B. Suppose that there exists, on the ho- 
mogeneous space G/B of left cosets with respect to B, a nonzero positive 
measure a that is invariant under G and is bounded. 

a) The canonical image of a in G/A is a nonzero positive measure, 
invariant under G, and bounded. 

b) Ag coincides with Ay on A and with Ag on B. 

c) There exists, on the homogeneous space A/B of left cosets of A with 
respect to B, a nonzero positive measure invariant under A and bounded. 

The assertion a) is immediate. The assertion b) follows from a) and 
No. 6, Cor. 2 of Th. 3. By b), A, coincides with Ag on B, and one can 
therefore apply the results of the present subsection, on taking K = G, 
H=A, H’=B. The function 1 on G/B is a-integrable. By a) of Cor. 1, 
the function 1 on A/B is integrable for 3/6’, where @ and G’ denote left 
Haar measures on A and B; thus 3/(’ is bounded. 


9. Construction of the Haar measure of a group from the Haar 
measures of certain subgroups 


Let G be a locally compact group, X and Y two closed subgroups 
of G such that 0 = XY contains a neighborhood U of e. Then 2 is open 
in G; for, for any zo € X and yo EC Y, XY = (xoX)(Yyo) D coUyo, and 
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xoUyo is a neighborhood of zoyo; thus 2 is a neighborhood of each of its 
points. 


*When G is a Lie group with Lie algebra g, the condition imposed on X 
and Y is satisfied if the subalgebras corresponding to KX and Y have sum g ., 


The group X x Y operates continuously in G on the left, by the law 
(z,y)-s =asy"! (rE X, ye Y,seEG). Let Z=XNMY. The stabilizer 
of e in X x Y is the subgroup Zo of X x Y formed by the pairs (z,z), 
where z € Z, a subgroup canonically isomorphic to Z. Thus the set 2 
may be identified with the homogeneous space (X x Y)/Zo of left cosets; 
more precisely, the mapping (z,y)++ zy~! of X x Y onto 2 defines, by 
passage to the quotient, a continuous bijection of (X x Y)/Zo onto 2. We 
shall assume that this mapping is a homeomorphism. (This is notably the 
case if G is countable at infinity: cf. App. I.) 


PROPOSITION 13. — Suppose in addition that Z is compact. Let uc, 
Lx, py be left Haar measures on G, X, Y, and A the restriction of Ac 
to Y. Then the restriction ww of ug to Q is, up to a constant factor, the 
image of ux @(A7!- py) under the mapping (z,y) > zy7! of Xx Y 
onto 2 (a mapping that is proper). 

For ce X,yeY, 


¥((2,y)) Hu = 6(y)¥(2)u = Ac(y)u. 


Identifying Q with the homogeneous space (X x Y)/Zo and choosing a 
suitable Haar measure on Zo, one sees that p14 is the product of the left Haar 
measure of X x Y, namely px @ py, by the function (x,y) + Ac(y)7? 
(No. 6, Lemma 6). On the other hand yp is, up to a constant factor, the 
image of yw! under the canonical mapping of X x Y onto 2 (No. 3, Re- 
mark 2). 


COROLLARY. — Let f be a function defined on 1, with values in a 
Banach space or in R. For f to be p-integrable, it is necessary and sufficient 
that the function (x,y) f(xy)Ac(y)Ay(y)~? be (ux @ wry)-integrable, in 
which case 


(23) iE f(w) du(w) = a ‘ ie _ fla)Be(u)Av(u)™* dure) dry), 


where a is a constant >0 independent of f. 

By Prop. 13, and Ch. V, 84, No. 4, Th. 2, for f to be p-integrable, it is 
necessary and sufficient that the function (z, y) + f(zy~!) be integrable for 
Lx @(A7}- wy), or again that the function (z, y) + f(zy~1)Ag(y)~! be in- 
tegrable for ux ®py, or again that the function (z, y) + f(zy)Ac(y)Ay(y)7? 
be integrable for wx ®uy. Formula (23) results from an analogous argument. 
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PROPOSITION 14. — Suppose that the conditions of Prop. 13 are fulfilled 
and that, in addition, Y is normal. 

a) The restriction of wg to 2 is, up to a constant factor, the image 
of ux @py under the mapping (z,y)» zy of Xx Y onto. 

b) For x €X and yeEY, 


Ag(zy) = Ax(z)Ay(y) mod(iz) , 


where i, denotes the automorphism vi+a-lvx of Y. 

We have Ag = Ay on Y (Prop. 10 b)), therefore a) follows from (23). 
Let zo € X, yo € Y. Denote by p the mapping (2,y)'> xy of Xx Y 
onto 2. Since 


xy(xoyo) > = eg" (toYyo “Zo +) = EQ" i,-1(yyQ"), 
we have 


Ac(Zoyo)P(Hx ® Hy) = 6(zoyo)p(ux ® Hy) 
= p(4(x0)ux ® i,~16(yo)Hy) 
= p(Ax(zo)ux ® Ay(yo)(mod iz, uy) 
= Ax(r0)Ay(yo)(mod iz, )p(ux ® Hy), 


whence b). 


Remark. — Prop. 14 applies in particular when G is the topological 
semi-direct product of X by Y (GT, III, §2, No. 10). In this case, Z = {e} 
and Q=G. Since yr = riz(y) for z€ X, y€ Y, the measure pg is also, 
up to a constant factor, the image of (modi,)ux ® wy under the mapping 
(x,y) yx of Xx Y into G. 


10. Integration on a fundamental domain 


Let X be a locally compact space, H a discrete group operating on the 
right continuously and properly in X. Let 7 be the canonical mapping of X 
onto X/H. For every x € X, we denote by Hy, the stabilizer of x in H; 
this is a finite subgroup of H (GT, III, §4, No. 2, Prop. 4); its order will be 
denoted n(x). For every s € H, Hz, = s~*Hzs, therefore n(rs) = n(z). 
There exists an open neighborhood U of z such that UNUs = @ for s ¢ Hz 
(loc. cit., No. 4, proof of Prop. 8); for y € U, one has H, C H,; thus the 
function n on X is upper semi-continuous. When X is countable at infinity, 
H is countable; for, let (Ki, K2,...) be a covering of X by a sequence of 
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compact subsets, and let ro € X; the set of s € H such that ros € K; is 
finite (loc. cit., No. 5, Th. 1), whence our assertion. 


DEFINITION 2. — Let F C X. One says that F is a fundamental 
domain (for H) if the restriction of n to F is a bijection of F onto X/H 
(in other words, F is a system of representatives for the equivalence relation 
defined by H). 


Lemma 8. — Let F be a fundamental domain. For every x € X, 
(24) >) ¢r(2) = n(2). 
seH 


Since yrs(xt) = Ypet-1(x) for all s and t in H, the two members 
of (24) remain invariant when z is replaced by zt. We can therefore suppose 
that 2 € F. We then have the equivalences 


yrs(xt)=1 4 reEFs & gs 'e€F & gs t=2 © sEH,, 


whence (24). 


PROPOSITION 15. — Assume that X is countable at infinity. Let pw be 
a measure > 0 on X. Let F be a fundamental domain such that Fs is 
pi-measurable for every s © H. Let f be a p-integrable function on X, with 
values in a Banach space or in R. Then the family of the 


i n(e)"1£(e)du(a) (8H) 
Fs 


is summable, and 


[ 8@ awe) =X [ n(a-*#(@) aula). 
x sEH Fs 
If A is a finite subset of H, then 


| Son tyr6| <n] So vrs < IE 
scA scA 


by Lemma 8. Lemma 8 also proves that > n~!fyps converges point- 


seA 
wise to f with respect to the increasing directed set of finite subsets of H. 
Prop. 15 then follows from Ch. IV, §4, No. 3, Th. 2. 


THEOREM 4. — Let X be a locally compact space countable at infinity, 
H a discrete group operating continuously and properly on the right in X, 
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nm the canonical mapping of X onto X/H, yp a positive measure on X 
invariant under H, 8 the normalized Haar measure of H, and X= u/B. 
Let F be a p-measurable fundamental domain. 

a) The pair (r,n~!pp) is p-adapted, and 


[ ney tee (aenta dale) =A. 


b) The mapping 7 is proper for n~1yp-p, and n(n-1yp-p) =X. 

c) Let k be a function on X/H. For k to be »-measurable (resp. 
A-integrable), it is necessary and sufficient that n~lpp(kom) be u-measur- 
able (resp. pi-integrable); and, if k is \-integrable then 


[ bar = [ n-M(kom) dy. 
X/H F 


We have wp = A. Let f € 24 (X/H). Then n-!yp(fo7) is 
pi-measurable and > 0, and by Prop. 5 b) of No. 3 we have 


i, * n(n) yp (2)f (m()) du(2) = fl "Ff (é) aXe) / ” n(xé)* pp (a€) dl) 
x X/H H 


and fir n(7é)~*pr(w€) dB(€) = n(z)-1 S pr(wé) =1 by Lemma 8. Thus 
€cH 


n-lop -(f om) is p-integrable and 
[@ve@t(ae))du(e) = [ se) ar@). 
x X/H 
This proves a). The assertion b) is proved similarly. The assertion c) may 


be deduced from a) and from Ch. V, §4, Prop. 3 and Th. 2. 


COROLLARY. — We maintain the hypotheses and notations of Th. 4. 
Let F’ be a second y-measurable fundamental domain. Let u be a function 
on X, with values in a Banach space or in R, invariant under H. Suppose 
that u is p-integrable on F. Then u is p-integrable on F’ and 


| u(c) dju(e) = | u(z) du(a). 
F Fr’ 


Since u and n are invariant under H, there exists a function v 
on X/H such that vo coincides with nu on F and on F’. Then 
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n—op(vor) = ypu, n— yp (vom) = ypu. By hypothesis, n~!yp(vo7) 
is p-integrable. By Th. 4, v is A-integrable, yr is y-integrable, and 


[rue [ var = [ udp. 
F X/H : 


For the existence of u-measurable fundamental domains, see Exer. 12. 


§3. APPLICATIONS AND EXAMPLES 


1. Compact groups of linear mappings 


Let E be a finite-dimensional vector space over R, C or H. Then 
End(E) is a finite-dimensional algebra over R, and the canonical topology 
on End(E) (§1, No. 10) is the topology of compact convergence. The group 
Aut(E) = GL(E) is an open subset of End(E), hence is a locally compact 
group. Let (e1,€2,...,€n) bea basis of E and, for every endomorphism u 
of E, let M(u) = (ai;(u)) be the matrix of u with respect to this basis; to 
say that a subset S of End(E) is relatively compact in End(E) is equivalent 
to saying that the functions a,;(u) are bounded in S. 


PROPOSITION 1. — Let G be a subgroup of Aut(E). The following 
three properties are equivalent: 

(i) G ts relatively compact in End(E) ; 

(ii) G is relatively compact in Aut(E); 

(iii) G leaves invariant a nondegenerate! positive hermitian form on E. 

(iii) = (i): Suppose that G leaves invariant a nondegenerate positive 
hermitian form WU. Let (e;,...,e,) be an orthonormal basis for U (Alg., 
Ch. IX, §6, No. 1, Cor. 1 of Th. 1). For every u € G, let (uj;) be its matrix 

n 


with respect to (e;). For any j, we have >> |uij|? = 1, thus |uij| <1 for 
i=l 


all i and j, which proves (i). 
(i) > (ii): This follows from GT, X, §3, No. 5, Cor. of Th. 4, taking into 
account the fact that the topology of End(E) is that of compact convergence. 
(ii) => (iii): Suppose that the closure G of G in Aut(E) is compact. 
Let ® be a nondegenerate positive hermitian form on E. If the field of 
scalars is R or C, the giving of ® makes E a finite-dimensional Hilbert 
space, and condition (iii) will result from the following lemma: 


1 Non dégénérée; in EVT, the term is replaced by séparante, subsequently translated 
as “separating” (TVS, V, §1, No. 1). 
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Lemma 1. — Let F be a Hilbert space, K a compact group, and 
s ++ U(s) a representation of K in the group of invertible elements of 
L(F;F), continuous for the topology of pointwise convergence. There ex- 
ists a nondegenerate positive hermitian form py on F such that 


p(U(s)x,U(s)y) = v(x,y) 


for all se K,2 EF, y € F, and such that the topological vector space 
structure of F defined by y (TVS, V, §1, No. 3) is identical to the original 
structure of F. 

Let a@ be a Haar measure on K. For any x,y in F, the mapping 
s++(U(s)z|U(s)y) is continuous. Set 


(e.y) = f (U(s)z|U()u) das). 


It is immediate that y(z,y) is a sesquilinear form on F'. Since the set of 
endomorphisms U(s) is compact in &,(F;F), there exists a constant M 
such that ||U(s)|| <M for all s¢ K. For every x € F, we therefore have 


M~*|z\| < ||U(s)z|| < Mllz|], 
whence the inequalities 
M~?a(K)||2|? < p(z,2) < M’a(K)||2(|?, 


which shows that y is positive and nondegenerate, and that the norm 
y(z,2x)'/? is equivalent to the norm ||z||. Finally, for all t€ K, 


y(U(t)e, U(t)y) = i, (U(st)x|U(st)y) das) 
= / (U(s)2|U(s)y) das) = o(e, y). 


When the field of scalars is H , one argues exactly as before on replacing 
everywhere the function s++ (U(s)z|U(s)y) by the function s++ ®(sz, sy) 
defined on G, with values in H. This completes the proof of the proposition. 


Remark. — Let ® be a nondegenerate positive hermitian form on E. 
The unitary group U(®) is closed in Aut(E), hence is compact (Prop. 1). 
Prop. 1 also shows that every compact subgroup of Aut(E) is contained 
in a subgroup of the form U(®). If now U(®) is contained in a compact 
subgroup K of Aut(E), one sees that there exists a nondegenerate positive 
hermitian form ®’ on E such that U(®) Cc K Cc U(®’), and it follows easily 
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(Exer. 1) that ® and ®’ are proportional, whence U(®) = K. Thus the 
maximal compact subgroups of Aut(E) are the subgroups of the form U(®). 


2. Triviality of fibered spaces and of group extensions 


PROPOSITION 2. — Let X be a locally compact space in which a locally 
compact group H acts on the right, continuously and properly, by (x, €) +> z€. 
Assume that X/H is paracompact. Let g be a continuous representation 
of H in R”. Then there exists a continuous mapping f of X into R” 
such that f(x€) = f(x) +9(€) for all rE X and €EH. 

One reduces immediately to the case that n = 1. Since the additive 
group R is isomorphic to the multiplicative group Ri , the proposition is 
then an immediate consequence of Prop. 7 of §2, No. 4. 


COROLLARY. — Let X be a locally compact space in which a finite- 
dimensional real vector space V operates on the right, continuously and prop- 
erly, by (x,v) ++ xv. Let m be the canonical mapping of X onto B = X/V. 
Assume that B is paracompact. 

a) There exists a continuous mapping f of X into V such that f(xv) = 
f(z) +v forall re X andvev. 

b) If f is a mapping satisfying the conditions of a), then the mapping 
xt (x(x), f(x)) ts a homeomorphism of X onto Bx V. 

The assertion a) results from Prop. 2 in which g is taken to be the 
identity mapping of V. Let f be a mapping satisfying the conditions of a). 
The mapping z+> x-(—f(x)) of X into X is continuous, and is constant on 
each orbit, hence is of the form yor , where y is a continuous mapping of B 
into X; for every b € B, m(y(b)) = 6. The mappings zx + (n(x), f(x)) 
of X into Bx V and (b,v) + y(b)-v of Bx V into X are inverse to 
each other, because y(m(x))- f(x) = x-(—f(x))-(f(x)) =2, m(y(b)-v) = 
m(p(b)) = 5, and, if b= m(y), then 


f(v(m(y)) -v) = f(y: (-F@))-v) =f) — fly) +0 =. 
Since these mappings are continuous, they are homeomorphisms. 


Remark. — Let E be a finite-dimensional real affine space, T a com- 
pact space, 4 a measure on T of total mass 1, and f acontinuous mapping 
of T into E. If an origin a in E is chosen, E becomes equipped with a 
vector space structure, and the integral f-, f(t) du(t) therefore has meaning; 
it represents the point xz of E such that 


a [ (F(t) — a) du(t). 
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This point is independent of the choice of a. For, let a’ € E and z’ € E 
be such that 2’ —a’ = f,, (f(t) — a’)du(t). Then 


Magee aed =ae [ (F(t) —a’)du(t) + fe adn) 
= | (F - @)dn(t) = 2-2, 


whence xz’ = x. We may therefore employ the symbol f-, f(t) du(t) without 
specifying the choice of origin in E. If wu is an affine mapping of E into 
another finite-dimensional affine space E’, then 


u( [ se@aue) = f u(re)aucey. 


For, E and E’ may be identified with vector spaces in such a way that u 
becomes a linear mapping, in which case the formula is known (Ch. III, §3, 
No. 2, Prop. 2 and No. 3, Prop. 7). 


Lemma 2.— Let G be a compact group, uw the normalized Haar measure 
of G, E a finite-dimensional real affine space, A the affine group of E, 
and p a homomorphism of G into A. Assume that, for every x € E, the 
mapping s+ p(s)x of G into E is continuous. Then, for every x € E, 
the point 


7 i p(s)x dus) € E 


is invariant under G. 
For, for every t€ G, 


p(t)ito = a o(t)o(s)e du(s) = E p(ts)a du(s) = i p(s) du(s) = 20. 


PROPOSITION 3. — Let G be a locally compact group. Let H_ be a closed 
normal subgroup of G, isomorphic to R” and such that G/H is compact. 

a) There exists a closed subgroup L of G such that G is the topological 
semi-direct product of L and H. 

b) If M is a compact subgroup of G, there exists an element x € H 
such that z~1Maz CL. 

c) Every compact subgroup of G is contained in a maximal compact 
subgroup. 

d) The mazimal compact subgroups of G are the subgroups that are the 
transforms of L by the inner automorphisms of G. 
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Let m be the canonical homomorphism of G onto K = G/H. By 
passage to the quotient, the mapping (s,h) +» shs~! of GxH into H 
defines a continuous mapping (c,h) +> o-h of K x H into H such that 
shs—* = 1(s)-h. We shall identify H with R” (and will therefore employ, 
as the case may be, either the multiplicative or the additive notation for the 
group law in H). By the Cor. of Prop. 2, there exists a continuous map- 
ping f of G into H such that f(rh) = f(x) +h for cE G,hEH. For 
every x€G, let p(x) = x-(—f(x)), which depends only on the coset of x 
with respect to H. Set 


(1) F(z,y) = p(zy)~*p(a)p(y) = f(zy)y~*2*2(—F (x))y(-F(y)) 
= f(zy)ly"*(-F(2))¥l(-F(y)) 
= f(xy) — m(y)* F(z) — f(y). 
We see that if F(z,y) =0 forall x,y in G, then p(G) =L is asubgroup 
of G that intersects each coset of H in one and only one point. Since p 
is continuous, G is then the topological semi-direct product of L and H 
(GT, III, §2, No. 10). 
Now, for any h,h’ €H, 
F(ch, yh’) = f(xhyh’) — a(y)~* f(ah) — f(yh’) 
= f(xhy) +h! —a(y)* f(x) — m(y)7*h — f(y) — 
= f (zy(m(y)~*h)) — a(y)* (2) — f(y) — ry) th 
= f(xy) — a(y)*F(2) — f(y) = F(a, y). 
Therefore F defines, by passage to quotients, a continuous mapping y of 


K x K into H. 
On the other hand, for all z,y,z in G, we have 


F(z, zy) + F(z,y) = f(zry) — a(ay)~* f(z) — f(xy) + f(xy) 
— my)" f(a) — f(y) 
= m(y)~* f (ze) — w(xy)~" f(z) — r(y) 1 f(x) + f (zy) 
— (y)~*f(za) — f(y) 
= n(y)~*F(z, x) + F(za,y), 
therefore, for all z’,y’,z’ in K, 
—9(2',y') = v(z',2’y’) — y*(z', 2’) — v(z'2',y’). 


Let us integrate with respect to z’ by means of the normalized Haar meas- 
ure a of K. Setting ¥(2’) = [ y(2’,2')da(z’), w is a continuous function 
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on K, and (on observing that the operations of K in R” respect the vector 
space structure of R” by GT, VII, §2, No. 1, Prop. 1), one obtains 


—p(e',y’) = ¥(2'y') — y*¥(2’) — vy’). 
In other words, setting k — ~o7, which is a continuous function on G, 


(2) —F(2,y) = k(wy) — m(y)~*k(a) — k(y). 


Comparing (1) and (2), one sees that if f is replaced by the continuous 
function f +k (which leaves verified the property f(zh) = f(x) +h), F is 
replaced by 0 and, as we saw earlier, this completes the proof of a). 

For every g € G, let ly (resp. hg ) be the unique element of L (resp. H) 
such that g = hgl,. If hi €H and gE G, then 


gh =hglghi = Ag(lghily Nig , 


thus hgp, = hg + Ighyly*. For every g € G, let w, be the mapping of H 
into itself defined by 
Wg(hi) = hg + Ighilz* : 


One sees that the mapping (g,h1) > (hi) of GxH into H is continuous 
and makes H a homogeneous space for G, in which the stabilizer of the 
origin is L. We observe moreover that when H is identified with R”, 
w, is an affine mapping of H into itself. This said, let M be a compact 
subgroup of G; by Lemma 2, there exists an « € H such that (©) =z 
for all me M. For y cH, yy is the translation with vector y; it follows 
that for every mEM, wz-19y,0y, transforms the origin of H into itself, 
therefore x~!ma € L. This proves that x~'Mz C L, whence b). 

Let L’ be a closed subgroup of G containing L. Then L’ is the 
topological semi-direct product of L and L’NH. If L’ is compact, then 
L’ MH is compact hence reduces to a point (GT, IV, §2, No. 2, Cor. 1 
of Th. 2), therefore L’ = L. This proves that L is a maximal compact 
subgroup of G; the same is therefore true of the subgroups that are the 
transforms of L by the inner automorphisms of G. The assertions c) and d) 
of Prop. 3 are then immediate consequences of b). 


PROPOSITION 4. — Let G be a locally compact group and H a closed 
normal subgroup of G such that K = G/H is compact. Then every continu- 
ous representation u of H in R, such that u(sés~!)=u(€) forall &€H 
and s€ G, may be extended to a continuous representation of G in R. 

Let L=GxR and let M be the set of (€,—u(€)), where € runs 
over H. It is clear that M is a closed normal subgroup of L. Let L’ = L/M 
and let a be the canonical mapping of L onto L’. The subgroup of L 
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generated by M and R is HxR, hence is closed; therefore 7(R) is a closed 
subgroup N of L’. The restriction p of 7 to R is a bijective continuous 
representation of R onto N. Lemma 2 of Appendix 1 proves that p is 
bicontinuous. Moreover, L’/N is isomorphic to L/(H x R) = G/H, hence 
is compact. By Prop. 3, and taking into account the fact that N is in the 
center of L’, L’ is the product of N with another subgroup. Therefore 
there exists a continuous representation of L’ onto N that reduces on N 
to the identity mapping. Therefore there exists a continuous representa- 
tion v of L onto R that is trivial on M and reduces on R to the identity 
mapping. For € € H, one has v((£,0)) = v((é,—u(é))(e,u(€))) = u(€), 
which completes the proof. 


Lemma 3. — Let G be a topological group generated by a compact neigh- 
borhood of e. Let H be a closed subgroup of G such that the homogeneous 
space G/H is compact. Then H is generated by a compact neighborhood 
of e in H. 

Let C be a compact set such that G = CH. Enlarging C if necessary, 


we can suppose that C generates G and that G = CH. Then C? is 
° 
compact and is covered by the Cs (s € H), which are open. Therefore 


there exist s,,...,8n in H such that C? C Cs,;U---UCs,. Let I be 
the subgroup of H generated by the s;. Then C? C CI’. By induction, it 
follows that C” C CI for every n, therefore G= CI. Every element of H 
may be put in the form ab with a € C, b € I, whence a € H, whence 
aéCoOH. Therefore H is generated by CNH and the s;, that is, by a 
compact set. 


Lemma 4. — Let G be a connected topological group, D a totally dis- 
connected normal subgroup of G. Then D is contained in the center of G. 

For, let d € D. The image of G under the continuous mapping 
xz++ zdz~ is a connected subset of D, hence reduces to {d}, which proves 
that zd =dz for all reEG. 


PROPOSITION 5. — Let G be a connected topological group admitting a 
discrete normal subgroup D such that K=G/D is compact, and such that 
the commutator subgroup of K is dense in K. Then D is finite and G is 
compact. 

The group G is locally isomorphic to K (GT, III, §2, No. 6, Prop. 19), 
hence is locally compact; since it is connected, it is generated by a compact 
neighborhood of e. By Lemmas 3 and 4, D is a finitely generated abelian 
group, hence is isomorphic to a group Z" x D, with Dy, finite (A, VII, §4, 
No. 7, Th. 3). Suppose that r > 0. Then there exists a representation f 
of D onto Z. By Prop. 4, f may be extended to a continuous repre- 
sentation g of G in R. By passage to quotients, g defines a continuous 
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representation g’ of K in R/Z; since R/Z is abelian, the kernel of g’ 
contains the commutator subgroup of K, therefore g’ is trivial; in other 
words, g(G) C Z. Since G is connected, it follows that g(G) = {0}, which 
is absurd since f(D) = Z. Thus r=0 and D is finite. Consequently G is 
compact (GT, III, §4, No. 1, Cor. 2 of Prop. 2). 


3. Examples 


In this subsection (with the exception of Examples 7 and 8), K denotes 
a nondiscrete locally compact commutative field; dx denotes a Haar measure 
on the additive group of K. 

Recall that modz = |z| when K=R, modz = |z|? when K=C, 
mod z = |z|p when K=Q,. 


Example 1.— General linear group. 

Let A be the algebra M,(K). The group A* of invertible elements 
of A is none other than the general linear group GL(n,K). For every 
X €A, the reduced norm Nrda/x(X) is det X ; consequently Na/«(X) = 
(det X)” (Alg., Ch. VIII, §12, No. 3, Prop. 8; cf. A, III, §9, No. 3, Exam- 
ple 3). Since X++*'X is an isomorphism of A onto the opposite algebra, 


Naosx(X) = Na/x(’X) = det (°X)” = (det X)”. 
Then, Prop. 16 of §1, No. 11 proves that the measure 


(3) mod(det X)-"-(%)dxiz (X= (ais) 
tJ 
is a left and right Haar measure on GL(n, K). 
To determine the relatively invariant measures on GL(n,K), we shall 
rely on the following lemma: 


Lemma 5. — The continuous representations of GL(n,K) in C* are 
the mappings of the form X ++ x(det X), where x is a continuous repre- 
sentation of K* in C*. 

Such a mapping is obviously a continuous representation of GL(n, K) 
in C*. Conversely, suppose that ~ is a continuous representation of 
GL(n,K) in C*. For z € K*, set 
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and x(x) = ¥(Z). Then, for every matrix X € GL(n,K), we have 
(det X-1) - X € SL(n,K). Since SL(n,K) is the commutator subgroup 
of GL(n,K) (A, III, §8, No. 9, Cor. of Prop. 17), »((det X~!) - X) =1, 
whence a 

o(X) = p((det X) ) = x(det X). 


This established, Cor. 1 of Prop. 10 of §1, No. 8 proves that the rel- 
atively invariant measures on GL(n,K) are, up to a constant factor, the 
measures of the form 


(4) x(det X) - &) dai; (X = (2)), 
aj 
where x is a continuous representation of K* in C*. 


Example 2. — Affine group. 

For every X € GL(n,K) and every z € K”, let (X,zx) be the affine 
linear mapping € +> X€+z in K”. The set of (X,z) is the affine group G 
of K” (A, II, §9, No. 4). The set T of translations is a closed normal sub- 
group of G, canonically isomorphic to K”; on the other hand, GL(n,K) is 
a closed subgroup of G, and G is the semi-direct product of GL(n, K) 
and T = K”. One equips G with the (locally compact) topology for 
which G is the topological semi-direct product of GL(n,K) and T (GT, 
III, §2, No. 10). One has 


(X, x) = (1,2) - (X,0). 


On the other hand, if X € GL(n,K) and zx € T then, for every 
€ ek", 


(X,0)(1,2)(X,0)-'é = X(X-lé 42) =£4 Xx = (1, Xz) E, 


therefore the automorphism (1,2) +> (X,0)(1,z)(X,0)~! of T has modu- 
lus mod(det X) (§1, No. 10, Prop. 15). In view of Example 1 and §2, No. 9, 
Remark, the measure 


(5) mod(det X)~"~? - (@ dz) ® (@azi) (X = (aij), 2 = (%)) 
ij i 


is a left Haar measure on G. On the other hand, by Prop. 14 of §2, No. 9, 
Ac ((X,2)) = Agim,k)(X) Ax» (z) (mod det X)~1, 
or 


(6) Ac ((X,z)) = mod(det X~"). 
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Thus, a right Haar measure on G is given by 
(7) (mod det X)~” - (Qazis) @ (Qazi). 
ij i 


Example 3. — Strict triangular group. 

Let [1,n] be the set of integers m such that 1 <m<n. Let J bea 
subset of [1,n] x [1,n] satisfying the following conditions: 

1) if (,j)€ J then i<j; 

2) if (4,7) ¢ J then, for every integer k such that i < k < j, at least 
one of the two pairs (i,k) and (k,7) does not belong to J. 

Let T; be the set of matrices Z = (2ij)1<i<n,1<j<n With elements 
in K, such that z;; = 1, and z,;=0 if i #j and (3,7) ¢ J. This is a closed 
subset of GL(n,K). The mapping Z +> (2j)(@,j)¢3 is a homeomorphism 
of Ty onto K* (where s denotes the number of elements of J). If Z’ = 
(zi;)€ Tj, then 2’Z =(zj;) with 


Zig = Big + ij + > Zinthj fori<j, 
i<h<j 
2, =0 for i>j, rie 
whence Z’Z € Ty. If Ty is identified with K* , then the mapping Z ++ Z’Z 
(for fixed Z’) is identified with an affine mapping, and its determinant is 1, 
as one sees by ordering the pairs (1,7) € J lexicographically and applying 
the following lemma: 


Lemma 6. — Let L be a totally ordered finite set. For every X€ L, 
let V) be a free module of finite dimension over a commutative ring k; 
for ,u in L such that X< p, let fy, € Homg(Vz, Vy). Then the linear 


mapping 
ye d; velts)) a 


per 


(vy)veL f 


from us Vy into nus Vy, has determinant || det fy». 
AEL 
One reduces anedintaly to the case that L is an interval of integers, 


and the lemma then follows from A, II, §8, No. 6, formula (31). 


If Z € Ty, one then sees that there exists Z’ € Ty such that Z’Z = I, 
whence Z’ = Z~!. Thus, Ty is a closed subgroup of GL(n,K). On the 
other hand, Prop. 15 of §1, No. 10 shows that the measure 


®&) dzi; 


(i,j) EI 
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is a left Haar measure on Ty. By calculating ZZ’ one sees in the same way 
that this measure is a right Haar measure on Ty. 

There is an analogous result if, in the definition of Ty , the roles of rows 
and columns are interchanged. 

When J is the set of pairs (7,7) such that i < j, the group Ty is 
called the upper strict triangular group of order n over K, and is denoted 
Ti(n,K). Its transpose is called the lower strict triangular group. 


Example 4. — Large triangular group. 

Let ni,...,, be integers > 1. Set py = ni t+...+ng_-1 and n = pry = 
ny+---+n,. Let I, be the set of integers 7 such that py <j < peti, 
and J the union of the I, x I; for k <!. Let G be the closed subgroup 
of GL(n,K) whose elements are the matrices (Zgi)i<k<r,i<i<r Such that: 

1) each Z,, is a matrix (2i;)ict,,je1, Of elements of K, with nx, rows 
and n; columns; 

2) Zeit = 90 for k>1; 

3) Zeke € GL(n,z,K) for l1<k<r. 

The formula for block multiplication 


Zi 0 .. O 1 Ziq ... Lip 
0 Zo ... O 0 1 we Lor 
(8) : 13 : e+ Aas : 
0 Oy © ake 2 ZDiey 0 OO. ... 1 
411 Zyf12 ... ZyL1r 
| 0 222 «+» LaQL or 
0 0 ee Lor 


shows that G is the topological semi-direct product of the subgroup D of 
elements (2,1) € G such that Z,; = 0 for k #1 and the subgroup Ty; of 
Example 3. Moreover, D is isomorphic to the direct product of the groups 
GL(n,,K) forl<k<r. 

Let J’ be the set of pairs (j,i) for (i,j) € J and let H be the set of 
pairs (i,7) € [1,n] x [1,n] not belonging to J’. Let Z' = (zi; )i<icn,1<j<n 
be an element of G. By Prop. 14 of §2, No. 9 and the above Examples 1 
and 3, one obtains a left Haar measure on G by taking the image of the 
measure 


T 


© ((tnod det Zi,)-™- @ des) @( @ aes) 


k=1 7,j€Tk (4,j)EI 
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under the mapping 


Zu 21212». 214i 

222 ... L992 

((Zek)s (Zkt)) : . : " 
0 0 Zoe 


Now, consider, for k <1, the vector space of matrices Zp = (2ij ick, jen - 

It is the direct sum of the n; subspaces M; (j € I,) formed by the matrices 

such that z;, =0 for h #7. Each of these subspaces M; is stable under 

the mapping Z,, ~ ZexZe, and the restriction of this mapping to Mj; has 

matrix Z;,. Consequently (§1, No. 10, Prop. 15) the image of the measure 
® dz; under the mapping Zi +> ZexZe is 

tel, Jel 


(mod det Z%%)~™ - & dz; . 
t€1n, JE 


A left Haar measure on G is therefore given by 


(9) [] (nea det Zkk) 7* : ®&) dz; 


k=1 (4,j)€H 


with q,g= >> np =N—Dr.- 
k<l<r 
Let us calculate the modulus of G, again using Prop. 14 of §2. The 


groups D and Ty are unimodular; on the other hand: 


-1 


Zi #O... O 1 Zy ... Zp 41. +O... O 
0 Zo ... O O 1... Zor 0 Zo ... O 
0 O 1... Zor 0 oO... 21 0 O 1...) Zpp 

1 Z12 Zip 

0 1 vane 

0 oO... 1 


where Zi,, = ZerZei Zi Taking into account Example 3, and Prop. 15 of §1, 
No. 10, and arguing as above, one sees that if X = diag(Z11,...,Zr) € D 
then the modulus of the automorphism Z++ X~!ZX of Ty is 


[[(oa det Zin)” (mod det Zy)”* , 
k<l 
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therefore 


r 


(10) Ag(Z) = [| (mod det Zp4)"*™* 2. 
k=1 


The transposed group G’ of G is studied in the same manner. For G’, 
one finds as left Haar measure 


r 
[][ (mod det Zp) P*t? - ®&) dizi; , 
k=1 (j,i)€H 


and as modulus 


: 
[[ (mod det Zpp)P tre Pet, 
k=1 


If in particular one takes n; =... =n, =1, one finds as group G the 
group T'(n,K)* of invertible elements of the subalgebra of M,,(K) formed 
by the matrices X = (a,;) such that 2;; = 0 for i > j. This algebra, 
which we shall denote T(n,K), is called the upper triangular algebra, and 
the group T(n,K)* is called the upper large triangular group of order n 
over K. The preceding formulas then take the following form: a left Haar 
measure on T(n, K)* is 


n 
(9 bis) [ [God 2a) &) dzij (Z = (z;)) 
i=1 i<j 
and the modulus of T(n, K)* is 
me . 
(10 bis) Ari(n,k)* (Z) => [[ (mod A en (Z = (zi3)). 
i=1 
For the transpose of T(n,K)*, or lower large triangular group, one finds as 
left Haar measure 
n 
[[Gmod zi)? : ®&) dz; ; 
i=1 i>j 


and as modulus 
n 
[| Gnod 2a)ert 


i=1 
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Remark. — The group T(n,K)* is a closed subgroup of GL(n,k), 
n . 
and Aqin,xy*((zij)) = [](modz;)?*-"-1. We saw in Example 1 that 


i= 
Agi(n,k) = 1. If n > 1, the function 


Atin.k)*/AGL(n.k) 
on T(n,K)* cannot be extended to a continuous representation of GL(n, K) 
in C* (because such a representation would be equal to 1 on SL(n,K) by 
Lemma 5, whereas mod(z,,)'~" #1 for z1; suitably chosen). It follows 
that the homogeneous space GL(n, K)/T(n,K)* admits no relatively in- 
variant measure if n > 1 (§2, No. 6, Cor. 1 of Th. 3). 


This homogeneous space may be identified, for n = 2, with the projective 
line over K. For, let (e1,e2) be the canonical basis of K?. The group GL(2, K) 
operates transitively on the set of lines of K? with 0 omitted, and the stabilizer 
of Kei — {0} is T(2,K)*. 

Example 5. — Special triangular group. 

Let us take up again the notations at the beginning of Example 4, and 
consider the subgroup G; = GN SL(n,K). This subgroup is the topolog- 
ical semi-direct product of the group D; = DN SL(n,K) with Tj. The 
group D, has anormal subgroup A isomorphic to SL(n,,K), namely the 
subgroup consisting of the elements diag(Z,,) with Z,, = 1 for k <r. 
The homomorphism 

yp: diag(Z11, seey Zrr) La (Z11, teeny Lied) 
of D, into GL(n,K) x--- x GL(n,;_1,K) is surjective and has kernel A. 
On the other hand, ¢y is continuous. Taking into account Lemma 2 of Ap- 
pendix I, D,/A may be identified with GL(nj, K) x --- x GL(n,;_1, K) . We 
shall denote by » the Haar measure of A (cf. Example 6) and by 


r-1 
a = (mod det Zex)-"* - QR) dzis) @! du(Zrr) 
k=1 1,jElk 
the Haar measure on Dj, such that 
r-1 
a/p= &) ((mod det Zxp)"* - & dzi;) 
k=1 4,7Elk 


(§2, No. 7, Prop. 10). One then shows as in Example 4 that a left Haar 
measure on G, is given by 


r~—1 
mod ( Il (det Zex)™*—% ) 
k=1 


r-1 
((mod det Zex)-"* - QR) dziz) 8’ a(r)| @ &) dai;. 
k=1 i,jele (4,j)eI 
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Since G, is normal in G, the modulus of G, is the restriction of that of G 
(§2, No. 7, Prop. 10 b)). 

If n, = 1, the subgroup A reduces to the neutral element, and a left 
Haar measure on G is 


moa( T[\ cet Zux)-*) @/( ®&) az) @ &) dxj. 


k=1 k=1 ‘i,j€lk (4,5) EI 


If one takes nj = no =... =n, = 1, the group G, obtained is called 
the upper special triangular group and its transpose G‘ is called the lower 
special triangular group. A left Haar measure on G, is 


yaar) (Bas)o(,@ 4) 


i=1 1<i<j<n 


and the modulus of G, is 


n-1 
(12) mod( Il ain). 
t=1 


For G‘ one finds similarly the left Haar measure 


woa( TT a“) (@an) o ( &) dz) 


1¢j<i<n 


and modulus 


n-1 
mod ( Il at), 
i=1 
Example 6. — Special linear group. 
The closed subgroups T;(n,K) and *(T(n,K)*) of GL(n,K) have 
intersection {e}. Thus the mapping (M,N) +> M-N is a continuous 
bijection y of T;(n,K) x *(T(n, K)*) onto a subset 2 of GL(n,K). 


Lemma 7. — a) Let U = (wiz) € GL(n,K). In order that U EQ, it is 
necessary and sufficient that det(uij)k<ij<n #0 for k =2,3,...,n. 

b) Q ts an open subset of GL(n,K). 

c) The mapping yp is a homeomorphism of T1(n,K) x *(T(n,K)*) 
onto 2. 

In order that U € ©, it is necessary and sufficient that there exist 
a Z = (zj) € Ti(n,K) such that ZU € *(T(n,K)) (then necessarily 
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ZU € *(T(n,K)*) since U and Z are invertible). By what we saw earlier, 
if Z exists then it is unique. Thus, in order that U € 2, it is necessary and 
sufficient that the linear system 


n 
So zintns = 0 <i<jg<n) 
k=1 


(where (z;;) € Ti(n,K)) admit a unique solution. Now, this system may 
be written 


n 
(13) a ZikURj = —Uig (l<i<j<n). 
k=i+1 


For fixed i, one has a system of n—i equations in the unknowns 2;,441, 24,142; 
..+, Zin; for these systems to admit unique solutions, it is necessary and suf- 
ficient that 

det (uns )iti<k<n, it1<j<n #0 


for i= 1,2,...,2—1. This proves a). From this it follows that Q is open 
in GL(n,K). On the other hand, on solving the system (13) by means of 
Cramer’s formulas, the z;; are obtained as rational functions of the uj; 
with nonzero denominators in 2, therefore Z depends continuously on U 
in 2, which proves c). 


Now let Gi c '(T(n,K)*) be the lower special triangular group. The 
mapping (M,N)++ M-N is a continuous bijection w of Ti(n,K) x G4 
onto a subset ’ of SL(n,K). 


Lemma 8. — a) Let U = (uj) € SL(n,K). In order that U € 0’" it is 
necessary and sufficient that det(uij)k<ij<n FO for k=2,3,...,n. 

b) 9’ is an open subset of SL(n,K). 

c) The mapping w is a homeomorphism of T1(n,K) x Gi onto 2’. 

For, let M € Ti(n,K) and N € *(T(n,K)*). In order that 
M -N € SL(n,K), it is necessary and sufficient that N € G1. Therefore 
Q' = SL(n, K)NQ and Lemma 8 follows at once from Lemma 7. 


PROPOSITION 6. — a) The group SL(n,K) is unimodular. 

b) Let pi and pe be left Haar measures on the upper strict triangu- 
lar group T,(n,K) and the lower special triangular group G‘, , respectively. 
The image of 4; ® fa under the homeomorphism (M,N) > M.-N71 
of Ti(n,K) x Gi, onto Q’ is the restriction to 2' of a Haar measure 
on SL(n,K). 

c) The complement of 2’ in SL(n,K) is negligible for the Haar mea- 
sure of SL(n,K). 
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The group GL(n,K) is unimodular (Example 1), and SL(n,K) isa 
normal subgroup of GL(n, K) , hence is unimodular (§2, No. 7, Prop. 10 b)). 
The assertion b) follows from a), Lemma 8, and Prop. 13 of §2, No. 9. Let us 
prove c). By Lemma 8 a), it suffices to prove the following: if p((uij)i<ij<n) 
is a polynomial, not identically zero on SL(n,K), then the set E of 
U € SL(n,K) such that p(U) = 0 is negligible for the Haar measure. 
Taking into account §1, No. 10, Cor. of Prop. 13, the topology of SL(n, K) 
has a countable base. It therefore suffices to prove that for every Uo € E, 
there exists a neighborhood of Up in SL(n,K) whose intersection with E 
is negligible; or again that there exists a neighborhood W of I in SL(n,K) 
such that Ug ‘EN W is negligible. Let us take W = 2’. In view of b), it all 
comes down to showing that the set of pairs (M,N) € Ti(n,K) x G4 such 
that p(UpMN) = 0 is negligible for 1 ® 2. By the expressions for py 
and p2 (calculated in Examples 3 and 5), this will result from the following 
lemma: 


Lemma 9. — Let w be a polynomial # 0 of K[Xi,...,X,|. In the 
space K", the set N defined by w(x1,...,2,) =0 is negligible for the Haar 
measure. 

Let us argue by induction on r. The lemma is evident for r = 1, 
since N is then a finite set. Changing if necessary the numbering of the 
variables, we can suppose that ~ ¢ K[Xj,...,X,-1i]; write 


w(Xi, sate Xr) za xP Wo(Xi,- ts ,Xr—1) PeSesh Wm(X1,..- ,Xr—1) 


with m>0 and wo #0. In the space K’~!, let No be the set defined by 
Wo(21,---,Lr—-1) = 0, which is negligible by the induction hypothesis. For 
every (%1,...,2r—1) ¢ No, the set of x, € K such that (71,...,2--1,27) E N 
is finite, therefore negligible. Since K" is countable at infinity (§1, No. 10, 
Cor. of Prop. 13), NM [(K’~! — No) x K] is negligible in K” (Ch. V, §8, 
No. 2, Prop. 4). Therefore N is negligible. 


Example 7. — Iwasawa decomposition of GL(n,K). 

In this example, K denotes one of the fields R, C, H. If X€K, d is 
defined to be equal to A if K = R, and to the conjugate of ’ if K = C 
or H. Let E bea right vector space over K of dimension n, and let ® be 
a nondegenerate positive hermitian form on E. 


Lemma 10. — Let (fi, fo,---, fn) be a basis of E. 

a) There exists one and only one orthonormal basis (€1,€2,...,€n) of E 
such that f; = e1ai1 + e2ai2+---+e04% (§=1,2,...,n) with ay >O0 for 
all i. 

b) For fixed ®, the e; and aj; depend continuously on (f1,..., fn) € E”. 
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Let Ej = fiK + foK +---+ fi;K, which has dimension 7. Let g; bea 
nonzero element of E; orthogonal to E;-; and such that ®(g;,9;) =1. By 
induction on i, one sees that (gi,...,9;) is an orthonormal basis of E;. In 
particular, (91,...,9n) is an orthonormal basis of E. Let »; = ®(fi,9;)- 
Since f; ¢ E;_1, one has \; #0. Set e; = g; |A;| Aare Then 


(€;, ei) = [Ail? pa B( 9, 9i)A,* =1 ’ 


thus (e1,...,¢;) is also an orthonormal basis of E;; moreover, ®(e;, f;) = 
|As| Asm? (gi, fi) = |Ai| > 0, thus the e; have the properties of a). Let 
(e,,...,e%,) be another orthonormal basis of E with the same properties. 
One sees by induction on i that (e{,...,e;) must be a basis of E; , therefore 
e; = ei, for some pi; € K. Then 


1 = Oe}, e;) = B, Pei, e1) Mi = Bytni , 


and 0 < &(e’, f;) = 2; ®(ei, fi), therefore 4; >0 and pw? =1, thus pw; =1, 
whence a). Suppose already proven that the e; and a;; depend continu- 
ously on (fi,...,fn) for i < ip, and let us prove that e;, and the a,j 
depend continuously on (f1i,..., fn). For j < 19, Gi; = ®(fi,,e;) depends 
continuously on (f1,...;fn) by the induction hypothesis. On the other 
hand, 


®( figs fio) = lOriga? + liga |? + +++ + len, io— 11? + OFA » 


thus Qi,;, depends continuously on (f1,..-, fn). Therefore 
Cio = (fin — €10%91 — °° — Cip—1 Qin, in -1) Vein 
depends continuously on (f1,...,fn)- 


Henceforth let E = K” and let us take for ® the form 
Ziyi t+-++ + Fnyn- 


Recall that U(n,K) denotes the corresponding unitary group. Even when K 
is noncommutative, we shall again denote by T1(n,K) the group of upper 
triangular matrices of M,(K) whose diagonal entries are all 1. 


PROPOSITION 7. — Let Di be the group of diagonal matrices with diag- 
onal elements >0. The mapping (U,D,T)-+UDT is a homeomorphism 
of U(n,K) x D¥. x Ti(n,K) onto GL(n,K). 
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Let (€1,...,€n) be the canonical basis of K". Let X € GL(n,K). 
Then the X -¢; = f; form a basis of E. To this basis (f;) one can as- 


sociate a basis (e;) as in Lemma 10. Let U be the matrix of the unitary 
automorphism of E that transforms ¢; into e;. Then 


UU". fi, = €1 041 + €2Qug + +++ + E404: 


with a;; > 0 for i=1,2,...,n. Thus X = UC, where C is the matrix 


Qi1 Qa1 .-- Ani 
0 G22 =... Ang 
0 QO... Onn 


Moreover, U and C' depend continuously on X by Lemma 10. On the other 
hand, formula (8) shows that C may be put in the form DT with De D7, 
T € Ti(n,K), D and T depending continuously on C. The uniqueness 
of the decomposition X = UDT follows from the uniqueness property of 
Lemma. 10. 

The homeomorphism of Prop. 7 is called the Iwasawa decomposition of 
GL(n,kK). 

The group G = D}.-Ti(n,K) is the set of upper triangular matrices 
over K whose diagonal elements are > 0. Let us identity the element (z;;) 
of this group with the element 


((2is)i<icns (2ij)i<icjen) € (RE)” x KMD? , 


Arguing exactly as in Example 4, one finds as right Haar measure on this 
group the measure (when K = R) 


(I1-') ; (Qa) @ (Qa). 


Then applying Prop. 13 of §2, No. 9, one sees that if GL(n,K) is iden- 
tified with U(n,K) x G by the mapping (U,S) ++ US, a Haar measure 
on GL(n,K) is given by (when K = R) 


(14) (I1-*') -a® () ® (@az), 


t<n 


where a denotes a Haar measure on U(n, K). 
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Example 8. — Spaces of hermitian forms. 

In this example, K always denotes one of the fields R, C,H. We write 
56 = dimr K (thus 6 = 1, 2 or 4). A hermitian form © on the right vector 
space K” may be written 


n 


B(z,y) = B(a1,...,2n, Yis--- Yn) = > Tihazy; 
‘j=l 


with hi; = hyi for all 1 and 7. We denote by % the vector space over R 
formed by the hermitian matrices of M,(K). The mapping (hij) > ® is 
an isomorphism of § onto the vector space of hermitian forms on K", by 
means of which we shall identify these two spaces. Let 9% + C8 be the set 
of nondegenerate positive hermitian forms on K”. The set * 4 is convex 
in §; for, if ®,,2 are in as and if A, are two numbers > 0 such that 
A+p=1, it is clear that \®, + p®2 is a positive hermitian form; on the 
other hand, if (A®; + w®2)(z,z) = 0, then ©)(z,x) = o(z,x) = 0, there- 
fore x =0,sothat A®;+p®_ is nondegenerate. Let us now show that od 
is an open subset of 9. Let S be the set of x = (41,...,2n) € K” such 
that 21%, +--+ +2n¥n = 1; this is a compact subset of K”; if ® € 9}, 
the function +++ ®(z,x) is continuous and > 0 on S, hence its infimum 
is > 0; if ®’ € § is sufficiently near ®, it follows that ®’(z,x) > 0 for 
all  €S,sothat ®’ is positive and nondegenerate. 

The general linear group GL(n,K) operates continuously on the right 
in § by (X,8) ++ 0X, that is, by (X,H)++> *X-H-X , where H denotes 
the hermitian matrix corresponding to ®. It is clear that 97. is stable 
under GL(n, K). More precisely, by Alg., Ch. IX, §6, No. 1, Cor. 1 of Th. 1,1 

nr 


7%. is the orbit under GL(n,K) of the form > Z;y; corresponding to the 


11 
identity matrix I,,. The stabilizer of this form is U(n,K). By Lemma 2 
of App. I, Hi may be identified, as a topological homogeneous space, with 
GL(n, K)/U(n, K). 

For every X € GL(n,K), let X be the automorphism H+ *X.H-X 
of the real vector space 9). If 4 denotes the Haar measure of the additive 
group §, one has X~}(p) = \det X|- (§1, No. 10, Cor. 1 of Prop. 15). 
Let us show that 


(15) |det X| = |N(X))*, 
where N denotes the normin M,(K) regarded as an R-algebra, and where 
A=1- rae, It suffices to verify (15) for X running over a system of 


1Cf. TVS, V, §2, No. 4, Cor. 1 of Th. 2. 
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generators of GL(n, K) , hence (A, II, §10, No. 13, Cor. 2 of Prop. 14) for X 
of the following types: 
a) X is the matrix of a mapping of the form 


(i, sist Ln) ee (Zo(1); tae ,Zo(n)) ’ 
where o € G,,. In this case, a power of X is equal to 1, therefore |det x — 


IN(X)| =1. 
b) X is the matrix of a mapping of the form 


(@1,.--,2n) + (421, 2%2,...,2n)- 


Then, if (hij) €H, one has X((hij)) = (hij) with hi, = Ghia = |al?hi1, 
Ay, =Ghy for i>1, hi; = hij for i>1, 7 > 1; therefore 


|det X| = |al?[al%"-Y = fal2+5m—D 


On the other hand, if Y = (yi;) € M,(K), then XY = (yj;) with yj; = 
ayi; and yi; = yy for i> 1; therefore |N(X)| = |a|®”. The formula (15) 
is again verified. 

c) X is the matrix of a mapping of the form 


(@1,...,2n) > (41 + br, 22,..., Ln). 


Then X ((hij)) = (hi;) with hiy = hii, hie = hi2 + hid, hh; = hy 
for i > 2, hao = hog + bhi + hyigb + bhiib, ho; = ho; + bhi; for i > 2, 
hi; = hj for i> 2,7 > 2. Taking into account Lemma 6, one sees that 
|det X| = 1. One verifies similarly that |N(X)| = 1, which completes the 
proof of formula (15). 

This established, the measure |N(H)|~>/? du(H) on § is invariant 
under GL(n, K), since 


X-1(IN(H)|-*?? du(H)) = |N(X(H)) |”? - [det X | d(H) 
= [N(A)/-%? [N(X)|™ |det X| d(H) = |N(H)|-/? du(#) 
If H ¢ §*, then H = X(In) = *XX for some X € GL(n,kK), 
therefore N(H) = N(X)N(X) > 0. Consequently, on 97, the unique (up 


to a constant factor) measure invariant under GL(n, K) (cf. §2, No. 6, Th. 3) 
is the measure 


dy(H) =N(H)~*”? du(H). 
In particular, 
dy(H) = (det H)~"*)/? du(H) when K=R, 
dy(H) = (det H)"" dp(H) when K=C. 


APPENDIX I 


*Lemma 1. — Let X be a locally compact space, R. an open equivalence 
relation in X, such that the quotient space X/R is paracompact; let 1 be the 
canonical mapping of X onto X/R. There exists a continuous real-valued 
function F >0 on X such that: 

a) F is not identically zero on any equivalence class with respect to R; 


b) for every compact subset K of X/R, the intersection of 7 (K) 
with Supp F is compact. 
To each point u € X/R let us associate a function fy, € #4(X) such 


that fy, is not identically zero on 7 (u); let 2, be the open set of points 
where f, > 0; thus u € 7(Q,). Since a is an open mapping, the 7(0,) 
form an open covering of X/R. There exists a locally finite open cover- 
ing (U.).e1, finer than the covering by the 7(,,), then (GT, IX, §4, No. 3, 
Prop. 3) a partition of unity (g,),ey on X/R subordinate to the cover- 
ing (U,). For every « € I, choose a u, such that U, C m(Q,,). The 
function F, = (g,07)- fu, belongs to (X) and has support contained 


in 7 (U,). The supports of the F, therefore form a locally finite family, so 
that one can define a continuous function F > 0 on X by setting F = >> F,. 
cel 
For every u € X/R, there exists an 4 such that g,(u) > 0 and there- 
fore u € U,; next, there exists an x € 2,, such that a(x) = u; then 
fu,(x) > 0 and g,(7(x)) > 0, therefore F,(x) > 0 and a fortiori F(x) > 0; 
this proves that F has the property a). Finally, let K be a compact subset 
of X/R. There exists a finite subset J of I such that, for 1 €I— J, one 


*Same as TG, IX, §4, n° 4, prop. 5 (absent from GT). 
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has U,NK = @, therefore 7(K) Supp F, = @. Then the set 


a (K)N Supp F = 7(K)N (Usupp F.) =7(K)N (U Supp F.) 


vel ced 


is compact. 


Lemma 2. — Let G be a locally compact group countable at infinity, 
M a Baire space. Suppose that G operates on the left continuously and 
transitively in M. For every x € M, let H, be the stabilizer of x in G, so 
that the mapping st» sx of G onto M defines, by passage to the quotient, 
a continuous bijection py, of G/H, onto M. Then yz is a homeomorphism 
of G/H, onto M (in other words (GT, III, §2, No. 5) M is a topological 
homogeneous space). 

Let xo € M. It suffices to prove (loc. cit., Prop. 15) that the mapping 
S++ sZ9 transforms every neighborhood V of e in G into a neighborhood 
of zo in M. Let W be asymmetric compact neighborhood of e such that 
W?2 Cc V. By hypothesis, G is the union of a sequence of compact sets, 
hence of a sequence (s,,W) of translates of W. Then M is the union of the 
sequence of compact sets (s,W2z9). Since M is a Baire space, there exists 
an index n such that s,W2zo has an interior point s,wxo (where w € W). 
Consequently xo is an interior point of 


w!s>1(snW2o) = w7!Wao C Va0, 


so that Vzo is a neighborhood of x in M. 


APPENDIX II 


*Lemma 1. — Let X, B be two locally compact spaces, 7 a mapping 
of X into B, v a positive measure on B. Let b+> r» (b € B) bea 
v-adequate family of positive measures on X such that, for every b€ B, the 
measure A» is concentrated on 7(b). Set w= f A»dv(b), and assume that 
the mapping m is u-measurable. 

a) If NCB is locally v-negligible, then 7 (N) is locally p-negligible. 

b) If f ts a v-measurable function on B (with values in a topological 
space), then fon is u-measurable on X. 

Let K be a compact subset of X. We are to prove that 7 (N) NK is 
p-negligible and that the restriction of fom to K is u-measurable. Now, 
K is the union of a p-negligible set and a sequence of compact subsets 
K,, such that t|Kn is continuous. It suffices to show that 7 (N) NK, is 
p-negligible and that the restriction of foam to K, is u-measurable. We 
may therefore assume henceforth that m|K is continuous. Then 7(K) = K’ 
is compact. Since 7 (N) NK= a(N NK’)NK and NNK’ is v-negligible, 
we may assume henceforth that N is v-negligible. Then N is contained ina 
v-negligible set N’ that is a countable intersection of open sets (Ch. IV, §4, 
No. 6, Cor. 2 of Th. 4). Since a is p-measurable, a (N’ ) is u-measurable 


(Ch. IV, §5, No. 5, Prop. 7), therefore a (N’ )NK is p-integrable, and (Ch. V, 
§3, No. 4, Th. 1) 


u(@(N’) NK) = [ As (7(N’) NK) dv (6). 


*Cf. Ch. V, §6, No. 6, Cor. 1 of Prop. 10; the second edition of Ch. V was not 
available when Ch. VII was published. 
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Now, if b¢ N’, a (N’ )NK is Ap-negligible since A, is concentrated on 7 (0) 
by hypothesis. Therefore u(7(N’) nN K) = 0. A fortiori, 7 (N) NK is 
p-negligible and a) has indeed been proved. On the other hand, there exists 
a partition of K’ formed by a v-negligible set M and a sequence (K?,) of 
compact sets such that f\Ki, is continuous. Then the restriction of f o7 
to each set 7 (K) NK, is continuous, and 7 (M) NK is p-negligible by a), 
therefore the restriction of fom to K is indeed p-measurable. 


Exercises 


§1 


1) Let G be a compact group. Show that every continuous representation ~ of G 
in R4 is such that y(G) = {1}. From this, deduce that a relatively invariant positive 
measure on G is invariant. 


2) Let G be a topological group, such that the commutator subgroup of G is dense 
in G. Show that every continuous representation y of G in a Hausdorff abelian group 
satisfies ¢(G) = {e}. From this, deduce that if G is locally compact, then every relatively 
invariant complex measure on G is invariant. In particular, G is unimodular. 


3) Let G be a locally compact group, pu a left Haar measure on G, and v = 
Aa +. Show that 


a(s)v =Ag(s)/2v, (sv =Ag(s)/4v, baw. 


4) Let G,G’ be two locally compact groups, V (resp. V’) an open neighborhood 
of the neutral element of G (resp. G’), y a local isomorphism of G’ with G, defined 
on V’, such that y(V’) = V. Show that Ac o¢ is the restriction of Ag to V’. 


5) For every a belonging to the multiplicative group Q*, let y(a) be the auto- 
morphism of the additive group R defined by y(a)x = ax. Equip Q* with the discrete 
topology. Let G be the topological semi-direct product of Q* and R defined by y (GT, 
III, §2, No. 10). Show that G is locally isomorphic to R, but is not unimodular. 


6) Let G bea locally compact group having an open and compact subgroup H. 
Show that for every automorphism y of G, mody € Qi . (Observe that y(H)NH 
has finite index in H and in y(H).) Show that the equality Ag(s) =1 defines an open 
subgroup of G containing H. 


7) Let G bea locally compact group, @ a left Haar measure on G, A a subset 
of G, and B a relatively compact (-integrable subset of G such that 6(B) > 0. Show 
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that if the compact subsets of A-B have bounded measures for (3, then A is relatively 
compact. (Imitate the argument of Prop. 2.) 


8) Let G be a locally compact group, A a dense subset of G, a a left Haar 
measure on G, and H an a-measurable subset of G having the following property: for 
every s€ A, sHM (CH) and HN (CsH) are locally a-negligible. Show that either H 
is locally a-negligible or its complement is locally a-negligible. (Show that yy - a is left 
invariant.) 


9) Adopt the notations of the proof of Th. 1 of No. 2. Let @ be the unique left 
Haar measure on G such that @(fo) = 1. Show that, for every f € “#(G), Ig(f) tends 
to B(f) with respect to B. (Let a be a cluster point of gt Ig(f) with respect to B. 
There exists an ultrafilter { finer than % such that Ig(f) tends to a with respect to U. 
On the other hand, Ig(f) tends to G(f) with respect to UU.) 


10) Let G be a locally compact group, p a left Haar measure on G. Show that 
every p-integrable set A is contained in a countable union of compact sets. (Reduce to 
the case that A is open, and observe that there exists an open subgroup of G that is a 
countable union of compact subsets.) 


q{ 11) Let G be a nondiscrete locally compact group countable at infinity, @ a left 
Haar measure on G. Show that every compact neighborhood V of e contains a normal 
subgroup H of G, G-negligible and such that G/H is a Polish locally compact group. 
(One can proceed as follows: let L be the open subgroup of G generated by V; let 
bi, b2,... be representatives of the left cosets with respect to L. Form a decreasing se- 
quence (Vn) of symmetric neighborhoods of e such that: 1) V2 C Va—1; 2) fVn27! C 
Vn-1 for every x € V; 3) biVnb; * C Vn-1 for 1 <i <n; 4) B(Vn) < 1/n. Set 
H=ViNV2Nn-:-.) 

Let (fn) be a sequence of numerical functions uniformly continuous for the left 
uniform structure of G. Show that H can be constructed in such a way that, in addition, 
the fn are constant on the cosets of H. (In the preceding construction, take Vn to be 
such that |fi(x) — fi(y)| <1/n for a~!y€ Vn and 1<i<n.) 

Let (gn) be a sequence of G-integrable numerical functions on G. Show that H 
can be constructed in such a way that, in addition, each gn is equal almost everywhere 
to a function that is constant on the cosets of H. 


12) Let K be a nondiscrete locally compact field, E a left topological vector space 
over K. 

a) If E is 1-dimensional, then E is isomorphic to K, (imitate the proof of Prop. 2 
of TVS, I, §2, No. 2, replacing the absolute value by the function modx ). 

b) If E is n-dimensional, then E is isomorphic to K? (imitate the proof of Th. 2 
of TVS, I, §2, No. 3). 

c) Assume that E is locally compact. Let F be a linear subspace of E of finite 
dimension n. For every a € K, let modg(a) be the modulus of « + ag in E. 
Since F is closed in E by 6), one can form modg;p(a). Show that modg(a) = 
modx (a) modgr(a). Show that if modx(a) <1 and F # E, then modg;p(a) < 1. 
(One has a” — 0 as n — +00; from this, deduce that modg;r(a”) — 0 by arguing 
as in Prop. 12 of No. 10.) Deduce from this that n < log modg(1/a)/log modx(1/a) , 
hence that E is finite-dimensional. 

(We shall see in CA, VI, that the topology of a locally compact field can be defined 
by an absolute value. The final result of c) will then be a special case of Th. 3 of TVS, I, 
§2, No. 4.) 


q 13) Let G be a locally compact group operating continuously on the left in a 
locally compact Polish space T, @ a left Haar measure on G, and v a positive measure 
on T quasi-invariant under G. 

a) There exists a function (s,z) + x(s,2) > 0 on Gx T, locally (6 @ v)-inte- 
grable, such that for every s € G, the function z +> x(s~!,z) is locally v-integrable 
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and satisfies y(s)v = x(s—1,-)-v. (Show that (s,z) ++ (s,sx) transforms 8 @v into 
an equivalent measure, by making use of criterion 3) of Th. 2 of Ch. V, §5, No. 5; let 
x(s—1, z)d@(s) dv(z) be this equivalent measure. For y € #(G) and pe X(T), 


/ (8) dA(s) | v(sz) du(x) = fi p(s) da(s) | W(2)x(s~*, x) dv(z), 


whence f v(sx) dy(x) = f w(x)x(s—1,2) dv(x) except ona locally G-negligible set N(1). 
Next make use of Lemma 1 of Ch. VI, §3, No. 1; then modify x on a (G @ v)-negligible 
set.) 

b) Show that for any s,¢ in G, one has 


x(st, x) = x(s, tx) x(t, x) 


except on a v-negligible set of values of x (make use of the relation (st)v = y(s)(7(t)v) ). 
c) Show that the function x of a) is determined up to a locally (@ @ v)-negligible 
subset of Gx T. 


4 14) Let T bea locally compact space, Y a uniform structure on T for which there 
exists an entourage Vo such that Vo(t) is compact for all ¢ € T (GT, II, §4, Exer. 9). 
On the other hand, let I. be a uniformly equicontinuous group of homeomorphisms of T 
(for the uniform structure Y ), such that there exists an a € T whose orbit under I is 
dense. Show that there exists on T a positive measure #0 invariant under I, and that 
this measure is unique up to a constant factor. One may proceed as follows: 

1° As for the existence of the invariant measure, follow the method of No. 2, Th. 1; 
one proves first that if K is a compact subset of T and U is an open neighborhood of a, 
there exists a finite number of elements 0; € I such that K C U oi(U). 


a 

2° As for uniqueness, observe first that the entourages of Y that are invariant 
under every homeomorphism o x o of T x T, for o € IT, form a fundamental system 
of entourages G. For every relatively compact set A C T and every relatively compact 
set B C T with nonempty interior, let (A : B) be the smallest number of elements of 
a covering of A by sets of the form oB, where o €T; if C C T is a third relatively 
compact set with nonempty interior, then (A: C) < (A: B)(B: C). Let K be a compact 
subset of T, L > K a relatively compact open set, V € G a symmetric open entourage 
contained in Vo such that V(K) C L, and W € G a symmetric closed entourage contained 
in V. For every symmetric entourage U € G such that UW C V and WU C V, show 
that, for every positive measure v on T invariant under I, 


(L : U(a))v(V(a)) 
(V(a) : U(a))v(L). 


(1) (W(a) : U(a))v(K) 
(2) (K : U(a))u(W(a)) 


IN IN 


For this, one proves that if (oi(U(a))) is a covering of L formed by (L: U(a)) sets, 
every x € K belongs to at least (W(a) : U(a)) sets of the form o;(V(a)), and that 
every y € L belongs to at most (V(a) : U(a)) sets of the form o;(W(a)) (note that if 
y € oi(W(a)), then o;(U(a)) is contained in V(z) ). 

Let ¥ be an ultrafilter finer than the section filter of G; let Ag be a nonempty, 
relatively compact open set in T, and set Ay(A) = (A: U(a))/(Ao : U(a)) for every 
symmetric entourage U € G and every relatively compact subset A of T. Let A(A) = 
limg Ay(A); for every compact subset K of T, set A/(K) = inf \(B), where B runs over 
the set of relatively compact open neighborhoods of K. Deduce from (1) and (2) that 


\(W(a))u(K) < A(L)v(W(a)) 
X'(K)u(W(a)) < A’(W(a))u(L) . 
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Conclude from this that if Ki,K2 are two compact subsets of T, and Li D Ki, 
L2 D Ka are two relatively compact open sets, then 


N(Ki)v(K2) < A(L2)y(L1), 


and finally that \/(Ki)v(K2) = \’(K2)v(K1). 


g 15) Let G be a locally compact group, H a closed subgroup of G, so that G 
operates continuously on G/H. Assume that H satisfies the following condition: for every 
neighborhood V of e in G, there exists a neighborhood U of e such that HU C VH 
(note that this condition is satisfied for every subgroup H of G if e admits a fundamental 
system of neighborhoods invariant under every inner automorphism of G). Show that 
there then exists a nonzero positive measure on G/H invariant under G. (Use the same 
method as in the proof of Th. 1 of No. 2, on observing, on the one hand, that as U runs 
over the set of neighborhoods of e in G, the images of the sets HUH under the canonical 
mapping a: G-— G/H form a fundamental system of neighborhoods of 7(H); on the 
other hand, for every neighborhood V of e in G and every compact subset K of G, 
there exist a neighborhood U of e in G and a compact subset L of G such that every 
set of the form sHUH that intersects KH is of the form s/HUH with s’ € L.) 


{ 16) Let G be a compact abelian group, E a dense subset of G that is stable 
under the law of composition of G. Assume that, for every bounded numerical func- 
tion f on E, there is defined a number M(f) having the following property: for any two 
bounded functions f,g on E, for any elements a;j,b, of E (1 <igm,1<k<n), and 
for any real numbers a;,8, (1 <i<m,1<k <n) such that 


> aif (zai) < LS Brg (xbz) 
a k 


for all x € E, one then has the inequality 


os as) Mis) < (S») M(g). 


4 


Assume in addition that M(1) = 1 (cf. TVS, IV, Appendix). 

a) Let ys be the normalized Haar measure on G. Show that for every continuous 
numerical function f on G, f f dp = M(f\E). (By considering a suitable partition of 
unity, approximate the constant function equal to f f dp on E by means of functions of 
the form z+ >> aif (xa) , where a; € E.) 


a 
b) Deduce from a) that if one sets v(B) = M(pp) for every subset B of E, then 
v(UNME) > p(U) for every open subset U of G, and v(FME) < w(F) for every closed 
subset F of G. For every u-quadrable subset P of G (Ch. IV, §5, Exer. 17 d)), one has 
v(P NE) = p(P). 


G17) Let T be a locally compact space, S a subset of T equipped with a law 
of composition (x,y) ++ xy that makes it a monoid? (not necessarily having a priori a 
neutral element), and which is continuous on SxS when S is equipped with the topology 


1 Monoide, as defined in the early editions of Alg., Ch. I, is not required to have 
a neutral element, as it is in the bound edition of Algébre; what is meant here is an 
associative magma (A, I, §1, No. 3, Def. 5). 
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induced by that of T. Assume in addition that every element of S is cancellable? (A, I, 
§2, No. 2). Let yw be a bounded positive measure on T, concentrated on S (so that S 
is p-measurable) and of total mass 1. Assume that yp is left invariant in the following 
sense: for every numerical function f defined on S, continuous and bounded (hence 
p-measurable by Ch. IV, §5, No. 5, Cor. of Prop. 8), one has f f (sz) du(x) = f f(x)du(xr) 
for all s € S. It comes to the same to say that u(sK) = w(K) for every compact subset K 
of S. 

a) Consider the product measure 4® on T x T; show that there exist compact 
subsets K of S such that the images of K x K under the two continuous mappings 
(x,y) > (z,xy) and (z,y) + (ay,z) have measure arbitrarily close to 1 (use the 
Lebesgue—-Fubini theorem). Conclude from this that these images have a common point, 
and deduce therefrom that S has a neutral element (cf. A, I, §2, Exer. 9). 

b) Show that S is a compact group. (First prove that for every x € S, the inner 
measure p,(zS) is equal to 1, hence that 2S is measurable and that the measure is 
concentrated on zS; xS is then a monoid to which the result of a) can be applied, which 
shows that S is a group. Argue as in Prop. 2 to prove that S is compact. Finally, make 
use of Exer. 21 of GT, III, §4.3) 


18) Let X bea locally compact space, G a compact group operating continuously 
on X, E the orbit of a point of X, and ¥ a vector space of continuous numerical 
functions on X such that, for every function f € # and every s € G, onehas 7(s)f € F; 
assume in addition that # contains the constant functions on X. Let xo € X bea point 
invariant under G and such that |f(xzo)| < sup |f(y)| for every function f € #. Show 

yeE 
that one then has f(xo) = ip f(s-z)ds for every z € E and every f € #. (Show that 


there exists a positive measure v on E, of total mass 1, such that f(ro0) = de f(z) dv(z) 


for every f € #, and apply the Lebesgue—Fubini theorem.) *The case that X = R", 
G is the orthogonal group, and zo = 0; apply the formula (7) of §2.,. 


19) Let X be a compact space, A a normed algebra over R with unity element, 
and G acompact group; assume that G operates continuously on A and on X and that, 
for every s € G, at 8-a is an automorphism of the algebra A such that ||s-a|| = |lall 
for all a€ A. A mapping f of X into A is said to be covariant under G if 


f(s-2) =s- f(z) 


for all s€ G and « € X. Let B beasubring of A* consisting of covariant continuous 
functions and containing all of the covariant continuous mappings of X into R (R being 
identified with a subalgebra of A; one observes that for such a mapping g, g(s-x) = g(x) 
for all s€ G and r€ X). Let f be a covariant continuous mapping of X into A, and 
assume that for every y € X, there exists a mapping gy € B such that f(y) = gy(y). 
Then, for every ¢ > 0, there exists a mapping g € B such that || f(x) — g(x)|| <e for 
all x € X. (Make use of a suitable continuous partition of unity (y;) on X and introduce 


the functions h; such that hi(x) = I g ils: 2) ds.) 


§ 20) Let G be a locally compact group, wu a left Haar measure on G, A and B 
two subsets of G. 

a) Assume that one of the following two conditions holds: 

a) A is p-integrable; 

B) p*(A) < +00 and B is yz-measurable. 


2 Régulier, renamed simplifiable in the bound edition of Algébre. 
3In the cited exercise, monoide of the French original is translated as “semigroup”; 
but semi-groupe refers to another concept (A, I, §2, Exer. 11). 
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Show that, in each of these two cases, the function f(s) = u*(sA MB) is uniformly 
continuous on G for the right uniform structure of G. (For any two subsets M,N of G, 
one sets 

d(M,N) = p*((MN CN) U(NN CM)). 


First consider the case that A is compact; making use of Ch. IV, §4, No. 6, Th. 4, show 
that for every € > 0, there exists a neighborhood U of e in G such that, for every s € G 
and te U, 

d(sA MB, stANB) <e. 


Then apply Exer. 13 of Ch. IV, §5. If B is y-measurable, u*(A) < +00 and (An) is 
a decreasing sequence of integrable subsets of G containing A such that inf (u(An)) = 
p* (A), show that 


u*(sA MB) = inf (u*(sAn NB)) 


(Ch. V, Ist edn., §2, No. 2, Lemma 1);4 note on the other hand that u(An — An+1) 
tends to 0 with 1/n.) 

b) If A~? is p-integrable and y*(B) < +00, then the function f is uniformly 
continuous for both the right and left uniform structures of G; moreover, one then has 
Je f(s) du(s) = w(A7+)u*(B). (Reduce to the case that B is integrable; observe then 


that u(sA NB) = u(ANs—1B), that ysanp = YsaysB and that ysa(t) = Y,-1(s).) 

c) Deduce from a) that in the two cases considered, the interiors of AB and BA 
are not empty if A and B are not negligible. (Cf. Ch. VIII, §4, No. 6, Prop. 17.) 

d) In the group G = SL2(R), give an example of a compact set A and a 
p-measurable set B such that f(s) = u(sA MB) is not uniformly continuous for the 
left uniform structure. (Observe that there exist a sequence (tn) of elements of G tend- 
ing to e and a sequence (sn) of elements of G such that the sequence (sy 14,8n) tends 
to the point at infinity.) 

e) Give an example of two nonmeasurable sets A,B in a locally compact group G, 
of finite outer measure and such that the function s++ u*(sANMB) is not continuous (cf. 
Ch. IV, §4, Exer. 8). 


21) a) Let G bea locally compact group, pw a left Haar measure on G. Show that 
if S is a stable subset of G such that pu, (S) > 0, then the interior of S is nonempty (cf. 
Exer. 20). In particular, if a subgroup H of G has nonzero inner measure, then H is an 
open subgroup of G. 

b) If G is compact, then every stable subset S of G such that y,(S) > 0 isa 
compact open subgroup of G (observe that the interior of S is stable, and make use of 
Exer. 17 b)). 

c) Assume that G is compact and abelian, written additively, and that there exists 
in G anelement a of infinite order. Show that there exists a stable subset S of G such 
that a€S,—a¢S and G=SU(-S) (use Zorn’s lemma); deduce from 6) that S is not 
measurable and that yp, (S) =0. 


22) Let G be a locally compact group, p a left Haar measure on G, and A an 
integrable subset of G such that u(A) > 0. Show that the set H(A) of s € G such that 
u(A) = p(AMsA) is a compact group. (Observe that H(A) is closed in G, with the help 
of Exer. 20. To see that H(A) is compact, consider a compact subset B of A such that 
u(B) > p(A)/2 and prove that H(A) C BB-?.) 


q 23) Let G be a locally compact abelian group, written additively, ~ a Haar 
measure on G, and A,B two integrable subsets of G. 


4Suppressed from the second edition, the lemma asserts that if f,g are numerical 


functions > 0 with g measurable, then f . fgdp = inf f * og du as runs over the set 
of measurable functions 2 f. 
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a) For every s € G, let 
A'=03(A,B)=AU(B+s), B’=7.(A,B) =(A—s)NB. 


Show that p(A’) + u(B’) = u(A)+4(B) and A’+B’CA+B. 

b) Assume that 0 belongs to ANB. A pair (A’.B’) of integrable subsets of G 
is said to be derived from (A,B) if there exist a sequence (sx%)1<k<n Of elements of G 
and two sequences (Ax )ock<n, (Br)o<k<n of subsets of G such that Ao =A, Bo =B, 
An = Os,(Ak—-1,Be-1), Be = Ts, (Ak—-1,Be-1) for 1 < k < n, sp € Ag_y for 
1 <k <n, and A’ = An, B’ = Bn. Show that there exists a sequence of pairs 
(En, Fn) such that Eo = A, Fo = B, (En+1,Fn41) is derived from (En, Fn), and 
L((En — 8) Fn) > u(Fn+i1) — 27” for every n and every s € En. Set Eo = UEn, 

n 

Fo = (\Fn . Show that for every s € Eo, 


n 
U((Eoo — 8) 1 Foo) = M(Foo) - 
c) Assume that u(Foo) > 0. Show that the function 
f(s) = u((Eoo — 8) Foo) 


can only take on the values 0 and pu(Foo), and that the set C of s € G such that 
f(s) = u(Foo) is open and closed, is such that u(C) = (Eco), and is the closure of Eoo 
(use Exer. 20 a) and b)). On the other hand let D be the set of s € Foo such that 
the intersection of Fo. with every neighborhood of s has measure > 0. Show that 
u(D) = u(Foo) and that 

Eo +tDCcc; 


from this, deduce that D is contained in the subgroup H(C) defined in Exer. 22, and 
that H(C) is compact and open in G. Finally, show that C + H(C) =C, that pu(C) > 
u(A) + u(B) — w(H(C)), and that C C A+B (consider the measure of Eoo M (ec — Foo) 
for every cE C). 

d) Deduce from c) that, for two integrable subsets A,B of G: either uw, (A+B) > 
(A) + u(B); or else there exists a compact open subgroup H of G such that A+B 
contains a coset of H, in which case p, (A+B) > uw(A)+(B) —u(H). The case that G 
is connected. 


{ 24 a) In R, let A (resp. B) be the set of numbers x whose proper dyadic 
co 


expansion © = Zo + > z42-* (xo an integer, z; = 0 or 2; =1 for i > 1) is such that 
i=1 

x; = 0 for i even and > 0 (resp. i odd). Show that, for Lebesgue measure, A and B 

have measure zero but A+B=R. 

b) Deduce from a) that there exists a basis H of R (over Q) contained in AUB, 
hence of measure zero. The set Pi of numbers rh, where r € Q and h € H, is also of 
measure zero. 

c) Denote by Pn the set of real numbers at most n of whose coordinates relative 
to the basis H are nonzero. Show that if Pn is negligible and Pn41 is measurable, 
then Pn+1 is negligible. (Let ho € H; show first that the set S of z € Pn4i1 whose 
coordinate relative to ho is #0, is negligible. Using Exer. 20, show that if Pn41 were 
not negligible, there would exist two distinct points x’,2” of Pn4i1ME€S_ such that 
(x’ — 2'’)/ho is rational, and deduce from this a contradiction.) 

d) Deduce from a) and 6) that there exist in R two negligible sets C,D such that 
C+D is not measurable. 
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q 25) a) Let f be a positive numerical function defined on R,, integrable (for the 
Lebesgue measure on R), bounded, and with compact support. Let y = sup f(t). 
teR 


For every w € R, denote by Us(w) the set of t € R such that f(t) > w; set vs(w) = 
u* (Us(w)). Show that for every a> 1, 


+oo Y 
i f%(t) dt = / v;(w)ow*! dw. 
oo 0 


b) Let g be a second numerical function satisfying the same conditions as f, and 
set 5 = sup g(t). Let h be the function defined on R? by A(u,v) = f(u) +9(v) if 
R 


te 
f(u)g(v) #0, and A(u,v) = 0 otherwise; finally, set k(t)= sup h(u,v), so that k is 
utvst 
positive, integrable, bounded, and has compact support. Show that for every a >1, 


+oo 1 +oo 1 +00 
i k%(t) dt > (y+ 6)* (+ / f(t) dt + = } g*(t) i). 


(Observe that for 0 < w <1, one has U,(yw + dw) D Us(yw) + Ug(dw), and use a) 
and Exer. 23 d).) 

c) Let pn be Lebesgue measure on R”, A and B two integrable subsets of R”. 
Show that (Brunn-Minkowski inequality) 


((um)4 (A + B))"/” > (yn (A))!/” + (un (B))*/” 


(Reduce to the case that A and B are compact. Then argue by induction on n using 
Exer. 23 d), the Lebesgue—Fubini theorem, the inequality proved in 6), as well as Hélder’s 
inequality.) 


g{ 26) Let G bea locally compact group, p a left Haar measure on G, k an integer 
>1, and A an integrable set. Show that for every ¢ > 0, there exists a neighborhood U 
of e in G having the following property: for every finite subset S of k elements in U, 
the set of s € G such that sS C A has measure > (1—«)u(A). (Reduce to the case 
that A is compact and take U to be such that 


wav) < (1- ==) u(A),) 


For every finite subset H of G, set p(H) = Card(H) and q(H)=1 if H#9, q(H) =0 
if H = ©; by evaluating the integrals 


[ p(ANsS)ds and i q(ANsS)ds, 
G G 


show that if, for h < k, Mp denotes the set of s € G for which Card(AMsS) =h, then 


k k 
Do hH(Ma) =k u(A) and YT (Ma) < (AU). 


h=1 h=1 
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k-1 
From this, conclude that )> hu(Mp) < ke: w(A). 
h=1 


27) Let G be a group operating on a set X. A subset P (resp. C) of X is said to 
be a G-filling (resp. G-covering) if, for every s #e in G, one has sPMP = © (resp. if 
X= U sC ). One calls G-paving a subset P that is both a G-filling and a G-covering. 

sEG 

a) Assume that X is locally compact, that G is countable, operates continuously 
in X, and that there exists a nonzero positive measure 4. on X invariant under G. Let P 
and C be a G-filling and a G-covering that are y-integrable. Show that y(C) > uP). 
(Observe that u(C) > >> u(CN sP).) 

seéG 

b) Assume in addition that there exists on X a uniform structure compatible with 
the topology of X and admitting a fundamental system G6 of open entourages invariant 
under G. On the other hand, one denotes by A(G) the infimum of the numbers p(C) 
over all the integrable G-coverings C of X. Let V be an entourage belonging to G, and 
let a € X be such that p(V(a)) > A(G); show that there exists an s € G such that 


-1 
s#eand (a,sa)E VoV. 

c) Assume that X is a locally compact group, pw a left Haar measure, and G a 
countable subgroup of X , operating by left translation. With the same definition of A(G) 
as in 6), show that if A is an integrable subset of X such that u(A) > A(G), then there 
exists s € GN AA7~! such that s 4 e. Special case that X = R” and G is a discrete 
subgroup of rank n in R”: A(G) is then equal to the absolute value of the determinant 
of a basis of G over Z with respect to the canonical basis of R”; if A is a symmetric 
closed convex set with nonempty interior® in R” such that u(A) > 2"A(G), show that 
there exists a point of ANG distinct from 0 (Minkowski’s theorem). 

d) With hypotheses as in a), let f be a function >0 and p-integrable on X. Show 
that there exist two points a,b of X such that u(C) )> f(sa) > Me f(z) dp(x) and 

seG 
p(P) > f(sb) < fie f(x) du(x). (Observe that if g is an integrable function > 0, E a 
seG 
p-integrable set in X , then there exists a c € E such that is g(x) du(x) < g(c)u(E), and 
a c’ €E such that fe g(x) du(x) > g(c’)u(E) .) 

§ 28) With hypotheses as in Exer. 27 a), assume in addition that there exists a 
p-integrable G-paving F. 

a) For every p-integrable numerical function f 2 0 defined on X, set f(x) = 
> f (sz), so that ff, f(x) du(x) = Jy £(@) u(x) (§2, No. 10, Prop. 15). Let (fi)i<icn 


sEG 
be a family of numerical functions > 0, p-integrable on X; for i#j set 


eae | Fle) Fw) ule), 
F 


and let c; = sup fi(z) . Show that there exists at least one pair of distinct indices (i, 7) 
rex 
such that 


n 2 n 
1 
mij 2 An Dae) (d [seme] 00) Yes | nierae 


5Cf. TVS II, §5, No. 2, Prop. 3; a closed convex set with nonempty interior was 
called a convex body (corps conveze) in the first edition of Ch. II of Esp. vect. top. (§3, 
No. 2, Def. 4). 
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(Bound the sum Se mi; from below, using the Cauchy-Schwarz inequality.) From this, 


tj 
deduce that if (Aj)i<icn is a finite family of y-integrable G-fillings, and if 


Do uli) > HF), 


t=1 


then there exist a pair (i,j) of distinct indices and an s € G such that u(AisN Aj) > 0. 
b) If Go is a subgroup of G of finite index (G : Go) = h, and if (si,...,8,) is 
a system of representatives of the right cosets of Go in G, then Fo = U siF isa 
1<i<h 
Go-paving. 
c)In X=R”, let A be a symmetric closed convex set with nonempty interior; let 
n 


wi: (aj) oy cijZj be m linear forms on X, with integer coefficients cjj (m <n). 
j=l 

Show that for every integer p > 1 and every number r >0 such that p(A)r™ > 2"p™, 

there exists a point x € rANZ” distinct from 0 and such that u;(x) =0 (mod p) for 

1 <i<™m (apply Minkowski’s theorem (Exer. 27 c)) to the subgroup Go of Z” formed 

by the z € Z” such that u;(z) =0 (mod p) for 1 <i <m, and make use of b)). Special 

case that n = 2, m=1 and A is defined by |z1| <1, |z2| < 1 (Thue’s theorem). 


q 29) a) Let p be a prime number; there exist two integers a,b such that a? +b74+1= 
0 (mod p) (Alg., Ch. V, 1st edn., §11, No. 5, Cor. of Th. 3). Show that there exist integers 
2%1,22,23,24 not all zero such that az, + bra = x3 (mod p), bx1 — azz = 24 (mod p) 
and 


y=ar+ae+a3+23 < V2p 


(same method as in Exer. 28 c)). Show that y is divisible by p, and deduce therefrom 
that y=p. 

b) Deduce from a) that every integer n > 0 is the sum of four squares (Lagrange’s 
theorem; make use of Alg., Ch. IV, 1st edn., §2, Exer. 11). 


30) Let G be a locally compact group, pw a left Haar measure on G, and v a 
bounded measure on G. Assume that the mapping s+ 7(s)v of G into the Banach 
space .#1(G) is continuous. Show that the measure v has base pw. (Let A bea 
p-negligible compact subset of G. Arguing as for Prop. 11, show that v(zA)=0 for x 
running over a dense subset of G. From this, deduce that v(A) = 0.) 

Conversely, if v has base p, then the mapping s+ ¥(s)v of G into .#1(G) is 
continuous: cf. Ch. VIII, §2, No. 5, Prop. 8. 


§2 


1) Let G be a locally compact group, H a closed subgroup of G. For € € H, set 
x(€) = An(€)Acq(€)~!. Regard H as operating on the right in G by translations. Show 
that there exists on .*(G) a nonzero positive linear form I and, up to a constant factor, 
only one, that is invariant under left translation. (Make use of Prop. 3 with X = G, while 
taking py to be a left Haar measure of G.) 


2) Let X and X’ be two locally compact spaces in which a locally compact group H 
operates on the right, continuously and properly. Let @ be a proper continuous mapping 
of X into X’, compatible with the identity mapping of H (GT, III, §2, No. 4), and let 
6’ : X/H — X'/H_ be the mapping deduced from 6 by passage to quotients. Let f’ be 
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a continuous function on X’ whose support has compact intersection with the saturation 
of each compact set. Then f = f’ 06 has the same properties in X, and 


vid =f’ = 6 


(the mappings f + f’, f’ +> f’> being relative to the choice of a same Haar measure 
on H). 


3) Let B be a locally compact space, H a locally compact group. Set X = Bx H, 
the group H operating in X by 


(0, €)€' = (6, €€'). 


Let A be a measure on B = X/H, and @ a left Haar measure on H. Then A! =A QB. 


4) Let X bea locally compact space in which a locally compact group H acts on 
the right continuously and properly. Let @ be a left Haar measure on H, p a meas- 
ure 20 on X. Let h be a continuous function > 0 on X such that h> = 1. If f is 
a p-negligible function 20 on X, the function (z,€) + f(x)h(x€) is (u @ G)-negligible 
on XXH. (There exist decreasing open sets 21, Q2,... such that (Qn) tends to 0 and 
such that f is zero outside 21NQe2N---. Show that f* Gan (x)h(x€) du(x)dB(E) < u(Qr), 
on observing that the function (z,€) +> ya, (x)h(xé) is lower semi-continuous.) 


5) Let G bea locally compact group. For every s € G, let ws be the automorphism 
of the additive group R defined by s(x) = Ac(s)x. Let IT’ be the topological semi- 
direct product of G and R defined by s+> ws (GT, III, §2, No. 10). Show that I is 
unimodular. 


6) Let G be a locally compact group, Gi,G2,G3 closed subgroups such that 
G3 C GiNGe2. Assume that G,Gi1,G2,G3 are unimodular, and that G1/G3 has 
finite total measure (for every measure invariant under G). Let A,p,v be invariant 
measures on G/G), G/G2, G2/G3, and y the canonical mapping of G onto G/G,. 
Let f € #(G/G1). Show that 


a | f(u) dd(u) = 2 du(<) f (y(wé)) dv(é) 
G/Gi G/Gea G2/G3 


(a =2Go, & = &G3 ), where a is a constant independent of f. 


q{ 7) a) Let E be a locally compact space, I’ a locally compact group operating 
on the left continuously in E. Assume that for every x € E, the mapping s+ s-x 
of I into E is proper, and that there exists a nonzero bounded positive measure on E 
invariant under I. Then I’ is compact. (Let (sn) be a sequence of points of . Let K 
be a compact subset of E that is not p-negligible. Show, using Exer. 15 of Ch. IV, §4, 
that there exists an xo € E such that snzo € K for infinitely many values of n. From 
this, deduce that (sn) has a cluster point in I. Then apply Exer. 6 of GT, II, §4.) 

b) Let G bea locally compact group, H and K two closed subgroups of G. Assume 
that G and H are unimodular and that G/H has finite measure for the measure invariant 
under G. Show that for H and K to satisfy the equivalent conditions of Exer. 11 c) of 
GT, III, §4, it is necessary and sufficient that K be compact. 


8) Let 6 be a locally compact group, G and H two closed subgroups of 6. As- 
sume that every s € © can be written in one and only one way in the form s = x = yn 
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(€,n €G, z,y €H), and that €,2,y,n depend continuously on s. Every € € G defines 
a homeomorphism € of H onto H by éa € €(z)G (a € H). Every x € H defines a 


homeomorphism Z of G onto G by éz € Ha(é) (€ € G). Let 0,8 be left Haar 
measures on 6,G,H. Show that 


Bi Ao (é(2))Ac(2(€)) 

d 2 = Seed €), 

BN) ee teyaatey 
pees | _ Aa(#(€)) 
de-"(6\(e) = ey (F(@y 02): 


(Let f € #(G). Express the fact that f f(u) du(u), calculated with the help of (23), 
either for X = G, Y = H, or for X =H, Y=G,, is invariant when f is subjected to left 
translation by an element of G or an element of H.) 


9) Let X be a locally compact space, H a compact group operating continuously 
(hence properly) on the right in X. Denote by @ the normalized Haar measure on H, 
by 7: X — X/H the canonical mapping. Let A be a positive measure on X/H, A! the 
corresponding measure on X. 

a) Show that if N is a \-negligible subset of X/H, then 7 (N) is \t-negligible. 
(Calculate the measure of a set 7(U), where U is open in X/H.) 

b) Let p be a finite number > 1, and let f be a function in LE (X, At) (F a 
Banach space or F = R). Show that the set of x € X such that € + Ff(x&) is not 


G-integrable on H is of the form 7(N), where N is A-negligible. Moreover, if f* is the 
function on X/H, defined almost everywhere (for A), such that f?(a(x)) = te f(x€) dB(€), 
then f? belongs to 4P(X/H, ), and Np(f>) < Np(f). 

c) Conversely, if g € ¢2(X/H,.), then the function go7m belongs to 2E(X, At). 


If p,q are conjugate exponents, F’ isthe dualof F, f € F(X, \A#) and g€ £3,(X/H,A), 
then 


/ (f(x), 9(m(x)) a" (x) = [ (f° (z), 9(z)) dX(z) . 
x X/H 


10) With the notations of §1, No. 6, Prop. 6 let, for every a € A, fa bea left Haar 
measure on Gg, so that the inverse limit of the a is a left Haar measure pp on G. For 
every a € A, denote by Aq the normalized Haar measure on Kg. 

a) Let p bea finite number > 1 and let f bea function in ¢f(G,u) (F a Banach 


space or F = R). For every a € A, the function 


fa(s) = f(s€) dra) ; 


Ka 


defined almost everywhere for 1, belongs to LP (G, ») (Exer. 9). Show that, with respect 
to the directed set A, fa tends in mean of order p to f (make use of Lemma 2 of §1, 
No. 6). 

b) Assume that A = N and p = 1. Show that fn then tends to f almost 
everywhere (for 44) in G (use a method analogous to that of Ch. V, §8, Exer. 16). 


4 11) Let G be a locally compact group, H a closed subgroup of G, X a left Haar 
measure on G; assume that there exists on G/H a measure u invariant under G such 
that = yw! and u(G/H) < +00. Let v be a nonzero positive measure on G/H such 
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that v(G/H) < too. Finally, let h be a function on G having the properties of No. 4, 
Prop. 8. 
a) Let A be a Borel subset of G/H. Show that 


[ h(s)v(s~A) dd(s) = v(G/H)u(A) 
/G 


(make use of Prop. 9 a) of No. 4). 

b) Let A; (1 < i < n) be Borel subsets of G/H and, for every 7, let bj = 
sup v(s~1A,). Show that there exist two distinct indices i,j such that 
scG 


2 n 2 n 
[ h(s)u(s~2Ai)u(s~2Ay) dA(8) > ae ((2oman) - Sata >) 
=1 rad 


(argue as in §1, Exer. 28 a)). 


q 12) a) Let X be a topological space, f : X — N an upper semi-continuous 
function. Let Xo be the set of points of X where f is locally constant, and Yo = 
X — Xo. Define recursively two sequences (Xi)iz0, (Yi)izo0 of subsets of X, in the 
following way: X; is the set of points of Y;-1 where f |Ye-1 is locally constant, and 
Y; = Y;-1 — X;. Show that X; is a dense open subset of Y;—1, and that NY: =O. 

a 
(Show that f(x) >% at every point of Y;.) 

b) Let X beaset, H a group operating on the right in X, 7 the canonical mapping 
of X onto X/H, and & (resp. 8) the set of A C X such that m|A: A > X/H is injective 
(resp. surjective). Let (Vi, V2,...) be a countable covering of X by elements of %. Let 


Vi=ViN C(ViHU V2HU---UV,-1H). 


Show that F= U) Vie ans. 
120 

c) Let X bea locally compact space, H a countable discrete group operating on the 
right in X continuously and properly, 7 the canonical mapping of X onto X/H, and p 
a measure > 0 on X. Show that if the sets V; of b) are quadrable (Ch. IV, §5, Exer. 
17 d)), then the set F of 6) is a quadrable fundamental domain. 

d) Let us maintain the hypotheses of c), and use the notations Hz , n(x) of No. 10. 
An z € X is said to be general if there exists a neighborhood V of z in X such that 
Hy = Hz for all y € V. Show that the general points of X are those where the func- 
tion n is locally constant. Show that a general point admits an open neighborhood that 
belongs to & and is quadrable (make use of Ch. IV, §5, Exer. 17 d)). 

e) Let us maintain the hypotheses of c), and assume moreover that X is countable 
at infinity. Show that if X — Xo is y-negligible, then there exists a fundamental domain 
F that is Borel and quadrable. (Apply the construction of a) to the function n. Then 
apply the results of c) and d) in Xo. Argue similarly in each X;.) 

f) Let U €% be an open set. Show that one can impose on the set F of e) the 
following supplementary properties: 1) F C U; 2) for every compact subset K of X, the 
set of s € H such that Fs intersects K is finite. 


13) Let G be a compact group, » a Haar measure on G, u an endomorphism of G 


such that u(G) is an open subgroup of G and the kernel U(e) (denoted Gz ) a finite 
subgroup of G. 
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a) Show that there exist a real number h(u) > 0 and an open neighborhood U of e 
in G such that, for every open set V C U, u(V) is openin G and p(u(V)) = A(u)u(V) 
(cf. §1, No. 7, Cor. of Prop. 9). 

b) Show that A(u) = Card(G/u(G))/Card(Gu) (calculate u(u(G)) in two ways, 
using a) and Prop. 10 of No. 7). 


§3 


1) Let E be a finite-dimensional vector space over R, C or H, ® and ®’ two 
nondegenerate positive hermitian forms on E. Assume that U(®) C U(®’). Show 
that © and ®’ are proportional. (Make use of the fact that there exists an orthonormal 
basis (e1,...,€n) for ® that is orthogonal for ®’. The mapping u € “(E,E) such that 
u(ei) = e;, u(ej) =e;, u(ex) =e, for k #%i,7 belongs to U(S).) 


2) Adopt the notations of Lemma 7. Show that 2 has negligible complement 
in GL(n, K) for the Haar measure. (Argue as for Prop. 6.) 


q 3) Let X bea locally compact space in which a locally compact group H operates 
on the right, continuously and properly, by (z,g) > zé (x € X, € EH). Let aw be the 
canonical mapping X — X/H. Let p be a continuous representation of H in GL(n,C). 
Show that for every b € X/H, there exist a neighborhood U of b in X/H and acontinuous 
mapping r of 7 (U) into GL(n, C) such that r(z€) = r(xz)p(€) for all x € 7(U) and 
€ € H. (One may assume X/H to be compact. Let f be a continuous function > 0 
on X, not identically zero on any orbit, and with compact support. Set 


va) =f seeyo(e)-* 400) € Mal), 
H 


where { denotes a left Haar measure on H. Show that, for f and U suitably chosen, 
r(x) € GL(n, C) for every x € 7(U) +) 


4) Let K be a nondiscrete commutative locally compact field. Let A be an algebra 
of finite rank over K. 


a) Let T(n,A) be the algebra of matrices (xij) € Mn(A) such that 2;; = 0 
for i > j. Show that if M = (mij) € T(n, A), then 


n 
Na(n,A)/K(M) = [[ sane) : 


i=1 


(Use Lemma 6.) 

b) Let T(n,A)* be the group of invertible elements of T(n, A). Let M = (mij) € 
T(n, A). Show that M € T(n,A)* if and only if m4; is invertible in A for all i. 

c) Show that a left Haar measure on T(n, A)* is given by 


( Il mod Navona") . &) da(mi;), 


i=1 i<j 


where a@ denotes a Haar measure of the additive group of A. 
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d) Show that if Na/k = NaosK , then 


n 
Ar(n,ay* ((mig)) = Il mod Na/K(mii)#~""~?. 


i=1 


5) Equip R” with the quadratic form 2? + x +:+++22. Let Gn be the group of 
displacements of R” (Alg., Ch. IX, §6, No. 6, Def. 3) of determinant 1. 

a) Show that Gn is unimodular. 

b) Every element of G2 may be uniquely written in the form 


(z,y) > (u+ 2 cosw—y sinw,v+z sinw+y cosw), 


where u,v are in R, and w is an element of the group © of angles of half-lines, iso- 
morphic to U. Show that du ® du @ dw (where dw is a Haar measure on Q) is a Haar 
measure on G2. 


6) Let P be the set of complex numbers z= x+iy whose imaginary part is > 0. 
Show that SL(2,R) operates transitively and continuously on the left in P by 


and that P thus becomes a topological homogeneous space for SL(2,R). Show that 
y~2dady is an invariant measure on P. 


q 7) Let G be the unimodular group SL(n,R), T° the subgroup of G formed 
by the matrices of determinant 1 with integer entries. Show, by induction on n, that 
every invariant measure y on the homogeneous space G/I is bounded and that, for 
f € #(R"), one has, with yw suitably chosen, 


(1) i. f(a) dx = ( Dee s(x -3)) auc 
R” G/T \ Ez", #0 


(X = XT). (Let G’ be the subgroup of G leaving invariant the basis vector (1, 0,0,...,0), 
so that G/G’ may be identified with R”. Let G’ = G/NT. Let H be the subgroup of 


matrices G ) of G’ for which Y € SL(n—1,R) has integer entries. Then H/G” is 


compact and, by the induction hypothesis, G’/H has a finite invariant measure, therefore 
by Prop. 12, §2, No. 8, G’/G” has a finite invariant measure. Applying Exer. 6 of §2, 
and Exer. 20 b) of A, VII, §4, show that, for f € #(R”), 


af Sede = [ jp haf mao. 


where the summation is over the set of vectors m = (m1,...,™n) whose coordinates are 
setwise coprime integers (A, VII, §1, No. 2, Th. 1). Applying this to the functions f(2z), 
f(3x),... and summing, prove (1). Then, replacing f by the function ¢ + e"f(ex) 
with f > 0, and letting « tend to 0, show that every compact subset of G/I’ has 
measure < 1.) 
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8) a) Show that there exists on S,_1 a measure wy 1 invariant under O(n, R) 
and, up to a constant factor, only one (regard S,_1 asa homogeneous space for O(n, R) ). 

b) The mapping (¢,z) ++ tz permits identifying the topological space R™ — {0} 
with the topological space R* x Sn_1. Show that the measure induced on R” — {0} 
by the Lebesgue measure on R” may then be identified, up to a constant factor, with 
t”—1 dt @dwn_1(z). (Make use of the fact that the Lebesgue measure on R” is invariant 
under O(n,R) and the fact that the Lebesgue measure of the closed ball with center 0 
and radius r is proportional to r” .) 

c) Let Ly, be the intersection of S,_1 and the hyperplane x, = h. The non- 
empty Ly, are the intransitivity classes of O(n —1,R) in Sp_1. Show that wp_1 may 
be put in the form f An dv(h), where X», is a measure invariant under O(n — 1,R) 
and carried by L,, and v is a measure on [— 1,1]. Identifying L, with Sp_2 by zr 
hen+V1—h? z, one can assume that Ap, = wn—2. Let Kg be the subset of Sn_1 defined 
by sin@ < zn < 1. By calculating the Lebesgue measure of the set of tz (0 <t <1, 


z € Kg), show that wn—1(Kg) is proportional to I is ? cos -2 ydy. From this, deduce 


that if one sets h = sin@ (—1/2 < 0 < 7/2), then the measure v may be identified with 
cos”—? 9d0. 


d) Conclude, by induction on n, that 
dwn—1 = cos™—? 6; cos™~3 62 +++ cos On—2 dO, d02---dOn_1, 


where 
Z1 = sin, 
£22 = cos@, sin 62 


Zn—1 = cos, cosG2 ---cosOn—2 sinOn—1 
In =cos6, cosO2---cosO@n—2 CcosOn—1 


with —1/2 <6; <a/2 for 1<ign—2, 0< On-1 < 2r. 


9) Let (e1,e2,e3) be the canonical basis of R3. Every matrix o € SO(3,R) such 
that o(e3)#e3 and o(e3) #—e3 may be written in a unique way as 


a(y, ,0) = 
cosy cosy —siny sinw cos? —cosy sind —siny cosy cos@ sing sind 
(sme cosy + cosy siny cos@ —siny sinw+cosy cosy cos@ —cosy sno), 
sinw sin 0 cos sin @ cos 6 


where 0<0<7,0< 9 < 27,0< wy < 2m (Kuler’s angles). Show that sin@d0dpdw 
is a Haar measure on SO(3,R). (Identify the homogeneous space SO(3, R)/SO(2, R) 
with S2, use Exer. 8, and Th. 3 of §2.) 


10) Let D be the group of displacements of R3 with determinant 1, the semi- 
direct product of SO(3,R) and the group T of translations. We employ the notation 
o(y,%,0) of Exer. 9, and denote by t(€,7,¢) the translation with vector (€,7,¢)- 

a) Let H be the closed subgroup of D that leaves Reg stable and preserves orien- 
tation on Re3. Show that H is the product of the group of translations ¢(0,0,¢) and the 
group of rotations o(w,0,0). From this, deduce that the homogeneous space E = D/H, 
which may be identified with the space of oriented affine lines of R?, possesses a measure 
invariant under D, and, up to a constant factor, only one. (Make use of Exer. 5 a).) 

b) Let E; be the open subspace of E formed by the oriented lines not orthogonal 
to e3; such an oriented line can be determined by the coordinates €’,7' of its point of 
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intersection with Re; + Rez, and the coordinates (siny sin@, —cosy sin@, cos@) ofa 
direction vector. Show that a measure on Ey invariant under D is given by 


sin 6 | cos 6| dé’ dn’ dp dé. 


11) Let G be the compact group O(n, R), 4 the normalized Haar measure on G. 
For 0 < k < n, let H be the closed subgroup of G leaving invariant (globally) the 
subspace R* of R”; the homogeneous space G/H, equipped with its quotient topology, 
may be identified canonically with the Grassmannian E = Gn—1,%-1(R) (GT, VI, §3, 
No. 6) of the k-dimensional linear subspaces of R" . There is a measure » on E invariant 
under G, determined up to a constant. For every subspace P € E, let op be the image 
of the Lebesgue measure of R* under an s € G such that s-R* = P (independent of the 
element s € G satisfying this relation). Show that yz can be chosen in such a way that 
the following property is satisfied: for every continuous function f on R” with compact 
support, and for every P € E, one sets F(P) = ie f(x) do(x) ; then 


i F(P) du(P) = | I|x||*—" f(a) da. 
E 


R” 


(If Po = R*, note that one can write ie F(P) du(P) = a F(s-Po) dA(s) for a suitable 
constant c, and on the other hand, 


[sena-e f F(ll2|]2) duon—1(z) 
G 


Sn-1 


with the notations of Exercise 8; finally, make use of Exer. 8 6).) 


q 12) Let K be a commutative field, E a vector space over K, F a linear subspace 
of E, p the canonical homomorphism of E onto E/F, and A the set of homomorphisms 
f:E/F—E such that po f is the identity homomorphism of E/F. 

a) If f € A and h € Hom(B/F,F), then f +h eA. Show that if f, f’ € A, there 
exists one and only one h € Hom(E/F,F) such that f +h = f’. One can therefore 
regard A as an affine space of which Hom(E/F, F) is the space of translations. 

b) Let B be the set of linear subspaces of E that are supplementary to F in E. 
Show that f ++ f(E/F) is a bijection of A onto B. One can therefore regard B as an 
affine space of which Hom(E/F,F) is the space of translations. 

c) Show that if u is an automorphism of E such that u(F) =F, then the mapping 
fteuof is an affine bijection of A onto A. (Choose an origin in A, and observe that 
the mapping ht uoh is an automorphism of the vector space Hom(E/F,F).) From 
this, deduce that the mapping F’ + u(F’) is an affine bijection of B onto B. 

d) Assume that K = R and dimE < +oo. Let G be a compact group, and p a 
continuous linear representation of G in E such that p(s)(F) =F for all s¢G. Show 
that there exists an F’ € B such that p(s)(F’) =F’ for all s € G. (Make use of c) and 
Lemma 2 of No. 2.) Obtain this result anew using Prop. 1 of No. 1. 


CHAPTER VIII 


Convolution and representations 


§1. CONVOLUTION 


1. Definition and examples 


Recall (Ch. V, §6, Nos. 1 and 4; Ch. VI, §2, No. 10) that, if X and Y 
are locally compact spaces, 4 a measure on X, and » a mapping of X 
into Y, y is said to be w-proper if: a) y is u-measurable; b) for every 
compact subset K of Y, G(K) is essentially y-integrable. Then the image 
measure v = y(uz) on Y exists and has the following property: for a func- 
tion f on Y, with values in a Banach space or in R, to be essentially 
integrable for v, it is necessary and sufficient that fo be so for p, in 
which case, 


[roam = [ te@)aue). 
Y xX 


DEFINITION 1. — Let X,...,Xn be locally compact spaces, ; a meas- 
ure on X; (1 <i<n); let X be the product of the X;, w that of the p;. 
Let yp be a mapping of X into a locally compact space Y. One says that 
the sequence (4) %s y-convolvable, or that [4,..., fn are y-convolvable, 
if p is u-proper; in this case, the image v = y(yu) of w under — is 
called the convolution product of the uy; for p, and is denoted *p(tKi)i<i<n, 


n 
or 2 Mis OF M1 * M2 *-** * Un 


The last two notations are of course used only when there can be no 
doubt as to y. 

Let f be a function on Y, with values in a Banach space or in R. In 
order that f be essentially integrable for 11 *---* fn, it is necessary and 
sufficient that the function 


(@yisiytn) OT (Gleine ep) 
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be essentially integrable for 41 ® w2 ®--+ ®@ Mn, in which case 


(1) ic ee a J 8eea..--s2n))dia(es)--- diana), 


a formula that may be regarded as defining pi +*--- * Un When one takes 
fe #(Y). 

The definitions imply at once that the yu; are convolvable if and only if 
the |u;| are. When this is the case, 


lp(Hi ® ++ @ Un)| < P(|41 ®@ +++ @ unl) = Y(|41| @ +++ @ |unl) 


(Ch. VI, §2, No. 10), that is, 
(2) | * mi] < * [nal 


If the pz; are convolvable and positive, and if v; is a measure on X; 
such that 0<v; < p;, then the 4; are convolvable and 


Ky, < Ky. 
a tu 


Suppose 1, /2,..-,fn are convolvable, and that 4, j2,...,Un are 
convolvable ({ being a measure on Xj). By Ch. V, §6, No. 3, Cor. 1 of 
Prop. 6, “1 + U4, M2,---;Hn are convolvable and 


(Ha + Yh) * ba on = fla # Me oo Mn + Hy * fla Un 


Examples. — 1) For any y, the measures €,,, where xz; € X, for 
1 <i <n, are always convolvable and have convolution product ¢€,, with 
y = 9(%1,22,...,2n). Consequently, if each of the p; has finite support, 
then the y; are convolvable and p11 *---* Un has finite support. In partic- 
ular, let M be a monoid? equipped with a locally compact topology; if one 
takes y to be the law of composition in M then the measures on M with 
finite support form, for convolution, an algebra that is none other than the 
algebra of the monoid M (over R or over C, according as one considers 
real or complex measures) (A, III, §2, No. 6). 

2) Let M be a monoid equipped with the discrete topology; assume 
that for each m € M, there are only finitely many pairs (m’,m”)e€ MxM 
such that m’m” = m; this amounts to saying that the law of composition 
in M is a proper mapping of M x M into M; the measures on M then 
form an algebra for convolution, an algebra that is none other than the total 


1 Monoide, in the sense of Exer. 17 of Ch. VII, §1. 
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algebra of the monoid M (A, III, §2, No. 10); we note the following two 
special cases: 

a) M=N,, the law of composition being addition. To every measure pu 
on N, let us associate the formal series 


S(u) = S5 u({n})e” 
n=0 


in an indeterminate t. Then S(u * uw’) = S(u)S(u’). An analogous remark 
holds for formal series in any number of indeterminates. 

*b) M = N%, the law of composition being multiplication. To every 
measure 4s on N%, let us associate the formal Dirichlet series 


D(u) =D u({n})n-*. 


n=1 


Then D(y + pv’) = D(u)D(u’) ., 

3) Let X,Y,Z be locally compact spaces, y a continuous mapping 
of Xx Y into Z. If z € X and wp isa measure on Y, to say that «, and pu 
are y-convolvable comes to saying that the mapping y(z,-) of Y into Z is 
p-proper. One then has ¢, * wy = (z,-)(y). 


2. Associativity 


The following lemma completes Prop. 11 of Ch. V, §8, No. 5:2 


Lemma 1. — For 1 <i<n, let X;,¥; be two locally compact spaces, 
[4 a measure on X;, and ~; a continuous mapping of X; into Y;. Let 
X=[]X%, Y=[]Y:i, w= @yi, and ¢— the mapping of X into Y that is 


v a a 
the product of the p;. If p is u-proper and pw; #0 for each i, then the y; 
are w;-proper and y(u) = ® yi(ui) - 


a 
We can suppose that the ju; are positive and n = 2. Let f; € 44(Y1). 
Since po # 0, there exists an fo € 4#4(Y2) such that fg 0 v2 is not 
po-negligible. The function (21,22) + f1(y1(21)) fo(%2(a2)) is essentially 
p-integrable and continuous, hence p-integrable. Therefore there exists an 
Z2 € Xeq such that fo(po(x2)) # 0 and such that the function x; / 


f1(~1(@1)) fa(~2(@2)) is wi-integrable. Therefore f; oy, is j-integrable, 
2The lemma follows by induction on part b) of the cited Prop. 11, which is the case 


n = 2; the corresponding result in the first edition of Ch. V (§8, No. 3, Prop. 7) did not 
include the result of part 6). 
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which proves that ~ is ~41-proper. One argues similarly for y2. Then 
p(u) = & vi(ui) by Prop. 11 of Ch. V, §8, No. 5. 
i 


The following lemma completes Prop. 4 of Ch. V, 86, No. 3.8 


Lemma 2. — Let T,T’,T” be three locally compact spaces, 4 a@ measure 
on T, © ap-measurable mapping of T into T’, x’ a continuous mapping 
of T’ into T”, and rn” =n’ on. If x” is p-proper, then 1m is -proper, 
n' is t(u)-proper, and m”() =m’ (r(1)). 

Let K’ be a compact subset of T’. Then K” = 7’(K’) is compact, 

-1 = —1 
therefore 7”(K”) is essentially y-integrable, therefore 7 (K’) Cc r”(K”) is 
essentially py-integrable, thus 7 is w-proper. Then 7’ is m()-proper and 
(u) = 1'(r(u)) by Ch. V, §6, No. 3, Prop. 4. 

PROPOSITION 1. — Let Xij (1 <igm,1l1<j<n), Yi A<i<m), 


and Z be locally compact spaces; i neh a, oe y; be a mapping of 
xX; = [1X ij into Y;; let p be the product of the p;, mapping X = I1X: 


into Y= I] Ys: let ~ be a mapping of Y into Z. 
(i) Het bij be measures given, respectively, on the X;;, such that, for 


each i, the tz (1 <7 <n) are y;-convolvable, and such that the measures 
* |~43| are w-convolvable; then the wi4;3, for 1 <iqgm,1<j<n, are 


(Wo y)-convolvable and 
3 i i * (kK aj). 
(3) ya ( j 13) 


(ii) Assume W and the y; continuous, and let p4; be measures # 0 given, 
respectively, on the X;; and (0 )-convolvable; then, for each 1, the pi; 
(1 <j < n,) are y;-convolvable, the measures * |i are w-convolvable, 
and the formula (3) holds. 

It suffices to consider the case that all of the measures in question 
are >0. 
Let us place ourselves under the hypotheses of (i). The mapping ¢ is 
proper for @ si;, and 
ij 


(as) = Be(@us) = ® (* us) 


3The assertion of this lemma is in fact part 6) of the cited Prop. 4, a part that was 
not included in the first edition of Ch. V. 
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(Ch. V, §8, No. 5, Prop. 11). The mapping Woy is proper for ®@) 44; , and 
4J 


oO Bus) =o B(Fas)) = (Fo) 


(Ch. V, §6, Prop. 4). Therefore the wi; (1 <i < m,1<j < n;) are 
(wo ~)-convolvable and formula (3) holds. 

Let us place ourselves under the hypotheses of (ii). First of all, Lemma 2 
proves that y is proper for @ ;;. Lemma 1 then proves that for every i, 


t,7 
yi is proper for @ wi; , and that 
j 


(ns) = ® (¥ a): 


tj 
By Lemma 2, ~ is proper for ®& ( * ps). Whence the proposition. 
i NG 


COROLLARY. — Let X;,X, (1 < i < n), Y,Y’ be locally compact 
spaces; let y,p’ be continuous mappings of X = [[X; into Y and of 


a 
X’ = []X) into Y’, respectively; let f; be continuous mappings of X,; 


4 

into X, (1 <i <n) and g a continuous mapping of Y into Y', such that 
y’of =goy, f being the mapping of X into X’ that is the product of 
the f,. Let pn; be measures given respectively on the X;, all 40. Then the 
following two assertions are equivalent: 

(i) fi is uy-proper for all i, and the measures f;(|~;|) are y’-convolvable; 

(ii) the 4; are y-convolvable, and g is proper for *p(|p:\) - 

Moreover, when these assertions are verified, 


(4) Ky) (fi(us)) = 9( * (ui) = K gow (Hs) : 
For, let h = y’ o f = gow. By Prop. 1, the conditions (i) and (ii) are 
each equivalent to the following condition: 


(iii) the 4; are h-convolvable. 
When this is so, 


* yr (fi(ue)) = Kn (ui) = 9( *y(ui)). 
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3. The case of bounded measures 
PROPOSITION 2. — Let X1,...,Xn,Y be locally compact spaces, p; a 


bounded measure on X; (1 < i < n), pw the product of the wi, yp a 
p-measurable mapping of [[X; into Y. Then the pi are :p-convolvable 


and 
ll * x | < [Llu 
i=1 
If the 4 are moreover positive, then Il * * bill = = Me 


For, ui =|p;| is bounded and lutl| = = ||| (Ch. III, §1, No. 8, Cor. 1 
of Prop. 10). One has |u1®---@pn| = uw, ®---@y}, (Ch. III, §4, Nos. 2, 4), 
therefore 41 ®+-:-@ pm is bounded and 


[41 @ «++ @ ball = eal --- eal 


(ibid., Prop. 4). Therefore is y-proper (Ch. V, §6, No. 1, Remark 1), that 
n 
is, the j4; are y-convolvable. One has || * yi = ||u, @---@ yj || (Ch. V, 86, 


No. 2, Th. 1), consequently |] *, yl] = lla{ll---llafll- Finally, | * mil <4 
= a a 
(No. 1, formula (2)), therefore 


n 
[| «ull < |] evil] = [lel 
i=1 


PROPOSITION 3. — Let Xj,...,Xn,Y be locally compact spaces, yp a 
n 
continuous mapping of [] Xi into Y. Then the mapping 
i=1 


(H,-++5Hn) > *y (ua) 


of I M(X;) into A"(Y) is a continuous multilinear mapping. 
“This follows from Prop. 2 and what has been said in No. 1. 


4. Properties concerning supports 


PROPOSITION 4. — Let Xj,...,Xn,Y be locally compact spaces, pu; a 
measure on X; (1 <i<n),S; oe support, and :~ a continuous mapping 
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of [[X: into Y such that the restriction of y to [[S; is proper. Then 
i i 
the yw; are y-convolvable. 
For, let K be a compact subset of Y. The support of uw = 1@::-@uUn 
is S = []S,; (Ch. III, §4, No. 2, Prop. 2). Therefore @(K) nN (11x: ~ s) 
i i 
is p-negligible. On the other hand, $(K) NS is compact. Therefore @(K) 
is p-integrable. 


PROPOSITION 5. — Let Xj,...,Xn,Y be locally compact spaces, py; a 
measure on X; (1 <i<n), pu the product of the ,, p ap-proper mapping 
of [[X; into Y, and S; the support of p;. 

: 


a) The support of * Mi is contained in the closure of e(IISi). 
b) If y is continuous and the 4; are positive, then the ee of * bi 
is the closure of e( TIS). 
Let S= I] S; ba the support of 4. The support of s Lu; is contained 
i 


in y(S) by Ch. V, §6, No. 2, Cor. 3 of Prop. 2. If y is continuous and 
the ys; are positive, then the support of * py; is y(S) (loc. cit., Cor. 4 of 
a 


Prop. 2). 


COROLLARY. — If y is continuous and the p; have compact support, 
then the p; are convolvable and * 1; has compact support. 
t 


5. Vectorial expression of the convolution product 


PROPOSITION 6. — Let X,Y,Z be locally compact spaces, y a con- 
tinuous mapping of X x Y into Z, and X,u measures on X,Y. For x 
and p to be p-convolvable, it is necessary and sufficient that the mapping 
(x,y) > Eg(a,y) =Ex*Ey Of XXY into M(Z) be scalarly (A® u)-integrable 
for the topology o(M(Z), #(Z)), in which case 


A* b= / (Ex * Ey) dX(x) duly). 
XxXY 


To say that X» and wp are y-convolvable signifies that, for every 
f € #(Z), fog is (A @ pu)-integrable, that is, for every f € #(Z) the 
function (,y)'> (f,€y(z,y)) is (A ® y)-integrable, that is, again, that the 
mapping (r,y) +> €y(z,y) of XxY into (Z) is scalarly (A@)-integrable 
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for o(.4(Z), €(Z)). If this is the case, then 
Orn t)=f teew)aXe)du) = [Goce ) AXe) duly), 
XxY 


whence d* ju = fy 4 (x,y) D(x) dyely) . 


PROPOSITION 7. — Let X,Y,Z be locally compact spaces, yp a con- 
tinuous mapping of X x Y into Z, and »,p measures on X,Y. Assume 
that for every z € X, Eg and pw are y-convolvable. For and yp to be 
p-convolvable, it is necessary and sufficient that the mapping xr t> €, * |p| 
of X into (Z) be scalarly d-integrable for the topology o(.(Z), #(Z)), 
in which case X* p= 7 (Ez * w) dXA(x). 

Suppose that A and. ps are y-convolvable. For every f € #(Z), fog is 
(|A| ® |y|)-integrable, therefore the function x fy f(y(z,y))dlul(y) = 
(f,€x * ||) (which by hypothesis is defined for all x € X) is \-integrable; 
thus c++, *|| is scalarly \-integrable for o(.4@(Z), #(Z)), and 


(rx) = farce) [ (olew))dulv) = f (free* wax), 
whence A* p = fy (€z * 4) dA(x). Conversely, suppose that the mapping 
r++ €_*|u| of X into @(Z) is scalarly A-integrable for o(#(Z), #(Z)). 


Let f € £4(Z). Then the function (2,y) + f(y(zx,y)) is continuous and 
(Ch. V, §8, No. 3, Prop. 5) 


i; / "#(ol@,))alal(2) dlyl(y) = / “d|A\(a) / “F(v(e,y)) dlul(y) 
= f, “Uf, ex * |pl) dlAl(2) < too. 


Therefore f oy is (A ® p)-integrable, so that A and wp are y-convolvable. 
§2. LINEAR REPRESENTATIONS OF GROUPS 
1. Continuous linear representations 


Let G be a topological group, E a locally convex space, U a linear 
representation of G in E. 
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DEFINITION 1. — (i) U is said to be separately continuous if, for 
every s € G, U(s) its a continuous endomorphism of E, and if, for ev- 
ery x €E, the mapping s++ U(s)z of G into E is continuous. 

(ii) U is said to be continuous if (s,2) +» U(s)x ts a continuous 
mapping of Gx E into E. 

(iii) U is said to be equicontinuous if it is continuous and if the set of 
endomorphisms U(s), where s runs over G, is equicontinuous. 


Remarks. — 1) To say that U is separately continuous means that 
s++U(s) is a continuous mapping of G into the space /(E;E) of contin- 
uous endomorphisms of E, equipped with the topology of pointwise conver- 
gence. 

2) To say that U is continuous is equivalent to the following set of three 
conditions: 

a) for every s € G, U(s) is continuous; b) there exists a neighbor- 
hood V of e such that U(V) is equicontinuous; c) there exists a total set D 
in E such that, for every z € D, the mapping s++ U(s)z is continuous. 

These conditions are obviously necessary. Conversely, suppose that the 
conditions a), 6), c) are satisfied. On U(V), the topology of pointwise 
convergence is identical to the topology of pointwise convergence in D (TVS, 
III, §3, No. 4, Prop. 5). Therefore the mapping (s,x2) > U(s)z of VxE 
into E is continuous (GT, X, §2, No. 1, Cor. 3 of Prop. 1). Since U(sos)z = 
U(so)(U(s)x) for all s) €G, se G, EE, one sees that U is continuous. 

When G is locally compact, the conditions a) and b) are equivalent to 
the condition: 

a’) for every compact subset K of G, U(K) is equicontinuous. 

3) Suppose that U is a continuous linear representation of G in E. 
For every s € G, let U(s) be the continuous extension of U(s) to the com- 
pletion E of E. Then U is a linear representation of G in E, satisfying 
conditions a) and c) of Remark 2, and also condition b) by GT, X, §2, No. 2, 
Prop. 4. Therefore U is a continuous linear representation of G in E. 

4) When E is a normed space, U is said to be isometric if ||U(s)|| =1 
for every s € G. For this, it suffices that ||U(s)|| <1 for all s € G, because 


one then has 
1= [Al] <U(s)- Us), 
whence ||U(s)|| = ||U(s~*)|| =1 for all s eG. 


PROPOSITION 1. — Jf G is a locally compact group and E is barreled, 
then every separately continuous linear representation U of G in E is con- 
tinuous. 

For every compact subset K of G, U(K) is compact for the topology 
of pointwise convergence (Remark 1), therefore is equicontinuous (TVS, III, 
§4, No. 2, Th. 1); one then applies Remark 2. 
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Lemma 1. — Let G be a locally compact group, p a lower semi-contin- 
uous finite numerical function >0 on G such that p(st) < p(s)p(t) for 
all s,t€G. Then p is bounded above on every compact subset of G. 

There exists a nonempty open subset U of G such that p is bounded 
above on U (GT, IX, §5, No. 4, Th. 2). Let K be a compact subset of G. 
Then K is covered by a finite number of sets s,U,...,s,U. For every 
xz € U, one has p(six) < p(s;)p(x), therefore p is bounded above on 
the s;U, hence on K. 


Lemma 2. — Let G be a topological group, U a linear representation 
of G in a normed space E, and A a dense subset of E. Assume that for 
every s € G, U(s) is continuous, and that, for every x € A, s++ U(s)ax is 
a continuous mapping of G into E. Then the function s++ g(s) = ||U(s)|| 
on G is lower semi-continuous and satisfies g(st) < g(s)g(t). 

Let B be the unit ball of E. Then g(s) = sup ||U(s)z||, and each 

zEBNA 


function s + ||U(s)z|| is continuous on G, therefore g is lower semi- 
continuous. On the other hand, 


g(st) = |U(s)U@II < IF (s)I - IO @I = 9(s)9@). 


PROPOSITION 2. — Let G be a locally compact group, U a linear rep- 
resentation of G in a normed space E. Let A be a dense subset of E. As- 
sume that for every s € G, U(s) ts continuous and that, for every x € A, 
st+U(s)x is a continuous mapping of G into E. Then U is continuous. 

For, ||U(s)|| is bounded on every compact subset of G by Lemmas 1 
and 2, and one then applies Remark 2. 


2. Contragredient representation 


Let U be a separately continuous linear representation of G in E. 
Let E’ be the dual of E. The mapping s+ ‘U(s) is a linear representation 
in E’ of the group G° opposite G; we shall say that this representation 
is the transpose of U. The mapping s +> 'U(s~!) = 'U(s)-! is a linear 
representation of G in E’, called the contragredient of U. 


Lemma 3. — Let X be a locally compact space, Y and Z topological 
spaces, ~ a continuous mapping of X x Y into Z, and yz the mapping 
yr v(z,y) of Y into Z. The spaces @(Y),€(Z) being equipped with the 
topology of compact convergence, the mapping (x, f)> foy, of Xx @(Z) 
into @(Y) is continuous. 

It clearly suffices to consider the case that X is compact. Let (Zo, fo) € 
Xx @(Z), K acompact subset of Y, and ¢ > 0. Let K’ = y(XxK). Since 
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fo°y is uniformly continuous in X x K, there exists a neighborhood W 
of xp such that | fo (y(z,y)) — fo(y(o,y))| <e forxeW andyeK. On 
the other hand, if one takes f € @(Z) to be such that |f(z) — fo(z)| <e 
for all z € K’, one will have If(o(a, y)) - fo(y(z,y))| <e for rE X, 
y €K, and therefore |f(y(z,y)) — fo(py(wo,y))| <2e for ce W,yeK. 
Whence the lemma. 


Let us now return to the earlier notations. 


PROPOSITION 3. — (i) If U is separately continuous, then 'U is sepa- 
rately continuous when E’ is equipped with the weak topology o(E’,E). 

(ii) If G is locally compact and U is continuous, then ‘U is continuous 
when E’ is equipped with the topology of compact convergence. 

The assertion (i) is immediate. The assertion (ii) follows from Lemma 3 
where one has taken X=G, Y=Z=E, (s,2) =U(s)z. 


3. Example: linear representations in spaces of continuous func- 
tions 


Let G be a discrete group operating on the left on a set X. A complex 
function x on G x X is called a multiplier if 


(1) x(e,z) =1 forallxeX; 

(2) x(st, rz) = x(s,tx)x(t,z) for alls,tinG, reX. 
It follows that 

(3) x(t71,tx)x(t,z)=1 forallteG, ceEX, 


and in particular y(t,z) #40 forall t€G,reEX. 
For every complex function f defined on X and every s € G, let Vx (s)f 
be the complex function on X defined by 


(4) (x(s)f) (2) = x(s~", 2) f(s~*2). 
Then 7,(e)f =f and 
(x (8)¥x(8")F) (#2) = x(s~*, 2) (1, (8") f)(8*2) 
= x(s~*,2)x(s'~1, 8") f(s’~*s*2) 
= x((ss‘)~*, 2) f ((ss’)“*2) = (1x (s8')f)(2), 


thus 7, is a linear representation of G. For x = 1, one recovers the 
endomorphisms y(s) (Ch. VII, §1, No. 1, formula (3)). 
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Suppose now that G and X are locally compact, G operating continu- 
ously on X, and yx continuous on Gx X. Then @(X) and .#(X) are sta- 
ble for the y,(s), whence linear representations of G in @(X) and #(X) 
which we shall again denote 7, . 


PROPOSITION 4. — The linear representations y, of G in @(X) 
and 4 (X) are continuous. 

The mapping (s,f) > (s,y(s)f) of G x @(X) into G x @(X) 
is continuous (No. 2, Lemma 3). On the other hand, the mapping 
(s,f) + x(s,:)f of Gx @(X) into @(X) is continuous; for, if s tends 
to so in G, then x(s,-) tends to x(so,-) uniformly on every compact sub- 
set of X; if, moreover, f tends to fo in @(X), then x(s,-)f tends to 
x(so0,-)fo uniformly on every compact subset of X, whence our assertion. 
Thus the representation 7, of G in @(X) is continuous. 

Let us show that the representation 7, of G in #(X) is continuous. 
Since .#(X) is the direct limit of Banach spaces, it is barreled (TVS, III, 
84, No. 1, Cor. 3 of Prop. 3), thus it suffices to prove that -y, is separately 
continuous (No. 1, Prop. 1). Now, let H be a compact subset of X and 
let so € G. Let V be acompact neighborhood of so in G, and let L = VH, 
which is compact in X. For every f € 4 (X,H), the support of 7,(so)f is 
contained in L, and 


sup |(¥x(80)f)(z)| < sup |x(so*, x)|- sup |f(z)|, 
reEX xeL rex 


therefore f ++ ¥,(so)f is a continuous linear mapping of .#(X,H) into 
A(X,L); it follows that f ++ 7,(so)f is a continuous linear mapping 
of £#(X) into itself (TVS, II, §4, No. 4, Prop. 5). On the other hand, the 
topology of .#(X,L) is induced by that of @(X). By what has already 
been proved, the mapping s+ 7,(s)f of V into (X,L) is continuous. 
This completes the proof that 7, is separately continuous. 


PROPOSITION 5. — Suppose that each function x(s,-) is bounded. 
Then 7, leaves #(X) stable, and the linear representation y, of G in 


XH (X) is continuous. 

It is clear that y, leaves .#(X) stable and that each of the +,(s) 
is continuous in #(X). On the other hand, for every f € #(X), sh 
7,,(s)f isa continuous mapping of G into .(X) and a fortiori into #(X). 
Therefore the representation 7, in .#(X) is continuous (No. 1, Prop. 2). 


4. Example: linear representations in spaces of measures 


Again let G be a locally compact group, operating continuously on the 
left in a locally compact space X, and let x be a continuous multiplier 
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on G x X. The linear representation 7, of G in #(X) admits a contra- 
gredient representation in @(X), which we shall again denote by , , and 
which is defined by the following formula (where u € 4(X), f € #(X)): 


(Yx(s)H, i) a (Ux (8~") Ff) = (x(s, ‘) “By, y(s~*)f) = (y(s) (x(s, ‘) : L), f) ’ 


whence 
Y(8)u = ¥(8)(x(s,+) H) = (¥(8)x(s,-)) - ((s)H)- 
We note that 
(7(s)x(s,-))(#) = x(s,s7*2). 
The linear representation 7, of G in @(X) admits a contragredient 
representation in the space @’(X) of measures on X with compact support, 


a representation which we again denote by 7, ; the endomorphisms +7, (s) 
of @’(X) are the restrictions of the endomorphisms 7,(s) of .@(X). 


PROPOSITION 6. — If one equips .@(X) (resp. @’(X) ) with the topology 
of uniform convergence in the compact subsets of #(X) (resp. @(X)), then 
the linear representation 7, of G in @(X) (resp. @’(X)) is continuous. 


PROPOSITION 7. — Suppose that each function x(s,-) is bounded. 
Then , leaves stable .@'1(X) and, if 1(X) is equipped with the topology 


of uniform convergence in the compact subsets of #(X), then the linear 
representation , of G in @*(X) is continuous. 
These propositions result from Props. 3, 4, 5. 


5. Example: linear representations in the spaces L? 


Again let G be a locally compact group, operating continuously on the 
left in a locally compact space X. Let § be a positive measure on X with 
support X. Let us assume that there exists a continuous function x > 0 
on Gx X such that, for every sEG, 


(8) =x(s~",-)-B 


(which implies in particular that @ is quasi-invariant under G). Then, x is 
a multiplier. For, given s,t in G, one has 


¥(s)¥(t)B = (s)(x(t7*, -) -B) = (v(s)x(t7*,)) - (¥(8)8) 
= (y(s)x(t7*, -)) r x(s7?, ‘) _ B, 
¥(st)8 = x(t-*s",-)-B, 
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therefore 
x(é*, 87 ')x(s71, 2) = x(t7787*, 2) 
locally 6-almost everywhere, consequently everywhere, since x is continuous 
and @ has support X. 
Let p € [1,+00[. For every f € Y&(X,() and every s € G, let 
Yx,p(8)f be the function on X defined by 


(Yx,0(8)f) (x) = x(s7*, 2)/? f(s 72). 


One has 
/ “ix(s7t, a)? f(s7*a)/P dB (ar) = if “|f(s722)Px(s7}, 2) d6(2) 
= / F(a)? d8(e), 


therefore 7, ,(s)f € -26(X,8). One sees that ,,)(s) is an isometric 
endomorphism of “&(X,@) and defines, by passage to the quotient, an 
isometric endomorphism of L@(X, @), also denoted 7, p(s). On the other 
hand, x?/? is obviously a multiplier, therefore Yx,p is a linear representation 
of G in L2(X,) by what we have seen in No. 3. 


PROPOSITION 8. — The linear representation Y,,p of G in LE(X, B) 
is continuous and isometric. 

Let f € #(X). When s tends to so in G, 7,,p(s)f tends to 7, 5(s0)f 
in .(X), hence in L@(X,@). Since the 7,,(s) are isometric, Prop. 8 is 
obtained by applying Remark 2 of No. 1. 


For the case that x is not assumed continuous, cf. §4, Exer. 13. 


PROPOSITION 9. — Suppose that each function x(s,-) is bounded. 
Then 7, leaves LQ(X,G) stable, and the linear representation y, of G 
in L2,(X, 8) is continuous. 

Let f € £8(X, 6). Then 


; “Wx(s7}, 2) f(s7*2)? d(x) 
<supx(oayr [p(s t2)Px(s"?, 2) dB(e) 
rEx 
= sup x(o7},2)?7} ‘| F(a)? da(e), 
rEX 
therefore 7,(s)f € 26(X, 8), and 


(5) llt,(s)I| < sup x(s~*, 2)/%, 
LEX 
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where q denotes the exponent conjugate to p. If f € #(X), then y,(s)f 
tends to 7,(so)f in #(X), hence in £6(X, 8), as s tends to so. There- 
fore the representation y, of G in LQ(X,@) is continuous (No. 1, Prop. 2). 

Properties analogous to those of Nos. 3, 4, 5 hold if G operates on the 
right in X. 

In particular, if one regards G as operating on itself by left or right 
translations, and if one takes x = 1, one obtains the left and right regular 
representations of G in @(G), #(G), #(G), @(G), a(G), #(G). 
If one takes @ to be a left (resp. right) Haar measure on G, and if one 
takes x = 1, one obtains the left (resp. right) regular representation of G 
in L2,(G, 6). 


6. Extension of a linear representation of G to the measures on G 


Let G be a locally compact group, E a locally convex space, U a 
linear representation of G in E. Assume U to be continuous and E quasi- 
complete. Then, for every measure py, € @’(G), one has 


i: U(s) du(s) € L(E;E) 
G 


(Ch. VI, §1, No. 7). We shall write U(u) = {,U(s)du(s). We equip 
€'(G) with the topology of compact convergence in @(G). The mapping 
(u,z) ++ U(p)z of @'(G) x E into E is hypocontinuous relative to the 
equicontinuous subsets of @’(G) and the compact subsets of E; in partic- 
ular, the mapping pr U(w) of @'(G) into Y(E;E) (equipped with the 
topology of compact convergence) is continuous (loc. cit., Prop. 16). 

In order to be able to apply these results later on, we note that if X 
is a locally compact space then @(X), equipped with the topology of com- 
pact convergence, is complete (GT, X, §1, No. 6, Cor. 3 of Th. 2). On the 
other hand, .#(X) is barreled, therefore its dual @(X) , equipped with the 
topology of compact convergence in .#(X) , is quasi-complete (TVS, III, §4, 
No. 2, Cor. 4 of Th. 1). Of course, %(X) is complete for the topology 
deduced from its norm, therefore its dual @1(X) is quasi-complete for the 
topology of compact convergence in .#%(X) (loc. cit.). 

Let us now assume that U is a continuous linear representation of the 
locally compact group G on a Banach space E. Set g(s) = ||U(s)|| for 
all s € G. Then, if w is a measure on G such that g is p-integrable, one 
has Jc, U(s) du(s) € Y(E;E) and || f, U(s) du(s)|| < f 9(s) du|(s) (Ch. VI, 
§1, No. 7, Remark 1). We again write U(u) = J, U(s) du(s). 
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7. Relations between the endomorphisms U(u) and the endomorph- 
isms U(s) 


Lemma 4. — Let T be a locally compact space, a a point of T, M a 
subset of M(T), and § a filter on M. Assume that: 

(i) for every compact subset K of T, the numbers |u|(K), for weEM, 
are bounded above; 

(ii) lim \w|(K) =0 for every compact subset K of T — {a}. 

(iii) there exists a compact neighborhood V of a in T such that 
lim w(V) =1. 
By 


Then the filter § converges to €q in M&(T) equipped with the topology 
of compact convergence in X(T). 

By the hypothesis (i), M is an equicontinuous subset of .@(T) since it 
is vaguely bounded and .#(T) is barreled (TVS, III, §4, No. 2, Th. 1). It 
therefore suffices (GT, X, §2, No. 4, Th. 1) to prove that if f € #(T), then 
_ u(f) = f(a). Let K be the union of V and the support of f; if K’ is 


ies closure of K — V, one has 


|H(K) — w(V)| = le(K — V)I < [HIK’); 


since K’ is compact and does not contain a, one concludes from this that 
lima w(K) =1. Let « > 0, and let W be an open neighborhood of a in K 


such that |f(t)— f(a)|<e for t © W; one can write 


u(f) - Fla) = f(a)(w(K) — 1) + if (F(t) — F(@) dls); 


the integral over K may be written as the sum of the analogous integrals 
over W and K— W;; if C=sup|f|, one therefore has 


lu(f) — f(a)| < Clu(K) — 1] +: |u|(K) + 2C- |u|(K — W). 


Since the first and third terms on the right side tend to 0 with respect to fF, 
one sees that indeed lim u(f) = f(a). 
By 


COROLLARY 1. — With hypotheses as in Lemma 4, suppose in addition 
that there exists a compact subset Kg of T containing the supports of all of 
the measures 4€ M. Then § also converges to €g in @'(T) equipped with 
the topology of compact convergence in @(T). 
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For, the restriction mapping of @(T) into @(Ko) is continuous; there- 
fore, if H is a compact subset of @(T), then the restrictions to Ko of the 
functions in H form a compact subset of @(Ko). It then suffices to apply 
Lemma 4 on replacing T by Ko. 


COROLLARY 2. — With hypotheses as in Cor. 1, let f be a continuous 
mapping of T into a quasi-complete locally conver space EK. Then 


liz iy f(t) du(t) = f(a). 


This follows from Cor. 1, and Prop. 14 of Ch. VI, §1, No. 6. 


COROLLARY 3. — Let G be a locally compact group, E a quasi-complete 
locally conver space, and U a continuous linear representation of G in E. 
Let B be a positive measure on G, a an element of G, and 8 a base for 
the filter of neighborhoods of a, formed of compact neighborhoods. For every 
VES, let fy be a continuous function >0 on G, with support contained 
in V, and such that f[ fyd@=1. Then, for every cE E, 


U(a)x = lim U(fy - 6x, 


the limit being taken with respect to the section filter of B. 
The mapping s ++ U(s)z of G into E is continuous. By Cor. 2, 
U(a)z = lim f (U(s)z) - fv(s) d@(s) with respect to the section filter of B , 


that is, U(a)x = lim U(fv - B)z. 


PROPOSITION 10. — Let G be a locally compact group, E a quasi- 
complete locally convex space, U a continuous linear representation of G 
in E, and 6 a positive measure on G with support G. 

(i) The vectors U(f-G)z, where f runs over X(G) and x runs over E, 
are dense in E. 

(ii) Let F be a closed linear subspace of E. If F is stable for U, then 
U(u)(F) CF for every uw € @'(G). Conversely, if U(f- 8B) CF for every 
f € 4(G), then F is stable for U. 

The first part of (ii) is immediate, since the restrictions of the U(s) 
to F (s € G) define a continuous linear representation of G in the quasi- 
complete locally convex space F. The second part of (ii), and (i), follow 
from Cor. 3 of Lemma 4. 
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§3. CONVOLUTION OF MEASURES ON GROUPS 


1. Algebras of measures 


Let G bea locally compact group. It will be understood, once and for 
all, that the measures {41,...,;Hn on G are said to be convolvable if they 
are so for the mapping 


(ti ta; . 5.4 Ha) > £122°°+ Ln; 


and it is by means of this mapping that the convolution product * yu; will 
a 
always be taken. If s€ G,t eG, then 


(1) Eg * Et = Egt- 
If s€G and pe 4(G), then 


(2) Es * = (5) 
(3) xe, = 6(s~*)p 


by §1, No. 1, Example 3. If G is abelian, to say that u; and po are 
convolvable is equivalent to saying that 2 and jp are convolvable, and one 
then has pi; * U2 = M2 *W1. When G is not abelian, it can happen that pi 
and jp are convolvable, without 2 and pi: being so (Exer. 12). 


PROPOSITION 1. — Let G be a locally compact group, 2, “,V meas- 
ures £0 on G. 

(i) If A, u,v are convolvable, then so are X and p, |A| * |u| and v, 
p and v, X and |p| * |v|, and one has 


At wxv=(A*p) KV =Ax* (WV). 


(ii) If X and p are convolvable, as well as |\|*|u| and v, then A, p,Vv 
are convolvable. Similarly if u and v are convolvable, as well as X and 
|| * |u| . 

This follows from Prop. 1 of §1, No. 2. 

There can exist measures A, 4,” on G such that the convolution prod- 
ucts Axp, (A*xp)*v, wv, Ax(w*V) are all defined, and yet (A*p)*v A 
A*(ux*v) (cf. Exer. 4). 
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Let p be a lower semi-continuous finite function > 0 on G such that 
p(st) < p(s)p(t) for all s,t in G. We denote by .@?(G) the vector space of 
measures \ on G such that p is \-integrable, and by ||A||, (or simply ||A|| ) 


the norm | p(s)d|A|(s) on this space. When p = 1, one recovers the set 
G 
*(G) of bounded measures on G. 


PROPOSITION 2. — (i) Any two elements of @°(G) are convolvable. 

(ii) For convolution, and for the norm |lA||, @°(G) is a complete 
normed algebra, admitting €- as unity element. 

(iii) @/(G) is a subalgebra of M°(G). 

Let A, bein .#°(G), and let us show that » and wp are convolvable. 
Let f € 4.(G). Since p is > 0 and lower semi-continuous, there exists a 
constant k >0 such that f < kp. Then 


[5000 Arie) aiulee) < k [of st)ai(s) aul 
<k fp(s)o(t)alni(s) ala)(e 


=( [os aaiey) ( [“o@ ae) 


(Ch. V, §8, No. 3, Cor. 1 of Prop. 8). Therefore (s,t) +> f(st) is (A @ y)- 
integrable, so that A and yw are convolvable. On the other hand, using 
Ch. V (81, Prop. 4, §6, Prop. 2, §8, Cor. 1 of Prop. 8) and the fact that 
(s,t) + p(s)p(t) is lower semi-continuous in G x G, one has 


fF osyarxut(s) = [ otsyalr «ull 
G G 


< [_olst)alal(s)alulee) < f p(s)o(t) d|d\(s) dlju|(t) 
GxG GxG 
=f o(s)o(t) d|AI(s) dlyu|(t) = All - [all 

GxG 


One sees that »* uw € .@°(G) and that ||r * yl] < |All - ||u||. In view of 
Prop. 1, .@°(G) is an algebra. The mapping +> p-X is an isometric linear 
mapping @ of .@°(G) into .@1(G); if w € W@'(G) then 1/p, which is 
locally bounded and upper semi-continuous, is locally y-integrable, and p is 
(1/p)-p-integrable, thus (1/p)-u € “°(G); this proves that @ is surjective; 
therefore .@°(G) is a complete normed algebra. Finally, it is clear that €. 
is a unity element for .W°(G) and that @’(G) is a subalgebra of “#°(G) 
(§1, No. 4, Cor. of Prop. 5). 
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If p=1, Prop. 2, (i) and (ii) also follow from §1, Prop. 2. 


PROPOSITION 3. — Let 11,...,/m be measures on G. If all of the p;, 
except at most one, have compact support, then the 4; are convolvable. 

For, let S; be the support of y;, and suppose that S; is compact for 
i # io. Let K be a compact subset of G. The set of (71,...,¢n) € []Si 


a 
such that 212%2:--%p, € K is compact, because the conditions x; € S; for 
all i, 412%2---%, € K imply 


-1 -lyq-1 -1 
Tig € Sj, °°°S] KS, ° ++ Si - 


Therefore the y; are convolvable (§1, No. 4, Prop. 4). 


PROPOSITION 4. — The mapping (A, mu) > Ax (resp. (A, u) + *A), 
where X € @'(G), w € “(G), defines on -@(G) the structure of a left 
(resp. right) module over the algebra @'(G). 

This follows from Props. 1 and 3. 


PROPOSITION 5. — Let 2 be a left (resp. right) Haar measure on G, 
and 4 € @*(G). Then pw and X (resp. X and yw) are convolvable, and 


ox X= w(1)A (resp. A * w= p(1)A). 
We can suppose that w >0. Let f € #4(G). When 1 isa left Haar 
measure, 


i “du() / “f(ey) dX(y) = ij “dy(a) | fly) dX) = ACA)llall 


therefore the function (x,y) + f(zy) is (4 @A)-integrable, and its integral 
for u@A is A(f)||u||. One argues similarly when . is a right Haar measure. 


PROPOSITION 6. — Let and v be two convolvable measures on G. 
Let x be a continuous representation of G in C*. Then x-p and y-v 
are convolvable and (x-m) *(x-v) =x-(w*v). 

Let f € #(G). Then fy € #(G), therefore the function 


(z,y) > f(xy)x(xy) = f(xy)x(x)x(y) 


on GX G is integrable for 4 @v; therefore the function (x,y) + f(xy) 
is integrable for (y- 4) @ (x-v); therefore ~- and y-v are convolvable. 
Moreover, 


(x wex-n, f= : f(wv)x(22)x(y) du(e) dv(y) 
= / (fx)(0y) du(x) dv(y) = (weryx), 
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whence (x -p) *(x-v) =x: (u*V). 


PROPOSITION 7. — Let G and G’ be two locally compact groups, u a 
continuous representation of G in G', and j,...,fm measures on G, 
all #0. Then the following assertions are equivalent: 

(i) u is ui-proper for all i, and the measures u(|w:i|) are convolvable; 

(ii) the 4; are convolvable and u is proper for * (|Hs|) - 


When these conditions are satisfied, 
* u(wi) = u( * i). 


This follows from §1, No. 2, Cor. of Prop. 1. 


COROLLARY. — Let G be a locally compact group, p1,...,Un mea- 
sures on G. For the sequence (Ui)i<i<n to be convolvable, it is necessary 


and sufficient that the sequence (iin—i)o<ign—1 be so, in which case 


(i #04 a) = lig tl. 


This follows from Prop. 7 on considering the isomorphism z +> x27! 


of G onto the opposite group. 


2. The case of a group operating on a space 


Let X be a locally compact space on which a locally compact group G 
operates on the left continuously by 


(s,z)res-a. 


If 41,...,{m are measures on G and v isa measure on X, these will be said 
to be convolvable if they are so for the mapping (s1,...,8n,2) 19 $1°-+ Sn2 
of G”" x X into X, and their convolution product is to be understood in the 
sense of this mapping. 

If s€G and z €X, then 


(4) Eg ¥ Ex = Egy. 
If se€G and we A(X), then 

(5) Es * = Y(s)M 

by §1, No. 1, Example 3. 


INT VIII.22 CONVOLUTION AND REPRESENTATIONS §3 


PROPOSITION 8. — Let uw be a measure on G, v a measure on X. 

(i) If w has compact support, then and v are convolvable. 

(ii) If v has compact support, and if G operates properly in X, then 
bt and v are convolvable. 

This follows from Prop. 4 of §1, No. 4. 


PROPOSITION 9. — For convolution, &1+(X) is a left module over 
M*(G), while A(X) and @'(X) are left modules over @'(G). 

This follows from Prop. 8, and from §1, Props. 1, 3 and the Cor. of 
Prop. 5. 


PROPOSITION 10. — Let yw be a measure on G, v a measure on X, 
He and v being convolvable. Suppose in addition that there exists a positive 
measure 3 on X such that y(s)v has base B for every s€G. Then wv 
has base 8. 

Let K bea G-negligible compact subset of X. Then K is 7(s)|v|-neg- 
ligible for every s € G. Now, 


ll * jo] = I (es * |u|) dlyl(s) 


(§1, No. 5, Prop. 7), and the mapping s +> €, *|v| is vaguely continuous 
(§2, Prop. 6). Therefore K is || « |v|-negligible by Ch. V, §3, No. 3, Th. 1. 
Therefore || *|v| has base @ (Ch. V, §5, No. 5, Th. 2). 


3. Convolution and linear representations 

PROPOSITION 11. — Let G be a locally compact group, E a quasi- 
complete locally convex space, U a continuous representation of G in E. 

(i) If XE (GG), we E'(G), then U(A* pw) =U(A)U (uy). 

(ii) Suppose that E is a Banach space, and let p(s) = ||U(s)|| for 
seG. IfX€ AG), we AMG), then U(A* vw) =U(A)U(y). 


Let A, be in @’(G). For any z € E one has, by applying notably 
Props. 1 and 4 of Ch. VI, §1, No. 1, 


U(A* pz = i: U(s)x d(A * 4)(s) 
= [ U(st)z dX(s) du(t) = i. U(s)U(t)x dX(s) du(t) 
GxG GxG 
= [vou @eduy =0e) f v@xdut) = UE UWs, 
G G 


whence (i). An analogous argument may be applied in case (ii). 
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With G still a locally compact group, let us assume that G operates 
continuously on the left in a locally compact space X. This defines (§2, 
No. 4) a continuous linear representation y of G in .@(X) (equipped with 
the topology of compact convergence in .# (X) ). 


PROPOSITION 12. — If X€ @’(G) and we A(X), then 


YA) =A* EL. 


By Prop. 7 of §1, No. 5, 
rxu= [ (eo*n) Arle), 
G 


Now, €5* = ¥(s)u (No. 2, formula (5)) and 


. ((s)u)dX(s) = (0) 


by the definition of (A). 


COROLLARY. — The mapping (A,u) > A*M of S'(G) x A(X) 
into A(X) is hypocontinuous relative to the equicontinuous subsets of €'(G) 
and the compact subsets of A(X) (@'(G) and .@(X) being equipped with 
the topology of compact convergence in €(G) and #(X), respectively). 

For, @(X), equipped with the topology of compact convergence in 
(X), is quasi-complete. Therefore the mapping (A,u) +> (A) of 
€'(G) x @(X) into W(X) is hypocontinuous relative to the equicontin- 
uous subsets of @’(G) and the compact subsets of .@(X) (§2, No. 6). It 
then suffices to apply Prop. 12. 


Remarks. — 1) Let Ao € @'(G). The mapping wr Ao* pw of A(X) 
into @(X) is vaguely continuous. For, let f € “(X). One has 


Dorn f)= i f(s) dro(s) d(x) = (1,9) 


where g(x) = f f(sz)dAo(s). Now, g is continuous (Ch. VII, §1, No. 1, 
Lemma 1). On the other hand, let S be the support of Ao and K that of f. 
The conditions sz € K and s €S imply z € S~!K;; therefore the support 
of g is contained in S~!K, so that g € #(X). Then (Ao* yu, f) = (4,9) 
is a vaguely continuous function of , which proves our assertion. 

2) Let wo € M(X). The mapping A+ Ax*po9 of S’(G) into 4(X) is 
continuous for the topologies o(@/(G),@(G)) and o(@(X), #(X)). For, 
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let f € #(X). Setting h(s) = f f(sx) duo(x), we have (f,A* uo) = (h, A), 
and h € @(G) (Ch. VII, §1, No. 1, Lemma 1). 


PROPOSITION 13. — The mapping (s,p) > 7(s)u of Gx @,(X) 
into M,(X) is continuous when the set “,(X) of positive measures on X 
is equipped with the vague topology. 

Since 7(s)u = ¥(ssq!)¥(s0)u, it follows from Remark 1 that it suffices 
to prove the continuity of the mapping under consideration at a point of the 
form (e,o) with uo € (XX). Given a function f € #(X) and a num- 
ber € > 0, it is thus a matter of showing that there exist a neighborhood U 
of e in G anda neighborhood W of wo in -4;(X) such that the relations 
s€U, ye W imply 


(6) | | #2) au(e) — f #00) duole)| <e. 


Let V be a compact neighborhood of the support K of f in X, and let 
yp € #4(X) be such that y(r) = 1 on V; there exists a neighborhood Wo 
of fo in .44(X) such that a = Sup p(V) is finite: it suffices to take 
BLEWo 

for Wo the set of w € 4@,(X) such that |(y,u— uo)| < 1. Since the 
mapping (s,z)++ sx is continuous, there is, on the other hand, a compact 
neighborhood Up of e in G such that sK C V for all s € Ug; the function 
(s,z) ++ f(sz) is then uniformly continuous in Up x V and so there is a 
neighborhood U C Up of e such that |f(sx) — f(x)| <¢/2a for all se U 
and «€V. For se U and uw € Wo, we therefore have 


| [ #2) dua) ~ f #2) au(a)| < ¢/23 
if W C Wo is the neighborhood of fo in .4,(X) formed by the measures 


us € Wo such that | f f(x) du(x) — f f(z) duo(x)| < €/2, U and W meet 
the requirements. 


§4. CONVOLUTION OF MEASURES AND FUNCTIONS 


1. Convolution of a measure and a function 


Let X be a locally compact space on which a locally compact group 
G operates on the left continuously. Let 6 be a positive measure on X, 
quasi-invariant under G. Let y be a function >0 on G x X, measurable 
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for every measure on G x X, and such that, for every s€ G, x(s~',-) isa 
density of y(s)@ with respect to 6: 


(1) ¥(s)8 = x(s~*,-)- 8, 
which, with the conventions of Ch. VII, §1, No. 1, may be written: 
(1’) dB(sx) = x(s,x) dG(z). 


These data will remain fixed in Nos. 1, 2, 3 (an exception being made in 
Remark 2 of No. 2). 


Recall (§2, No. 5) that if x is continuous and @ has support X, then x isa 
multiplier. 


Let f be a locally G-integrable complex function on X, and let ws be 
a measure on G. For every s € G, the measure y(s)(f +) has base G 
since @ is quasi-invariant. Therefore, if 4 and f-@ are convolvable, then 
u*(f-B) has base GB (§3, No. 2, Prop. 10). 


DEFINITION 1. — Jf » and f-G are convolvable, u and f are said to 
be convolvable relative to 3. Every density of u*(f-G) with respect to B is 
called a convolution product of 4 and f relative to B and is denoted px* f. 


One omits @ when no confusion is possible. Convolution for several 
measures on G and a function on X is defined in an analogous manner. 

The various convolution products of 4 and f are equal locally G-almost 
everywhere. If G has support X and if there exists a convolution product 
of uw and f that is continuous, then the latter is uniquely determined; it is 
then called the convolution product of u and f relative to (. 

Let s € G and let f bea locally G-integrable complex function on X. 
Then ¢, and f are convolvable, and 


es *(f -B) = (s)(f - 8) = (r(s)F) - (¥(8)8) = (Ws) Ff) -x(s7*,-) 8, 


therefore 


(2) (es * f)(2) = x(s*, 2) f(s *2) = (1% (8) f) (2) 
locally G-almost everywhere. 


Lemma 1. — Let ys be a measure on G. Then x is locally (uw ® B)-inte- 
grable, and the image of u1® under the homeomorphism (s,z) +> (s,s~+z) 
of GxX onto GxX is x-(w@B). 
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We may suppose that uw >0. Let F € #4(G x X). Then 
J [Fes te)du(s) da(a) = f du(s) [ P(e, 9-12) 49(@) 
= [ duis) [ Ple,2)a(e)8)(@) = f ants) [ F(6,2)x(s,2) d8(2). 


Now, the function (s,r) + F(s,z)x(s,2) has compact support and is 
(u ® Z)-measurable. By Ch. V, §8, No. 3, Prop. 7, the preceding equality 
proves that this function is (u ® ()-integrable and that 


/ i F(s, 812) du(s) dB (2) = / | F(s, 2)x(s, 2) du(s) d8(2). 


This proves at the same time both assertions of Lemma 1. 


PROPOSITION 1. — Let uw be a measure on G, f a locally G-integrable 
complez function on X. Suppose that the function s+ f(s~'x)x(s—, 2) 
is essentially -integrable except for a locally G-negligible set of values of x, 
and that the function z+ f |f(s~12z|x(s~1, x) dlu|(s), defined locally almost 
everywhere for GB, is locally G-integrable. Then p and f are convolvable. 

We may assume that f > 0 and w > 0. Let h € 44(X). We 
are to prove that the function (s,x) ++ h(sz) is essentially integrable for 
#®(f-B) = (1@ f)-(u@8B) (Ch. V, §8, No. 5, Prop. 10), that is, that 
Jf h(sx) f(z) du(s) dB(x) < +00 (Ch. V, §5, No. 3, Prop. 3); it will clearly 
suffice to prove that there exists an a > O such that for every compact 
subset K of G, 


Jf Mex) F(a)0«(8) dus) d6(2) <a. 
By Lemma 1, 
Jf mea) s@ex(s) duls) dB(e) 
= [ [nays o*x)pxc(s)x(s-4, 2) dls) 450). 
Now, the function (s,r) +> A(z) f(s~1x)yxK(s)x(s71,2) is (u @ B)-meas- 
urable (Lemma 1) and has compact support. The preceding expression is 
therefore equal (Ch. V, §8, No. 3, Prop. 7) to 


/ “a(2) dB(2) / “ple e)yx(e)x(s7!, 2) dul) 
*  cpeeeSt -1 
< (sup h) [ dp(z) if f(s74)x(s}, 2) dus), 
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where S denotes the support of h. Whence the proposition. 


PROPOSITION 2. — Let ys be a measure on G, f a locally G-integrable 
complex function on X. Assume that one of the following conditions is 
satisfied: 

(i) f and xy are continuous; 

(ii) G operates properly in X and f is zero on the complement of a 
countable union of compact sets; 

(iii) ps is carried by a countable union of compact sets. 

If w and f are convolvable, then the function s ++ f(s~'z)x(s—}, 2) 
is essentially s-integrable except for a locally B-negligible set of values of x, 
and one has, locally almost G-everywhere, 


(3) (ue f)(2) = i. f(s74a)x(s7}, 2) du(s) = fp (7, (s)f) (2) dy(s). 


Let h € #(X). Since mw and f are convolvable, the function 
(s,z) ++ h(sx) f(x) is essentially (4 @ ()-integrable. By Lemma 1, the 
function (s,r) ++ A(x) f(s~tz)x(s~!,x) is essentially (4 @ @)-integrable. 
Under hypothesis (i) or (ii) of the statement, one then deduces that this 
function is (uw @ )-integrable; for, in the first case it is continuous and one 
applies Prop. 3 of Ch. V, §1, No. 1, and in the second case it is zero outside 
a countable union of compact sets, and one applies Prop. 7, 2) of No. 2, loc. 
cit. By the Lebesgue—Fubini theorem, 


Jf rea) duis) acy - p)(e) = Jf rlayt(o eyo, 2) dus) 49(2) 
= / h(x) d6(2) / f(s-42)x(s1, 2) du(s), 


the function x +> g(x) = f f(s~tz)x(s~!,x)du(s) being moreover locally 
§-integrable. One thus sees that 


(h, uw * (f - B)) = (hg: B) 5 


whence g = p+ f. 
Suppose now that y is carried by the union S of a sequence of compact 
sets. The function 


(s,) ++ h(a) f(s~*2)x(s?, 2)gs(s) 


is essentially (4 @ 3)-integrable, and zero outside a countable union of com- 
pact sets, hence (u@3)-integrable. Since pp = yg-p, the argument concludes 
as before. 
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Remark. — The hypothesis (iii) of Prop. 2 is satisfied notably when p 
is bounded. For, for every n > 0, there then exists a compact subset Ky, 


of G such that 1 
Iul(G — Kn) < = 


(Ch. IV, §4, No. 7), and y is carried by the union of the K,. More gener- 
ally, let p be a lower semi-continuous finite function > 0 on G such that 
p(st) < p(s)p(t); if uw € MW, the hypothesis (iii) is satisfied; for, p-p is 
bounded, and yp is carried by the same subsets as p- since, on every 
compact subset of G, p is bounded below by a constant > 0. 


2. Examples of convolvable measures and functions 


In Props. 3 and 4, @’(G) and .#(G) are equipped with the topology 
of compact convergence in @(G) and .#(G), respectively. 


PROPOSITION 3. — Assume x continuous. Let p € @'(G), f € @(X). 
Then: 

(i) uw and f are convolvable relative to 6. 

(ii) Formula (3) of No. 1 defines for every x € X a convolution product 
p+ f that is continuous and is none other than the element 7,(u)f defined 
by the continuous representation y, of G in @(X); moreover, the mapping 
(u,f) ++ #8 f is hypocontinuous relative to the equicontinuous subsets 
of €'(G) and the compact subsets of @(X). 

(iii) If in addition f € 2 (X), then the product y+? f of (ii) belongs 
to “#(X) and the mapping (u,f) > u** f is hypocontinuous relative to 
the equicontinuous subsets of €'(G) and the compact subsets of #(X). 

We know that uw and f are convolvable (§3, No. 2, Prop. 8 (i)). On 
the other hand, with the notations of §2, we have 


y(t) f = / (v,(s)f)du(s) € @(X) 


since @(X) is complete. In particular, for every z € X, 


(r4(u)f) (0) = i (174(8)f) (2) du(s).. 


This, combined with Prop. 2 (i), and §2, No. 6, proves (ii). Finally, if 
f € #(X) then w*(f-3) has compact support (§3, No. 2, Prop. 9), therefore 
px? f € 4 (X). For, let us consider the continuous representation U of G in 
the completion “(X)~ obtained by extending by continuity the continuous 
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operators y,(s) in #(X) (§2, No. 1, Remark 3). Let S be the support 
of wu. The functions 7,(s)f, for s € S, have their support contained in a fixed 
compact set K. The set .#(X,K) is a complete linear subspace of %(X). 
Therefore U(u)f € #(X). One sees as before that U(u) f = w+? f , and (iii) 
again follows from §2, No. 6. 


PROPOSITION 4. — Assume that G operates properly in X and that x 
is continuous. Let uw € M@(G) and f € #(X). 

(i) w and f are convolvable relative to B. 

(ii) Formula (3) of No. 1 defines for every x € X a convolution prod- 
uct ux f that is continuous. 

(iii) The mapping (u,f)> wx? f of M(G)x #(X) into @(X) is 
hypocontinuous relative to the bounded subsets of M(G) and the compact 
subsets of #(X) that are contained in some subspace #(X,L) (where L 
is a variable compact subset of X). . 

We know that 4 and f are convolvable (§3, No. 2, Prop. 8 (ii)), and 
it is clear that the integrals occurring in (3) exist for every x € X. Let K 
and L be two compact subsets of X. There exists a compact subset H of G 
such that the relations s € K and s~!z € L imply s € H; let y € #4(G) 
with y(s) =1 for s¢H. Then, for f ¢ #(X,L) and zeEK, 


/ f(s7*a)x(s7}, 2) dus) = Fe f(s-te)x(s7?, p(s) du(s) 
= ((y-n) *” f)(2). 


Consequently f f(s~+z)x(s~1, 2x) du(s) is a continuous function of z and 
defines a convolution product pw +*° f € @(X). Moreover, the mapping 
pw yp of &(G) into @’(G) is continuous for the topologies of compact 
convergence. Prop. 3 (iii) therefore implies that the mapping (pu, f) > u+** f 
of “(G) x #(X,L) into @(X) is, for every compact subset L of X, 
hypocontinuous relative to the compact subsets of .%(X,L). In particular, 
the mapping (py, f)>+ ux?f of M(G)x#(X) into @(X) is separately con- 
tinuous. Since .#(X) is barreled, this mapping is hypocontinuous relative 
to the bounded subsets of #(G) (TVS, III, §5, No. 3, Prop. 6). 


Remark 1. — Under the hypotheses of Prop. 4, the mapping p> p+ f 
of .@,(G) into @(X) is continuous when .4,(G) is equipped with the 
vague topology, for every f € #(X). For, let K be a compact subset 
of X, S the (compact) support of f; since G operates properly in X, the 
set of s € G for which there exists an x € K with s~!z € S is a compact 
subset L of G (GT, III, §4, No. 5, Th. 1). Let € be a number > 0, 
y a function in %4(G) equal to 1 on the compact set L, uo an element 
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of @4(G); the set Wo of measures p € 4,(G) such that 


| [ (8) duts) ~ fos) duols)| <= 


is a neighborhood of po in 4,(G). On the other hand, the function 
(s,z) +» f(s-tz)x(s~!,2) is uniformly continuous on L x K, therefore 
there exists a finite number of points x; € K (1 <i < n) such that for 
every x € K, there is an 7 for which 


|f(s~*x)x(s~*, 2) — f(s~*2i)x(s~*, 2i)| <€ 
for all s EL. Since pu(L) < f p(s) duo(s) +e for all p € Wo, also 


| [ Hote yx(s7, 2) du(s) — fs tas)x(71, 20) dul) 
< e( / p(s) duo(s) +e) 


for every z satisfying the preceding inequality and every uw € Wo. 
Now let W be the neighborhood of yo in .@,(G) formed by the meas- 
ures ps € Wo such that 


| [ #0s-teyx(s 20) duls) — f f(s*ea)x(s“, 24) duals)| <e 


for 1 <i<n. It is clear that for every measure yp € W and every rE kK, 
| [#0 2)x(e-4, 2) duls) — f #(s-42)x(s-4, 2) duo) 


< e(2 [ vs) djio(s) + 26 + i), 


and since «€ is arbitrary, this proves our assertion. 


PROPOSITION 5. — Assume x a continuous multiplier and each func- 
tion x(s,-) bounded. 
(i) The function s++ p(s) = sup x(s~!,z) on G is lower semi-contin- 
rex 


uous >0 and satisfies p(st) < p(s)p(t) for all s,t in G. 

(ii) Let p € @°(G) and f € L®(X,B).! Then pw and f are con- 
volvable and 4%? f is given locally almost everywhere by the formula (3) 
of No. 1. One has w** f €L™(X, 8), and ||u*? filloo < llalloll flloo - 


1For a function f, the expression “ f € L©(X, 8)” is an abuse of notation signifying 
that, depending on the context, the symbol f is to be interpreted either as a function or 
the equivalence class of a function. In particular, the symbol y*°f can stand for either a 
function defined locally G-almost everywhere, or the equivalence class of such a function 
for the relation of equality locally 6-almost everywhere. 
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(iii) If, moreover, f € @*(X) (resp. #(X)), then formula (3) of No. 1 
defines for every x a convolution product *° f that belongs to @%°(X) 
(resp. #(X)). 

(iv) If f € #(X), then the convolution product uf defined by (3) is 
none other than the element Vy (Hu) f defined by the continuous representation 
Y of G in H(X). 

The identity x(st,z) = x(s,tx)x(t,z) implies at once that p(st) < 
p(s)p(t). On the other hand, p is lower semi-continuous, being the upper 
envelope of continuous functions. 

Let p € @°(G). By Prop. 1 of No. 1, uw and 1 are convolvable; 
Prop. 2 (i) shows that (|u| *° 1)(x) < f(s) d|u|(s) locally @-almost ev- 
erywhere. Therefore, if f is 6-measurable and |f| <1, then uw and f 
are convolvable and No(u*9 f) < f p(s) dlu|(s). Moreover, u*? f is given 
locally almost everywhere by formula (3) of No. 1, because condition (iii) of 
Prop. 2 of No. 1 is satisfied. This implies (ii). 

Suppose f continuous and bounded by 1 in absolute value. It is clear 
that the integrals occurring in (3) exist for all  € X. Let us show that they 
depend continuously on zx. We can suppose p > 0. Let rp € X and e > 0. 
Let K be a compact subset of G such that f,_ p(s) du(s) <e. There 
exists a neighborhood V of xo in X such that z € V implies 


|f(s~*x)x(s~*, 2) — f(s~*2o)x(s~", 20) | < €/u(K) 


for s€ K. Then, forte V, 


| [ #0-*e)x(s-*, 2) du(s) — f 4(6-*20)x(s-*, 20) du(s)| 
<2 fi ols)auts)+ fra ants) <6, 


whence our assertion. Suppose that in addition f € “(X). Let H bea 
compact subset of X such that |f(y)| < « for y ¢ H. Let x ¢ KH. 
Then s~'z ¢H for s € K, therefore 


| i f(se)x(s"1,2) du(s)| < [ p(s) du(s) + / € p(s) du(s) 
G G~-K K 
e(1+ i p(s) dus), 
which completes the proof of (iii). 


Finally, if f € #(X) then, since ¢, € W(X) for all x € X, we have 


(7,(u)f) (2) = | (vy (8) F)(@)du(s), 
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thus 7,(u)f is the convolution product ys «9 f defined by (3). 


PROPOSITION 6. — Assume x a continuous multiplier and each func- 
tion x(s,-) bounded. Let p(s) = sup x(s~', x). Let p and q be two conjugate 
rex 


exponents (1 <p <+oco). Let we me's (G) and f € LP(X,).2 Then: 

(i) wp and f are convolvable; 

(ii) the convolution product *9 f is given locally G-almost everywhere 
by the formula (3), and is equal locally G-almost everywhere to a function 
g € L*(X,) such that |lgllp < Iallps/ellfllp 

(iii) g is equal to the element 7,(u)f defined by the continuous repre- 
sentation Y, of G in LP(X,#). 

We have 


[irorfileaiaie) < (["os)*/*alal(s)) If lp < +20 


by §2, No. 5, formula (5). On the other hand, the mapping s+ 7,(s)f of G 
into L?(X, @) is continuous (§2, No. 5, Prop. 9). Therefore this mapping is 
p-integrable. Let 


G2 [ (7,(s) f)du(s) € LP(X, 8). 
G 


We have |lgllp < (f '/2(s) dlul(s)) II fllp- Applying the preceding remarks 
to |f|, one sees that the mapping s +> €,*|f| of G into L?(X,#) 
is p-integrable, therefore that, for every h € .#(X), the mapping 
st (h, €, * (|f|-8)) is u-integrable. Prop. 7 of §1, No. 5 then proves 
that and f- are convolvable. Moreover, 


il g(x)h(x) d6(x) = - du(s) / (1,.(8) f) (a)h(2) 48 (2) 
x G >.< 
2s ie (h, €6 * (FB) du(s), 


and this last integral is equal to (h, w*(f-8)) by Prop. 7 of §1, No. 5. One 
therefore sees that g is a convolution product of uw and f. This convolution 
product is given locally 6-almost everywhere by (3), by Prop. 2 and the 
Remark that follows it. 


2For a function f , the expression “ f € L?(X, G)” is an abuse of notation signifying 
that, depending on the context, the symbol f is to be interpreted either as a function 
defined 6-almost everywhere, or as the equivalence class of such a function for the rela- 
tion of equality J-almost everywhere. Thus f € L? can symbolize either f € “? or 
fe. 
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By an abuse of notation, it is often one of the functions g of the statement 
that is denoted p + f, which permits writing 


le *? file < lull prvallflle- 


If X is countable at infinity, this style of notation is, moreover, entirely justified. 


COROLLARY. — Under the hypotheses of Prop. 6, the mapping 
(u,f) > 8 f defines on LP(X, 8) the structure of a left module over 
MP'"(G) (1< p< +00). 

This follows from Props. 5 and 6 and the associativity of the convolution 
product. 


Remark 2. — Let X be a locally compact space on which a locally 
compact group G operates continuously on the right by (z,s)» xs. Let 8 
be a positive measure on X. Let x bea function > 0 on Gx X, measurable 
for every measure on G x X, such that 6(s)G = x(s,-)-6 for every sEG. 
Let f bea locally G-integrable function on X and let » be a measure on G. 
If f -@ and w are convolvable (for the mapping (r,s) + «ws of XxG 
into X), then (f-@) *u has base @. We then say that f and wp are 
convolvable relative to 3; every density of (f -G)* uw with respect to @ 
is called a convolution product of f and yp relative to 6, and is denoted 
f *8 uw or simply f * p. 

Let G° be the group opposite to G. By (s,z) +» zs, G® operates 
continuously on the left in X. To say that f and w are convolvable in 
the foregoing sense is equivalent to saying that ww and f are convolvable 
for G° operating on the left in X; and the convolution products f ** py are 
none other than the convolution products p *°f for G° operating on the 
left in X. On the other hand, for s € G® one has y(s)G = x(s~!,:)- B. 
The results of Nos. 1 and 2 may then be translated immediately into results 
concerning the products f *? yw. In particular: 

1) If s € G and f is locally 6-integrable, then f and €, are convolvable 
and 


(4) (f *€s)(x) = x(s"*,2)f(as™*). 
2) If f and wp are convolvable and if one of the conditions (i), (ii), (iii) 
of Prop. 2 is fulfilled, then f *° pu is given locally G-almost everywhere by 


(5) (f # u)(2) = [ Plas~)x(s7, 2) dus). 


We leave to the reader the task of translating the other statements. 
Note that if x is continuous and @ has support X, then 


(6) x(ts,x) = x(s,at)x(t,2) (cE X; s,t in G). 
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3. Convolution and transposition 


Let us return to the hypotheses and notations of the beginning of No. 1, 
but let us assume in addition that ( is relatively invariant with multiplier x ; 
x is therefore a continuous function on G. 


PROPOSITION 7. — Let f be a locally G-integrable function on X, v a 
measure on X, and pp a measure on G. Assume that: 

(i) w and f are convolvable and formula (3) of No. 1 defines locally 
B-almost everywhere a convolution product p+? f . 

(ii) x- 4 and v are convolvable. 

(iii) The function g(s,x) = f(s~z)x(s~') is (uw @ v)-integrable. 

Then f is essentially integrable for (x - [) *v, the function p*? f 
defined by (3) is v-integrable, and 


(7) u(u*® f) = ((x-h) *v)(f)- 


Since g(s,x) is integrable for u @v, the function f(sx) is essentially 
integrable for (x - h) @v and f is essentially integrable for (x - jt) xv. By 
the Lebesgue-Fubini theorem, p *° f = f g(s,z) du(s) is v-integrable and 


v(u+? f) = i f(s74a)x(s7}) du(s) dv() 
- / i f(sat)x(s) dii(s) dv(x) = ((x- ft) *v)(f). 


Examples. — 1) One can take f € @(X), v © @’(X) and pe @'(G) 
by Prop. 3, and the Cor. of Prop. 5 of §1, No. 4. The formula (7) then means 
that the endomorphism v 4 (xy: 1) *v of @'(X) is the transpose of the 
endomorphism ft+pux*f of @(X). 

2) One can take f € #(X), v © @(X) and pw € @(G) by Prop. 3, 
Prop. 8 of §3, No. 2, and the remark that the support of the continuous 
function g(s,x) intersects the support of 4 @v in a compact set. The for- 
mula (7) then means that the endomorphism v +> (x - jt) *v of A(X) is 
the transpose of the endomorphism f t> wx f of #(X). 

3) If G operates properly on X, one can take f € #(X), v € @’(X) 
and pp € .4(G) by Prop. 4, Prop. 8 of §3, No. 2, and the same remark as in 
Example 2. 


PROPOSITION 8. — Let f and g be two locally G-integrable functions 
on X and let we A(G). Assume that: 
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(i) w and f are convolvable and the formula (3) of No. 1 defines locally 
G-almost everywhere a convolution product p** f . 

(ii) x-f2 and g are convolvable and the formula (3) of No. 1 (with 
uw replaced by x-p and f by g) defines locally B-almost everywhere a 
convolution product (x - [) *°g. 

(iii) There exists a function w on G, equal locally p-almost everywhere 
to 1, such that the function 


h(s,x) = g(x) f(s~*x)x(s~*)y(s) 


is (ts @ B)-integrable. 


Then the functions g(x)((u* f)(x)) and f(x)(((x- &) *°g)(x)) are 
essentially G-integrable, and 


8) f F(x) # a) @)aB(e) = f o(e)((u+? le) a_Le). 
For, by (iii) and the Lebesgue-Fubini theorem, the function 
oes g(a) f #(s-te)x(s*)W(s) duls) 
is G-integrable, and 
t= ff #(s-e)ole)x(s-) 06) uls) 46) 

= f o(2)ap(2) [ s(6*2)x(s)w(s) dus), 
But w- py = 1, consequently 

JH 2)x(o)W(6) dats) = (wo? Nle) 
locally G-almost everywhere. This shows that the function 


t+ g(x)((u** f)(a)) 


is essentially G-integrable and that 


re / g(x) ((u 9 f)(22)) dB (c) 
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On the other hand, Lemma 1 shows that the function 
(s,2) ++ g(sx) f(x)x(s~")(s) 


is integrable for (x-4)®G. Therefore the function (s,x) ++ 9(s~*z) f(z)¥(s~") 
is integrabie for Lo Bb, and 


re i, i g(s~2) f(2)p(s7) dju(s) d(x) 
= i f(a) d0(2) i g(s~ta)b(s7*) dji(s). 


But Wi = jt and sof g(s~!a)b(s) dji(s) = ((x- It) #° g)(e) locally 
B-almost everywhere. This shows that the function 


zrs f(x)(((x- H) *” 9)(z)) 


is essentially G-integrable and that 
1= f #(e)(((x- i) 9) (@)a0@). 


This proves the proposition. 


Examples. — 4) One can take f € @(X), g € #(X) and we @'(G) 
(with y=1). 

5) If G operates properly on X, one can take f € #(X), g © #(X) 
and » € 4(G) (with y=1). 

6) One can take f € L?(X,8), g € L4(X,@) and pw € .@°(G), where 


1<p< +o, -+==1, p= yx 7%. The conditions (i) and (ii) are 


satisfied by Props. 5 and 6. Let us prove (iii). We have seen that pw is 
carried by a set S that is a countable union of compact sets. Let us take 
for w the characteristic function of S. The function h is (u@) -measurable: 
for, the function (s,z) ++ g(zx)x(s~')¥(s) is so, as is the function 
(s,z) ++ f(s~'x) by Lemma 1. Moreover, g being zero outside a count- 
able union of G-integrable sets, h is zero outside a countable union of 
(u ® B)-integrable sets. We then have (Ch. V, §8, No. 3, Prop. 7): 


(9) = / fi “\o(2) f(s2)|(s-2)w(s) dlya|(s) &8( 2) 
= [ig(z)\a5(@) / “f(s *a)| x(s)¥(s) dlyl(s).. 
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But since g (resp. w) is zero outside a countable union of integrable sets, 
the upper integrals of the second member of (9) are equal to the essential 
upper integrals (Ch. V, §1, No. 2, Prop. 7). Now (Ch. V, §5, No. 3, Prop. 3) 


a If (s~*x)| x(s~*)v(s) dlu|(s) = 1 If(s~*2)| x(s~*) dlul(s) 


since uw = W-p. By Prop. 6, this last integral is finite and is equal to 
(|u| *° |f|)(x) locally G-almost everywhere. Therefore 


j= i; * Lalo) | (lu «° [1)() d6(a) 


and J is finite since g € L? and |u| *°|f| € L? (Prop. 6). Therefore h is 
(u ® @)-integrable. 

The formula (8) then means that the endomorphism g + (x- d) *g 
of L9(X,8) is, for w € °(G), the transpose of the endomorphism 
fropxf of L?(X,£). 


4. Convolution of a measure and a function on a group 


Let G be a locally compact group. Throughout Nos. 4 and 5, we fix a 
relatively invariant positive measure G #0 on G; let x and y’ be its left 
and right multipliers (recall that y’ = xAg). If u is a measure on G and 
f is a locally 6-integrable function on G, the convolvability of 4 and f 
and the products y.* f (resp. the convolvability of f and w and the prod- 
ucts f *) may be defined by regarding G as operating on itself on the left 
(resp. on the right) by translations. Let us make explicit in this situation 
some of the preceding results: 

1) Let w bea measure on G, f a locally G-integrable complex function 
on G. Assume verified one of the following conditions: 

(i) f is continuous; 

(ii) f is zero on the complement of a countable union of compact sets; 

(iii) ys is carried by a countable union of compact sets. 

If yw and f are convolvable then, locally G-almost everywhere, 


(10) (u* f)(e) = i f(s72)x(s7¥) du(s).. 


If f and yp are convolvable then, locally @ -almost everywhere, 


(11) (f * u)(2) = [ f(as~)x'(s7) du(s). 
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2) Let p and q be two conjugate exponents (1 < p < +00). If 
Be Mx"""(G) and f € L?(G,f8), then w and f are convolvable, and 
u* f is equal locally G-almost everywhere to a function in L?(G,@); one 
has (with an abuse of notations already noted) 


ie * Silp S lieliy-1/allFilp - 

If we Mx (G) and f € L?(G, 8), then f and yw are convolvable, and 

f *p is equal locally G-almost everywhere to a function in L?(G, 3); one 
has ||f * ullp < [lelle-s/all fl - 

3) The mappings (u,f)>wxf, (f,u)- f*u define on L?(G, B) 

the structures of a left module over #X'”" (G) and a right module over 

ax" (G). The two external laws on L?(G,@) are permutable by the 


associativity of convolution. 
4) If 4 * f is continuous and is given at every point by (10), then 


(12) (u* f)(e) = i F(s")x(s7?) du(s).. 


If f * p is continuous and is given at every point by (11), then 


(13) (f *u)(e) = i; f(s“)x!(s) du(s).. 


5. Convolution of functions on a group 


We conserve the notations G, 3, x, x’ of No. 4. 

Recall that if f is a complex function on G, the property of being 
locally G-integrable is independent of the choice of @. Let (G) be the set 
of functions having this property. If f € Y(G), g € £(G), the relation 


«f-@ and g-f are convolvable » 


is independent of the choice of @ (§3, No. 1, Prop. 6). We shall then say 
that f and g are convolvable. By No. 1, (f-8)*(g-@) is of the form h- @ 
with h € £(G), h being determined up to locally G-negligible sets. We 
shall write h = f*°g and we shall say that h is a convolution product of f 
and g relative to 8. (One omits @ when no confusion is possible.) If 6 is 
replaced by w-6, ~ being a continuous representation of G in Ri , h does 
not change (§3, No. 1, Prop. 6); if @ is replaced by af (a € R}.), then h 


No. 5 CONVOLUTION OF MEASURES AND FUNCTIONS INT VIII.39 


is replaced by ah. The convolution product of several functions on G is 
defined in an analogous manner. 

If one of the convolutions of f and g is continuous, it is uniquely 
determined since the support of G@ is G. It is then called the convolution 
product of f and g relative to B. 

It is clear that 


(14) fx¥ g=(F-B)*' g =f ¥° (g- A). 


PROPOSITION 9. — Let f,g be in Y(G). Assume that the func- 
tion s+ g(s~1x)f(s)x(s~+) is essentially B-integrable except for a locally 
B-negligible set of values of x, and that the function 


ne / la(s-22)f(s)| x(s7?) 46(s) 


defined locally B-almost everywhere, is locally B-integrable. Then f and g 
are convolvable. 
This follows from Prop. 1 of No. 1. 


PROPOSITION 10. — Let f,g be in L(G). Assume that one of these 
two functions is continuous or is zero on the complement of a countable 
union of compact sets. If f and g are convolvable, then the function f * g 
is given locally G-almost everywhere by 


(15) (f « 9)(«) = E a(s~2e) f(s)x(s7) d8(s) 
= I f(as~)g(s)x’ (87) d6(s). 


This follows from Prop. 2 of No. 1, and the remarks in No. 4. 


In particular, if f * g is continuous and is given at every point by (15), 
then 


(18) (f* 9)(e) = / a(s“) f(s)x(s7?) 46(s) = / H(s)g(s)x'(s7) ds). 


Still more particularly, if 6 is a left and right Haar measure, and if f *g 
and g * f are continuous and are given at every point by (15) and the 
analogous formula for g * f , then 


(17) (f « gle) =(9* Alle) = / f(s)g(s-?) d6(s). 
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PROPOSITION 11. — Let f,g be in @(G). Assume that one of the 
functions f,g is continuous, and that one of the functions f,g has compact 
support. Then f and g are convolvable. The formula (15) defines for 
all x €G aproduct f*g that is continuous. If f € #(G) and ge #(G), 
then f xg € X(G). 

This follows from Props. 3 and 4 of No. 2. 


PROPOSITION 12. — Let p and q be two conjugate exponents 
(1 <p <+too). If fy7/4 € L1(G,@) and g € L®(G,6), then f and g 
are convolvable, f * g is equal locally G-almost everywhere to a function in 
L?(G, 8), and 
If * ally < Fx7*/a lla - 


If f € L?(G,B) and gx'-/4 € L(G, 8B), then f and g are convolvable, 
f *g is equal locally G-almost everywhere to a function in L?(G, GB), and 


If * lp < I fllp gx’ 7h - 


This follows from Props. 5 and 6 of No. 2 and the remarks in No. 4. 


PROPOSITION 13. — If fyx7! € LI(G,B) and g € #(G), or 
if f € #(G) and gx’~1 € L(G, 8), then f and g are convolvable, and (15) 
defines for every x € G a product f *g that belongs to #(G). 

This follows from Prop. 5 of No. 2, and the remarks in No. 4. 


PROPOSITION 14. — If fyx7! € L1(G,B) and g € L©(G,#), then the 
formula (15) defines for every x € G a product f *g that is bounded and is 
uniformly continuous for the right uniform structure of G. 

We already know that f *g belongs to L©(G,f) (No. 2, Prop. 5); 
moreover, (f * 9)(x) = f f(xs~+)g9(s) dv(s), on setting v = x’"1-B; v isa 
right Haar measure. Therefore 


If * 9)(2) — (F *9)(2’)| < llalleo / lf(es7}) — f(e’s)| dvs) 
= lIalloo ij (f(s) — f(e'21s7}) dv(s) 


1 


and the latter integral is arbitrarily small provided x’x~! is in a suitable 


neighborhood of e (§2, No. 5, Prop. 8). 


PROPOSITION 15. — Let p and q be two conjugate exponents 
(1 < p < +00). Assume that @ is left-invariant. Let f € L?(G,{), 


g € LUG, B). Then f and g are convolvable. The formula (15) defines, 
for every x € G, a product f *g that belongs to #(G) and is such that 


If * lloo < [IF lle lidlla- 
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For, we have g € L4(G, 3), therefore the function s ++ g(s~'x) f(s) is 
B-integrable for every x € G. Moreover, 


Jie torto)| ats) < (free aato)) "(fae asts)) ° 


1/q 
= Ilo , (es) da(s) = lle Ulla 


therefore f and g are convolvable (Prop. 9). One sees at the same time 
that (15) defines for every x a product f *g such that 


I(f * 9)(2)| < IIflp Ilsa - 


For f,g in 2(G), we have f *g € £#(G) (Prop. 11); therefore, for 


f € L9(G,B) and g € L(G, 8), the product f *g furnished by (15) is 
the uniform limit of functions in %(G), hence belongs to #(G). 


Coroutary. — Let f € L°(G,), 9 € L°(G,B). Then f and G are 
convolvable. One of the convolutions f * 3 belongs to #(G) and its value 


at e is fz f(s)g(s) d6(s). 
It suffices to take p = q = 2 in Prop. 15 and to apply (16). 


We no longer assume £3 to be left-invariant. Let p be a lower semi- 
continuous finite function > 0 on G, such that p(st) < p(s)p(t) for all s,t 
in G. We denote by L?(G, @) the set of equivalence classes of the complex 
functions on G that are integrable for p-@. By the mapping fr f-:G, 
L?(G, B) may be identified with the set of elements of .@°(G) that have 
base (@ (a set that is independent of the choice of 3). If one sets 


lll. = a LF (s)| p(s) 46(s) 


for f € L°(G,B), this identification is compatible with the norms, thus 
L?(G, 8) appears as a complete normed subalgebra of .@°(G). It is even a 
two-sided ideal of 4°(G) by Prop. 10 of §3, No. 2. (For p = 1, one recovers 
one of the assertions of No. 4.) In particular, L'(G, 8) may be identified 
with a closed two-sided ideal of .@+(G). 


PROPOSITION 16. — Let U be a continuous representation of G ina 
Banach space E. Set p(s) = |\U(s)|| for all s € G. For every 
f € L°(G,B), set U(f) = U(f-B). Then f ++ U(f) is a linear repre- 
sentation of the algebra L°(G, 8) in E, such that ||U(f)|| < Ilfllo- 

This follows from §2, No. 6 and §3, No. 3, Prop. 11. 


INT VIII.42 CONVOLUTION AND REPRESENTATIONS §4 
6. Applications 


PROPOSITION 17. — Let G be a locally compact group, A a subset 
of G, measurable and not locally negligible for a Haar measure. Then A-A~! 
is a neighborhood of e. 

Tet 8 be a left Haar measure. There exists a compact subset K of G 
such that B = ANMK is integrable with measure > 0 for @. Let us apply 
the Cor. of Prop. 15 with f = g = yg. The function F = gp * Yp is 
continuous and > 0 at e. Therefore there exists a neighborhood V of e 
such that F(x) >0 for « € V. Now, 


F(1) = / ya(s)pn(2~1s) d6(s) = 6(BN eB). 


Therefore, for x € V, one has BN «zB # @, whence xz € B-B~!. Thus 
VcB-BIcA-A"., 


COROLLARY 1. — Let H be a subgroup of G measurable for a Haar 
measure 2. Then H is either open or locally B-negligible. 

For, H = H-H7™!, therefore if H is not locally G-negligible, then H 
contains a neighborhood of e (Prop. 17) hence is open (GT, III, §2, No. 1, 
Cor. of Prop. 4). 


COROLLARY 2. — Let L be a subset of G stable for multiplication and 
whose complement is locally negligible for a Haar measure 8B. Then L=G. 

For, L~! and LNL™~! have locally G-negligible complements. Now, 
LOL? is a subgroup, hence is open (Cor. 1) and therefore closed. Therefore 
G—(LNML™~?), which is open and locally G-negligible, is empty. Thus 
G=LnL-"!. 


PROPOSITION 18. — Let G be a locally compact group, T a set equipped 
with a multiplication (u,v) uv and a Hausdorff topology such that: 

1) the topology of I is invariant under the translations; 

2) the restriction of the multiplication to every compact subset of . xT 
as continuous. 

Let f:G—T beamapping of G into T such that f(xy) = f(x)f(y) 
for x,y in G, and measurable for a Haar measure 8 on G. Then f is 
continuous. 

Set g(x) = f(x~') for x € G. Since f and g are G-measurable, there 
exists a non G-negligible compact subset K of G such that the restrictions 
of f and g to K are continuous. The mapping (2,y) + f(zy~!) = 
f(x)g9(y) of K x K into I is continuous because the multiplication of I’ is 
continuous on f(K) x g(K); now, this mapping may be written as pow, 
where w is the mapping (z,y)» zy~? of Kx K onto K-K7!, and is 
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the restriction of f to K-K~!. Let R be the equivalence relation defined 
on K x K by ~. The mapping w’ of (K x K)/R onto K-K7~! deduced 
from w by passage to the quotient is continuous, therefore (K x K)/R is 
Hausdorff and y’ is a homeomorphism. Since yo is continuous, one sees 
that the restriction of f to K-K~! is continuous. Now, K-K7! is a 
neighborhood of e (Prop. 17), therefore f is continuous at e. For every 
zo € G, f(zor) = f(xo) f(x), thus f is continuous at xo because the 
topology of [ is invariant under translations. 


COROLLARY 1. — Let G be a locally compact group, 3 a Haar measure 
on G, E a Hausdorff barreled locally convex space, U a linear representation 
of G in E, such that U(s) € Y(E;E) for all s € G, B-measurable when 
-£(E;E) is equipped with the topology of pointwise convergence. Then U is 
a continuous linear representation. 

Let [ be the group of automorphisms of E,, equipped with the topol- 
ogy of pointwise convergence. This topology is Hausdorff and is invari- 
ant under translations. Let K be a compact subset of [. Then K is 
bounded in -(E;E) equipped with the topology of pointwise convergence, 
hence is equicontinuous (TVS, III, §4, No. 2, Th. 1); therefore the mapping 
(u,v) + vou of Kx K into Y(E;E) is continuous (loc. cit., §5, No. 5, 
Cor. 1 of Prop. 9). Therefore, for every x € E, the mapping s++ U(s)z 
of G into E is continuous (Prop. 18). Since E is barreled, U is continuous 
(§2, No. 1, Prop. 1). 


COROLLARY 2. — Let G be a locally compact group, 3 a Haar measure 
on G, E a separable Banach space, and U a linear representation of G 
in E such that U(s) € Y(E;E) for all s € G. Let (am) be a total 
sequence in E, and let (a/,) be a dense sequence in the unit ball B’ of the 
dual E’ of E, equipped with the weak topology. Assume that the functions 
st+ (U(s)am,aj,) on G are B-measurable. Then U is a continuous linear 
representation. 

Let us first show that for every z’ € E’, the scalar functions 


st+ (U(s)am, 2’) 


are 3-measurable; we may restrict ourselves to the case that ||z’|| < 1, and, 
since B’ is metrizable for the weak topology (TVS, III, §3, No. 4, Cor. 2 of 
Prop. 6), there exists a subsequence (a;,,) of (a},) that converges weakly 
to z’; the function 

st+ (U(s)am, 2’) 


is thus the limit of a sequence of 3-measurable functions, whence our asser- 
tion. It follows that the mapping s++ U(s)am of G into E is @-measurable 
for every m (Ch. IV, §5, No. 5, Prop. 10). On the other hand, there exists a 
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sequence (bm) of elements of E, linear combinations of the a; , that is dense 
in the unit ball of E. For every s € G, ||U(s)|| = sup ||U(s)b || , therefore 
m 


s+ ||U(s)|| is measurable. Let K be a compact subset of G and let ¢ > 0. 
There exists a compact subset Kp of K such that G(K — Ko) <e and such 
that the restrictions to Ko of the functions s++ U(s)am and s+ ||U(s)|| 
are continuous. ‘I‘hen the U(s) for s € Kg are equicontinuous, and the 
topology of pointwise convergence induces on U(Kg) the topology of point- 
wise convergence in the set of am (TVS, III, §3, No. 4, Prop. 5). Conse- 
quently the mapping s++ U(s) of Ko into &,(E;E) is continuous. It then 
suffices to apply Cor. 1. 


7. Regularization 


PROPOSITION 19. — Let G be a locally compact group, (@ a relatively 
invariant positive measure #0 on G, ®B a base for the filter of neighbor- 
hoods of e in G, consisting of compact neighborhoods. For every V € 8, 
let fy be a continuous function >0 on G, with support contained in V, 
such that f fyd@ =1. If w is a measure on G then, in (G) equipped 
with the topology of compact convergence in #(G), 


w= lim (u* fy) - 6 = lim (fy * Hu) -B, 


the limit being taken with respect to the section filter of B. 

For the topology of compact convergence in @(G), fy -{ tends to é-, 
with respect to the section filter of B (§2, No. 7, Cor. 1 of Lemma 4). 
Therefore p = lim w*(fv-B) = lim (fv: 8)*u in @(G) equipped with the 
topology of compact convergence in #(G) (§3, No. 3, Cor. of Prop. 12). 


Remarks. — 1) We thus see that every measure on G is the limit of 
measures admitting a continuous density with respect to every Haar measure 
(for the topology indicated in Prop. 19 and a fortiori for the vague topology). 

2) If G is metrizable, 8 can be taken to be a sequence (V,,) of neigh- 
borhoods. Then yp is the limit of the sequence of measures (y * fy,) - 8 
with continuous densities. *If G is a real Lie group, the fy, can be taken 
to be infinitely differentiable; we shall see later on that the densities w+ fy, 
are then infinitely differentiable. , 


PROPOSITION 20. — We conserve the hypotheses and notations of 
Prop. 19. Let p€ [1,+00[ and g € L?(G, BG). Then 


=li Br =]j B 
g lim g fv lim fy *"9 
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in the sense of the norm N,, the limit being taken with respect to the section 
filter of B. 
It suffices to apply Prop. 6 (iii), and §2, No. 7, Cor. 3 of Lemma 4. 


Remark 3. — By Prop. 15, the functions g*fy , fy*g belong to #(G). 


COROLLARY. — Let W be a closed linear subspace of L1(G, 8). For W 
to be a left (resp. right) ideal of L1(G, @), it is necessary and sufficient that 
W be invariant under the left (resp. right) translations of G. 

Suppose that W is a left ideal. Let s € G and g € W. We have 
Es*g= lim fy *(€,*g) = lim(fy *é,)*g, and (fy *é,)-*g € W, therefore 
€,*g € W, thus y(s)g € W. Conversely, if W is invariant under the left 
translations, then 1 *%g € W for w€.@1(G) and g € W, therefore W is 
a fortiori a left ideal of L1(G, @). One argues similarly for right ideals. 


Example. — We take G = R. Let us define a function F, € #(R) by 


F,(z) =(1-—27)" if ce [-1,1] 
F(z) =0 if ¢¢[-1,1]. 


Let A, = fo F,,(z)dz, and G, = A;'F,. It is immediate that the 
measures G,,(x) dx satisfy the conditions of §2, No. 7, Cor. 1 of Lemma 4. 
Let p» be a measure on R. whose support is contained in [—1/2,1/2]. Then 


(iaGj@)= I Ga(« — y) duly) 


' 1/2 
=A, [Fale a)auty). 


If -—1/2 <2 < 1/2, then 


1/2 
(w+ Gy)(2) = Ag? f jl aT aula), 


therefore 4*G, coincides on [—1/2,1/2] with a polynomial. In particular, 
if f is a continuous function with support contained in [—1/2,1/2], then 
f*G, coincides in [—1/2,1/2] with a polynomial; moreover, by Prop. 5 (iv), 
and §2, No. 7, Cor. 3 of Lemma 4, f * G, converges uniformly to f. 
*If f is of class C’, the derivatives D°(f *« G,) tend uniformly to D*f 


for O<s<r,, 
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§5. THE SPACE OF CLOSED SUBGROUPS 


Throughout this section, G denotes a locally compact group and ph a 
right Haar measure on G. 


1. The space of Haar measures on the closed subgroups of G 


Lemma 1. — Let a be a positive measure #0 on G, S its support; 
the following two conditions are equivalent: 

a) S is a closed subgroup of G and the measure induced by a on S is 
a right Haar measure on S. 

b) 6(s)a =a for every sES. 

Moreover, when these conditions are satisfied, the set of t € G such 
that 6(t)a =a is equal to S. 

It is clear that a) implies b); conversely, the relation b) implies that 
Sz = S for every x € S; in other words, the relations rt € S and ye S 
imply that y € Sz, or again that yz~! € S, and since S is nonempty, 
S is a closed subgroup of G. The set of ¢ € G such that St = S is then 
equal to S itself, whence the last assertion. 


For the rest of the section, we denote by I the set of positive meas- 
ures #0 on G satisfying the conditions of Lemma 1, and for every a ET 
we denote by Hg the closed subgroup of G that is the support of a. 


PROPOSITION 1. — The set T’ is closed in the space .@4(G) — {0} 
equipped with the vague topology. 
We first prove the following lemmas: 


Lemma 2. — Let X be a locally compact space and for every measure 
a € &,(X) — {0}, let Sy be the support of a. Let ® be a filter on 
M,(X) — {0} that converges vaguely to a measure ag #0. Then, for every 
neighborhood V of a point s of the support of ag, there exists a set ME ® 
such that, for every aE M, one has VNS,Z# OB. 

For, if y € 44(X) is a function with support contained in V and such 
that f y(x)dao(z) > 0, by definition there exists a set M € ® such that 
J e(x) da(x) > 0 for all a € M, which implies VS, 4S. 


Lemma 3. — Let E be a set filtered by a filter ®, and let € ++ a(€) 
be a mapping of E into T that converges vaguely with respect to ® to a 
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measure ag #0. On the other hand, let € +> te be a mapping of E into G 
such that te © Hae) for every € € E. If s is a cluster point of the mapping 
Er+te with respect to ®, then 8(s)ao = ao. 

Replacing if necessary ® by a finer filter, we can suppose that s is 
a limit of € + te with respect to 6; by Lemma 1, 4(te)a(€) = a(€) for 
every € € E, and the conclusion follows from the continuity of the mapping 
(u, A) + d(u)A on G x .@4(G) (83, No. 3, Prop. 13). 


To prove Prop. 1 it suffices, by Lemma 1, to show that if a filter V on [ 
converges vaguely to a measure Qo # O and if s belongs to the support 
of ao, then 6(s)ao = ag. Now, for every neighborhood V of s in G, there 
exists an M € W such that, for every a € M, one has VN H, # ©, by 
Lemma 2. For every neighborhood V of s and every a ET, let ty.q be 
a point of VN Hg if VO Hg ¥ ©, and any point of Hg in the contrary 
case; if © is the section filter of the filter of neighborhoods of s, and ® 
is the product filter © x W, then s is, by the foregoing, a cluster point of 
(V,a) + ty,q with respect to ®. Since, on the other hand, the mapping 
(V,a@)+a@ has apo as limit with respect to ®, the proposition follows from 
Lemma 3. 


PROPOSITION 2. — Let be a function in #4(G) such that y(e) > 0. 
Then the set ', of measures a €T such that f p(x) da(x) =1 is compact 
for the vague topology. 

The set Ty is the intersection of [ with the hyperplane of .@(G) 
formed by the a such that fy(x)da(x) = 1; since this hyperplane is 
vaguely closed in .@(G) and does not contain 0, it follows from Prop. 1 
that Ty, is vaguely closed in .@(G). It therefore suffices to show that for 


every compact subset K of G, one has sup a(K) < +00 (Ch. III, §1, 
acl, 


No. 9, Prop. 15). Now, let U be the open neighborhood of e in G defined 
by the inequality y(z) > y(e)/2; since 1= f y(2) da(z) > fi, ye) da(e) 

for a € Ty, one sees that, on setting c = 2/p(e), one has a(U) < ¢ for ev- 
ery a€T,. Let V be asymmetric open neighborhood of e in G such that 
V? c U; let us show that a(Vz) <c for every x €G and every a€ Dy. 
Indeed, this relation is trivial if Vx does not intersect the support Hg of a; 
if, on the contrary, there exists an h € Vz Hy, then h = vz for some 
v € V, whence 

Va = Vu thc V*hC Uh, 


and since 6(h)a = a, it follows that a(Vz) < a(Uh) = a(U) < c. Now let 


(xi)i<icn be a sequence of points of K such that the Vz; form a covering 
n 


of K; it follows from the foregoing that a(K) < )> a(Va;) < ne for ev- 
i=1 
ery a €T,; Q.E.D. 


I= 
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PROPOSITION 3. — Under the hypotheses of Prop. 2, the mapping 
ar ((, Ta) is a homeomorphism of TI. onto the product space 
Ri xT y. 

Since the mapping a ++ (y,a) is vaguely continuous, it suffices to 
observe that (y,a@) #0 for every measure a € T, since e belongs to the 
support Hy of a and y(e) >0. 


2. Semi-continuity of the volume of the homogeneous space 


In this No., for every measure a € TI we set 
(1) Qa ae G/ Ha , 


and we denote by 7, the canonical mapping G — Q,. 
Let F° be the subset of I formed by the measures a such that the 
subgroup Hy of G is unimodular; the elements of T° are characterized by 


the fact that a(f) = a(f) for every function f € “(G) (every function 
of #(H,) being extendible to a function of ~(G) by Urysohn’s theorem); 
it follows that T° is a closed subset of [. Recall that for every a € T°, 
the quotient measure Ua = u/a on Qa, is defined and is relatively invariant 
under G (Ch. VII, §2, No. 6, Th. 3); also recall that for every function 
fE#(G), 


(2) i. f(x) du(z) = [ _dug(é) I _ les) dads), 


where £=7Q(z) is the canonical image of z € G in Qa. 


PROPOSITION 4. — Let T° be the set of measures a € I’ such that 
H, is unimodular, and for every a €T° set ta = w/a; then the mapping 
at |lvall of T° into R is lower semi-continuous for the vague topology. 
For every a € °° and every function f € #(G), set 


fa(é) = A f(s) do(s) = (f + a)(2), 


where the convolution product is taken relative to the right Haar measure u 
and where one makes use of the fact that @ = a (§4, No. 4, formula (11)). 
We know (Ch. VII, §2, No. 1, Prop. 2) that the mapping f+ fa of %4(G) 
into £#4(Qa) is surjective; therefore, by (2), 


IHoll= = sup) Hea fa) /II fol] = sup —s- WF) /| fall, 
feX4(G), f40 FEHL(G), f40 
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where one has set 
(3) fall = sup |fo(%)| = sup |(f * a)(x)|. 
LEQa xEG 


To establish the proposition, it will suffice to show that, given f € #4(G), 
the mapping at ||fq|| is vaguely continuous. Now, let K be the support 
of f; the function f *a has its support contained in KH, and is invariant 
on the right under H, ; consequently 


l| fol] = sup |(f * a)(z)}. 
zeK 


The conclusion therefore follows from the fact that the mapping ar f*a 
of .@,(G) equipped with the vague topology, into @(G) equipped with the 
topology of compact convergence, is continuous (§4, No. 2, Remark 1). 


Recall that if, for a measure a € I, ||pall is finite, then G is necessarily 
unimodular (Ch. VII, §2, No. 6, Cor. 3 of Th. 3). 


PROPOSITION 5. — Let g be a p-integrable positive numerical function 
and let T°(g) be the set of measures a € T° such that f *9(xs) da(s) > 1 
for all 2 € G. Then the mapping a+ ||ual| of T°(g) into R is vaguely 
continuous. 

For every measure a € T'°(G), recall (Ch. VII, §2, No. 3, Prop. 5) that 


the function 


ga(é) = I g(«s) dos) 


is defined .-almost everywhere on Qj, is 4o-integrable, and 


(4) iE g(e) du(e) = i, gad) din (6). 


Oe 


In view of Prop. 4, it suffices to prove that, in T°(g), a+ ||ual| is upper 
semi-continuous. Fix a measure a € I(g), and let K be a compact subset 
of G. There exists on Qg a continuous function with compact support, 
taking its values in [0,1], equal to 1 on the compact set 7 (K); since the 
mapping ft> fa of £#4(G) into #4(Qq) is surjective (Ch. VII, §2, No. 1, 
Prop. 2), one sees that there exists a function f € #4(G) such that 


<1 forall rEeG 
=1 forall reK. 


(f #a)(c) = a fas) ios) { 
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Since G++ f * @ is a continuous mapping of .4,(G), equipped with the 
vague topology, into @(G) equipped with the topology of compact conver- 
gence (§4, No. 2, Remark 1), one sees that for every € > 0, the set U; of 
B €T°(G) such that 


sola) = f #(es)dBls) >1-« for all c € K 


is an open neighborhood of a in T'°(g); for every @ € U,, we then have, 
by virtue of the formula (2), 


(5) [Hall > [ f (2) du(a) = [ fa(@) dug(#) > (1 — €) ua (m(K)). 


Given a number ¢€ > 0, let us choose a function h € .#4(G) such that 
Sq lg(x) — h(a)| du(x) < €, and let us take K = Supp(h) in the foregoing. 
For every @ €T°(g), by hypothesis gg(£) > 1 almost everywhere (for pug ) 
in Qg, therefore 


wa(Qo— ro) < f— anlt)dng(a) = fale) dute) 


by virtue of (4); since h is zero outside K, and a fortiori outside KHg, it 
follows that 


wa(Qe—m9(K)) < f lo(2) — We) aula) 


< f lola) - be) dul) <«: 
combining this result with (5), one sees that 


Iluell < € + llMal|/(1 — €) 
when ( € U,., which completes the proof. 


COROLLARY 1. — Let K be a compact subset of G, V a symmetric 
compact neighborhood of e in G, c a real number > 0. The restriction 
of the mapping at ||ual| to the set of a € T° such that G = KH, and 
a(V) >c is vaguely continuous. 

For, let g € #4(G) be a function such that g(x) > 1/c for x € KV. 
For every x € K, 


J ses) da(s) > [ a(es) das) >1 
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for a satisfying the conditions of the statement; since, moreover, 7 .(K) = 
Qa, one has a € I(g), whence the corollary. 


COROLLARY 2. — Let A be ap-integrable subset of G. The restriction 
of the mapping a+ ||al| to the set Na of normalized Haar measures of 
the discrete subgroups H of G such that G = AH, is vaguely continuous. 

For a€é A and aE Na, 


/ ya(as)da(s) > gaa) =1, 


and since t(A) = Qq, one has Na C I'°(ya), and the corollary therefore 
follows from Prop. 5. 


3. The space of closed subgroups of G 


Let us denote by = the set of closed subgroups of G; if one associates to 
each measure a € I the subgroup H, that is the support of a, one obtains 
a mapping (called canonical) of F into %, which is clearly surjective and 
permits canonically identifying “ with the set of orbits of the group of 
homotheties in I with ratio > 0. The set &, equipped with the quotient 
topology of the vague topology on I, is called the space of closed subgroups 
of G. 


THEOREM 1. — Let G be a locally compact group. The space = of 
closed subgroups of G is compact. Moreover, one has the following proper- 
ties: 

(i) The set &° of unimodular closed subgroups of G is closed in © 
(hence is compact). 

(ii) If G is generated by a compact neighborhood of e, then the set D° 
of unimodular closed subgroups H of G such that the quotient space G/H 
is compact, is open in %° (hence is locally compact). 

(iii) For every relatively compact open neighborhood U of e in G, the 
set Dy of discrete subgroups H of G such that HNU = {e} is closed in ©° 
(hence is compact). 

It follows from Prop. 3 of No. 1 that & is homeomorphic to I'y , hence 
is compact by Prop. 2 of No. 1. Moreover, it was noted at the beginning 
of No. 2 that the set T° of measures a € I such that Hy is unimodular is 
closed in I’; since I is stable under the homotheties with ratio > 0, the 
image ©° of T° in © is a closed subset of ©, which proves (i). 

Property (ii) will be a consequence of the following proposition: 


PROPOSITION 6. — Suppose that the locally compact group G is gener- 
ated by a compact neighborhood of e. Then the set T° of measures a € T° 
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such that G/Hq is compact is open in T°, and the restriction to T° of the 
mapping at ||Ua|| %s vaguely continuous. 
With the notations of Prop. 5 of No. 2, we have, for g € .#4(G), 


(6) Mo) er. 


For, if K is the support of g, the relation f g(xs)da(s) >1 forall rEG 
implies KH, = G, the integral obviously being zero on the complement 
of KH,, therefore G/H, = 7o(K) is compact. Given a measure a €I®, 
it will therefore suffice to define a function g € .#4(G) such that T°(g) 
is a neighborhood of a in T°. Since G/Hg is compact and the canonical 
mapping f +> f, of £#4(G) into “,(G/H,.) is surjective (Ch. VII, §2, 
No. 2), there exists a function g € .#4(G) such that f g(xs)da(s) = 2 
for every x € G. Let K be the (compact) support of g, L a symmetric 
compact neighborhood of e in G that generates G; the mapping Gr> g*G 
of .4@,(G) into @(G) being vaguely continuous (§4, No. 2, Remark 1), there 
exists a neighborhood W of a in I such that 


(7) (g* B)(e) = / g(s) d6(s) > 1 


for all @ € W and z € LK. The first member of (7) being equal to zero 
outside KHg, the relation @ € W implies 


LK C KHg, 


from which one deduces, by induction on n, that L”K C KHg for every 
integer n > 0; since L generates G, we therefore have G = KHg for every 
measure § € W, which proves that W C I. On the other hand, the first 
member of (7) being invariant on the right under Hg, the inequality (7) 
is also valid for zc € LKHg = G; therefore W c I'°(g), which proves the 
proposition. 

Finally, (iii) will be a consequence of the following proposition: 


PROPOSITION 7. — Let N CT® be the subspace of normalized Haar 
measures on the discrete subgroups of G, and for every relatively compact 
open neighborhood U of e in G, let Ny be the subset of N formed by the a 
such that Hy NU = {e}. Then: 

a) Ny is compact. 

b) The interiors of the sets Ny in N form a covering of N, as U runs 
over the set of relatively compact open neighborhoods of e in G. 

c) For a subset M of N to be relatively compact in N, it is necessary 
and sufficient that there exist a relatively compact open neighborhood U of e 
in G such that MCNy. 
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Since Dy is the image of Ny under the canonical continuous mapping 
I — &, the assertion (iii) of Th. 1 will result at once from Prop. 7 a). 

To prove Prop. 7, we observe that Ny can be defined as the subset 
of T° formed by the a such that both 


a({e}) >1 and a(U) <1. 


Now, if A is compact (resp. open and relatively compact) in G, then 
the mapping a+> a(A) of .4,(G) into R is upper (resp. lower) semi- 
continuous for the vague topology (Ch. IV, §4, No. 4, Cor. 3 of Prop. 5 and 
loc. cit., §1, No. 1, Prop. 4); we thus see that Ny is a closed subset of T°. 
Moreover, let y € .#4(G) be a function such that y(e) = 1 and v(x) = 0 
on G— U; it is clear that fy(r)da(z) = 1 for all a € Ny; Prop. 2 
of No. 1 therefore shows that Ny is a compact set, which proves a). On 
the other hand let V be a relatively compact open neighborhood of e in G 
such that V C U, and let y € .44(G), with support contained in U and 
such that y(z) = 1 on V. Then a(y) = 1 for a@ € Ny, therefore there 
exists a neighborhood W of a in N such that 6(y) < 2 for B € W; it 
is then clear that W C Ny, therefore Ny is a neighborhood of Ny. Since 
the Ny cover N, this proves b). Finally, every compact subset M of N is 


contained in a finite union of sets Nu, (1 <i <7), and since UJNy, C Nu, 
i 


where U =()U;, this proves c). 
i 


COROLLARY. — The subspace N of T° is locally compact. 


4. The case of groups without arbitrarily small finite subgroups 


THEOREM 2. — Let G be a locally compact group satisfying the follow- 
ing condition: 

(L) There exists a neighborhood of e in G that contains no finite sub- 
group of G not reduced to e. 

The following properties then hold: 

(i) The set D of discrete subgroups of G is locally closed in © (which 
is equivalent to saying that it ts locally compact). 

(ii) For a closed subset A of D to be compact, it is necessary and 
sufficient that there exist a neighborhood U of e in G such that HNU = {e} 
for every subgroup HE A. 

(iii) If in addition G is generated by a compact neighborhood of e, then 
the set D, of discrete subgroups H of G such that G/H is compact is locally 
closed in & (hence is locally compact). 
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We have D, = DN &2, therefore (iii) is a consequence of (i), and 
Th. 1 (ii) of No. 3. 

With the notations of No. 3, Prop. 7, it suffices, for proving (i) and (ii), 
to prove that: 


PROPOSITION 8. — The canonical bijection uf N onto D is a homeo- 
morphism. 

Now, if Ig is the set of Haar measures on the discrete subgroups of G, 
then D is canonically homeomorphic to the space of orbits of the group of 
homotheties in ['g with ratio > 0 (GT, I, §5, No. 2, Prop. 4). It therefore 
suffices to prove that the canonical mapping a++ (a({e}),a/a({e})) of Ta 
onto Rj. x N is a homeomorphism, which will result from the following 
lemma: 


Lemma 4. — If the group G satisfies the condition (L), the mapping 
atrra({e}) of [4 into R} is vaguely continuous. 

Let us consider a measure a € Tq; let Vo be a relatively compact 
open neighborhood of e in G such that Hy MVo = {e} and such that 
there exists no finite subgroup of G contained in Vo and not reduced to e. 
Let V be a symmetric compact neighborhood of e such that V3 C Vo, 
and let U be a symmetric neighborhood of e such that U? C V. Let 
(resp. w) be a function in .#%4(G), with values in [0,1], equal to 1 on V? 
(resp. at the point e) and with support contained in Vo (resp. in U). The 
set of measures @ €T'g such that |G(y) — a(y)| < € and |G(w) —a(y)| <e 
is a neighborhood W of a. We propose to show that, provided ¢ is taken 
to be sufficiently small, Hg N V = {e} for every G € W;; it will then follow 
that 6(~) = B({e}) , hence that |G({e}) — a({e})| <e, which will prove the 
lemma. 

It will suffice to show that, for GE W, 


(8) (V? —V)NHg =29. 


For, suppose that this point is established: then, for x and y in VM He, 
one has zy~* € V*M Hg; but, by virtue of (8), this implies zy~! € VN Hg; 
in other words, VM Hg is a subgroup of G, which is obviously discrete 
and compact, hence finite; but then, by the choice of Vo, this implies that 
indeed VM Hg = {e}. 

Let us argue by contradiction and so assume that there exists a point 
z of V?—V that belongs to Hg; by the choice of U and V, we have 
w(sz—!) + ¥(s) < y(s) in G, the relation z ¢ U? implying UznU =a. 
Since 


[ vee) aa(s) = f ¥(s) 4006), 
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it follows that 2G(~) < B(y) < a(y) +; but we also have 


Bp) 2 al) -e, 


and by construction a(y) = a(w) = a({e}). We thus arrive at a contradic- 
tion by taking e < a({e})/3. Q.E.D. 


In graphic terms, a group G satisfying the condition (L) is said to 
not have arbitrarily small finite subgroups. *It can be shown that every Lie 
group satisfies the condition (L); but this condition is not characteristic of 
Lie groups; for example, the multiplicative group of p-adic integers congruent 
to 1 mod p satisfies (L)., 


5. The case of abelian groups 


Let G bea locally compact group, N C T° the subspace of normalized 
Haar measures on the discrete subgroups of G, and N, the subset of N 
corresponding to the discrete subgroups H of G such that G/H is compact; 
thus N, = NNT® in the notations of No. 3, Prop. 6; and if the group G is 
generated by a compact neighborhood of e, it follows from No. 3, Prop. 6 
that N, is open in N (hence is locally compact by No. 3, Cor. of Prop. 7) and 
that the restriction to N, of the mapping a+ ||uq|| is vaguely continuous. 


PROPOSITION 9. — Let G be a locally compact abelian group, generated 
by a compact neighborhood of e. For a subset A of N; to be relatively 
compact in N_, it is necessary and sufficient that it satisfy the following two 
conditions: 

(i) There exists an open neighborhood U of e in G such that HgNU = 
{e} forallacA. 

(ii) There exists a constant k such that uo(G/Ha) <k forallacA. 

If A CN, is relatively compact in N,, it is a fortiori so in N, and 
the necessity of the conditions (i) and (ii) therefore follows from No. 3, 
Props. 6 and 7 (without assuming G to be abelian). Conversely, suppose 
that A C N, satisfies these conditions; if A is the closure of A in N, then 
A is compact by virtue of No. 3, Prop. 7; moreover, since a +> ||Wall_ is 
lower semi-continuous on T° for the vague topology (No. 2, Prop. 4), the 
condition (ii) implies that one also has ||uo|| < k for all a € A. Now, 
since G is abelian, 4 = /a is a Haar measure on the group G/H,, and 
G/Hg is therefore compact for every a € A (Ch. VII, §1, No. 2, Prop. 2). 
This means that A C N,, thus A is relatively compact in N,. 


COROLLARY. — Let G be a locally compact abelian group, generated 
by a compact neighborhood of e and satisfying the condition (L) of No. 4. 
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Let De. be the set of discrete subgroups H of G such that G/H is compact, 
and, for every H € De, let v(H) be the total mass a(G/H), where pg is 
the quotient measure of by the normalized Haar measure a of H. For 
a subset A of the space D, to be relatively compact in D,, it is necessary 
and sufficient that it satisfy the following two conditions: 

(i) There exists an open neighborhood U of e in G such that HNU = 
{e} forall HEA. 

(ii) There exists a constant k such that v(H) <k forall HEA. 

Taking into account Prop. 9, this follows at once from the fact that D, 
is the image of N, under the canonical bijection of N onto D, and the fact 
that, under the hypotheses made, this bijection is a homeomorphism (No. 4, 
Prop. 8). 


Example. — Let us take G = R” and for pw the Lebesgue measure; 
all of the hypotheses of the Cor. of Prop. 9 are satisfied. The discrete sub- 
groups H of G such that G/H is compact are none other than the discrete 
subgroups of rank n (GT, VII, §1, No. 1, Th. 1); such a subgroup H is 
generated by a basis (ai)1<icn of R”, and 


v(H) = |det(a1,...,a@n)| 


(the determinant being taken with respect to the canonical basis of R” ) 
(Ch. VII, §2, No. 10, Th. 4). The space D, can be interpreted here in the 
following way: every subgroup H € D, is the transform g-Z"” of the sub- 
group Z” by an element g € GL(n,R), and the subgroup of GL(n, R) 
leaving Z" stable may be identified with GL(n,Z). Consequently D, 
may be canonically identified, as a (non-topological) homogeneous space, 
with GL(n, R)/GL(n, Z). On the other hand, GL(n, R) operates contin- 
uously in R”, hence also in .@4(R”) for the vague topology (§3, No. 3, 
Prop. 13), hence in the subspace N, of .@,(R"); moreover, the canonical 
homeomorphism (No. 4, Prop. 8) of N, onto D, is compatible with the 
laws of operation of GL(n,R). Since GL(n,R) is countable at infinity 
and D, is locally compact, the bijection of GL(n,R)/GL(n, Z) onto D, 
defined above is a homeomorphism (Ch. VII, App. I, Lemma 2). The Cor. 
of Prop. 9 therefore gives a criterion for compactness in the homogeneous 
space GL(n, R)/GL(n, Z). 


6. Another interpretation of the topology of the space of closed 
subgroups 


Let ¥ be the set of closed subsets of G; one defines a Hausdorff uniform 
structure on ¥§ in the following way: for every compact subset K of G and 
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every neighborhood V of e in G, let P(K,V) be the set of pairs (X, Y) 
of elements of ¥ such that both 


(9) XNKCVY and YONKCVX. 


Let us show that the set of P(K,V) is a fundamental system of entourages 
for a Hausdorff uniform structure @ on §. The axioms (Uj) and (Uj;) 
of GT, II, 81, No. 1 are obviously satisfied; moreover, the relations 
K c K’ and V’ c V imply P(K’,V’) Cc P(K,V); to verify (Uj;;), one 
can therefore limit oneself to the case that V is a symmetric compact neigh- 
borhood of e, so that VK is compact. Suppose that (X,Y) € P(VK, V) 
and (Y,Z) € P(VK,V); then XNK C XNVKCVY, and if y € Y is such 
that vy € K for some v € V, then necessarily y € VK, therefore 


XNKC V(YNVK); 


on the other hand, YM VK C VZ, whence XMK C V2Z, and one shows 
similarly that ZMK C VX, which proves (Uj;;). Finally, if X,Y are 
two distinct elements of %, there exists for example a point a € X such 
that a ¢ Y, hence a symmetric compact neighborhood V of e such that 
VanyY = @, that is, a ¢ VY; a fortiori (X,Y) ¢ P(Va, V) , which completes 
the proof of our assertion. 


This established, let us consider on the set & of closed subgroups of G 
the topology Y induced by the topology of the uniform space § just defined. 
We shall see that this topology is identical to the topology defined in No. 3. 
It will suffice to prove that the mapping at> Hy of [ into © is continuous 
when » is equipped with the topology 7: for, the same will then be true of 
the restriction of this mapping to T., (with notations as in No. 1, Prop. 2), 
which is bijective; but since Py is compact and the topology 7 is separated, 
the mapping a++ Hyg of Ty into © will then be a homeomorphism. 

Thus let ao be a point of I and let ® be a filter on [’ that converges 
to Qo; we are to show that, with respect to @, H, tends to H,, for the 
topology ZY. Let K be a compact subset of G, V a symmetric compact 
neighborhood of e in G; for every z € Ha, MK, there exists a set M(x) € ® 
such that for every a € M(x), one has Ven Hy # @ (No. 1, Lemma 2), 
whence Vz C V*H,; on covering Ha, NK by a finite number of sets Vz; , 
one sees that if M = ()M(z;), then Ha, NK C V?H, for every a € M. 


Conversely, suppose that there existed an open neighborhood U of e in G 
such that, for every set L € @, there is at least one a € L for which 
HaNK ¢ UH,, ; if w(L) is the set of a € L having this property, the w(L) 
would form a base of a filter ®’ on I’ finer than ®, and, for every a 
belonging to the union E of the w(L) for L € ©, there would exist a 
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ta € He NK not belonging to UH,,; for a ¢ E, take for tq any point 
of H,. Since KN €(UH,,) is compact, there would exist a cluster point s 
of atta with respect to ®’, belonging to KM C(UH,,); but since ®’ 
converges to a in I’, this contradicts Lemma 3 of No. 1. 


Exercises 


§1 


1) Let T be a proper? closed convex cone in R”. Show that the mapping (a,y) 
xa+y of [xT into [ is proper. Deduce from this that any two measures on IT are 
convolvable for the mapping (z,y)> rt+y. 


2) Let G bea locally compact group and I the compact space obtained by adjoining 
to G a point at infinity w. One extends the law of composition of G to I by setting 
rw = wx =w for every x € I. To every measure » on I there corresponds, on the one 
hand a bounded measure pi on G, on the other a complex number pu({w}). Show that 


if * (resp. *) denotes the convolution defined by the multiplication in G (resp. I’), then 
(u* v)1 =p *™% and 


(u * v)(w) = p(w) (G) + vw) (G) + w(w)v(w) 


for any two measures pp and v on T. 


§2 


1) Let (G.)cer be a family of locally compact groups, all but finitely many of them 
compact. Let U, be acontinuous linear representation of G, in a locally convex space Ey . 
For every s = (s,.) €G= [|¢c. , let U(s) be the endomorphism (2,) ++ (U.(s)z.) of 

L 
E= IIE. Show that U is a continuous linear representation of G in E. Let E’ be 


t 
the topological direct sum of the E,. Let V(s) be the restriction of U(s) to E’. Show 
that V is a continuous linear representation of G in E’. 


1 Translation of saillant (TVS, II, §2, No. 4). 
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2) Let Uy (resp. U2) be a continuous linear representation of a locally compact 
group G (resp. H) in a locally convex space E (resp. F). For u€é Y(E;F),2 EG, 
y EH, set 

V(a,y) + u = U2(y) oucUi(z). 


Show that the mapping (z,y) + V(z,y) is a continuous linear representation of the 
group G° x H inthe space Y(E;F) equipped with the topology of compact convergence. 
(Use Prop. 9 of TVS, III, §4, No. 4 and the fact that, for K compact in G, Ui(K) is 
equicontinuous. ) 


q 3) Let G bea locally compact group, U a continuous linear representation of G 
in a locally convex space E, and E’ the dual of E equipped with the strong topology. 

a) Show that for every compact subset K of G, *U(K) is equicontinuous. 

b) Let F be the set of a’ € E’ such that the mapping s ++ *U(s)a’ of G into BE’ 
is continuous. Show that F is a closed linear subspace of E’ stable for *U(G) and that 
the representation deduced by restricting to F the contragredient representation of U is 
continuous. 

c) Assume that E is quasi-complete. Let a be a left Haar measure on G. Show 
that f+ U(f-a) is a continuous mapping of “%(G) into “(E;E) equipped with the 
topology of bounded convergence. (Use Prop. 17 of Ch. VI, §1, No. 7.) Show that F is 
weakly dense in E’. (Prove that *U(f)a’ € F for all a’ € E’ and f € #(G), then use 
Cor. 3 of Lemma 4.) Deduce from this that if E is semi-reflexive, then the contragredient 
representation of U in E’ equipped with the strong topology is continuous. 

d) Show that if U is taken to be the left regular representation of G in L1(G,a) 
(q@ still being a left Haar measure on G), then F is the subspace of E’ = L©(G,a) 
formed by the uniformly continuous functions. 


4) Let H be a Hilbert space. A continuous representation U of G in H is said to 
be unitary if the endomorphisms U(s) are unitary for all s € G. For every uw € 4(G), 


let * be the conjugate measure of bh. Show that if uw €.#1(G) then U(u*) =U(p)*. 


5) Let G bea locally compact group, H aclosed subgroup of G, and U acontinuous 
linear popie centayion of H ina locally convex space E. Let K be acompact subset of G. 
Let #4 (K) be the space of continuous functions on G, with values in E, with support 
contained in KH, and satisfying f(xh) = U(h)—!f(x) (x € G,h EH). Let “Y be 
the union of the 2 (K), equipped with the direct limit topology of the topologies of 
uniform convergence in K on each of the spaces “U(K). For f € #Y and s EG, 


define V(s)f € £Y by 
(V(s)f)(é) = f(s7"t). 


Show that V is a continuous linear representation of G in £U. 


6) Let G be a locally compact group, @ a relatively invariant, nonzero positive 
measure on G, x and x’ its left and right multipliers. For f € L2,(G,8) and s EG, 


- (U(s))(@) = x(e)-¥/? f(s) 
(V(s)f)(x) = x'(s)~1/? f (as) 
(SF)(z) = Oxx’ (a)? F(a}). 
Then U and V are linear representations of G, and 


S?=1, |JU(s)ll = [1V(s)l| =1 
U(s)V(t) = V(E)U(s), SU(s)S = V(s) 


for all s,t in G. 
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7) Let E be a Hilbert space having an orthonormal basis (es)seR equipotent to R. 
For every s € R, denote by U(s) the isometry of E such that U(s)-et = es4¢ for 
all t € R; the linear representation s++ U(s) of R in E is not continuous, even though 
the set of U(s) is equicontinuous. 


8) Let G be a locally compact abelian group, a Haar measure on G, f a 
y-measurable finite numerical function on G. Assume that for every s € G, the numerical 


function 
zt+ f(sx) — f(z) 


is continuous on G. Show that f is then continuous. (Argue by contradiction; assuming 
that the function f is not continuous at a point zo € G, show first that there exists 
on G a filter ¥ with limit e such that 


lim |f(szo)| = +00, 
58 


and deduce from this that also nin |f(sax)| = +oo for every EG. If g=|f{/(1+|fl), 
i) 


deduce from the last result a contradiction to the fact that for every compact subset 
KcCG, 


lim i. |g(sx) — g(x)|du(x) = 0.) 
B83 Sic 


9) Let G bea locally compact group, y a left Haar measure on G, f ap-integrable 
function. Let % be a filter base formed of p-integrable sets of measure > 0, having e as 


limit. For every B € 8, set fp(t) = f (st) du(s) . Show that for every integrable 


1 
H(B) Jp 
subset A of G, lime f, fa(t) du(t) = f, f(t) du(t). 


10) Let G be a locally compact group, E a Hausdorff locally convex space, EB’ its 
dual, and U a linear representation of G in E, continuous for the weakened topology 
o(E,E’) on E. Assume that E is quasi-complete for o(E,E’), so that U() is defined 
for every measure yp € @/(G). Show that the bilinear mapping (y,2) +> U(u)-2 is 
hypocontinuous relative to the equicontinuous subsets of @/(G) . 


§3 


1) In R?, let » and yp be the positive measures 


+00 too 
rm f F(x, 0) da, se f f(-a,2)de  (f € #(R%)). 
) 0 


Show that » and py are convolvable. Let u be the homomorphism (2,y)» z of R? 
onto R. Show that wu is A-proper and p-proper, but that u(A) and u(y) are not 
convolvable. 


2) Let X be a locally compact space in which a locally compact group G oper- 
ates on the left continuously. Let E be a linear subspace of .@(X), stable for the +(s) 
(s € G), equipped with a quasi-complete locally convex topology finer than the topology 
of compact convergence in .#(X). For every s € G, let p(s) be the restriction of y(s) 
to E. Assume that » € E implies |u| € E, and that the representation yp of G in E 
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is equicontinuous. Then, if » € E and v € .#}(G), v and wp are convolvable and 
v * LL = Yp(v)u € E. (Make use notably of Prop. 17 of Ch. VI, §1, No. 7.) 


3) For x = (a1,...,2n) € R”™ one sets |x|? = x? + --» +22. Let “be the set 
of measures on R” for which there exists a real number k such that the function 
(1 + |2|?)* is p-integrable. Let .4%2 be the set of measures vy on R” for which the 
function (1 + !zl?)* is v-integrable for every k. Show that if pc .%, and v € .@, 
then yz and v areconvolvable, and pv € 41; if uw € 2 and v € 42, then pv € “2. 
(One first shows that if u20, v 20, then 


1 
(L+u?)(1+v?) > 30+ (ut)’); 
from this, one deduces that for any z,y in R”, 


1+ ||? < 3(1 + [yl?)(1+ Iz + 9/7). 


Then let w € .M, v € 42 with wp > 0, v 20. Let be a continuous func- 
tion 20 on R”. There exists a k such that pw = (1+ |2|?)*-y1 with 1 bounded; 
let 1 = (1+ |a|?)*-v, which is bounded. Then 


| f(z +y)du(a) dv(y) < 3* fe + |al?)* f(@) d(mi *11)(2). 


Whence the convolvability of 4 and v and the fact that w*v € 4. Argue in an 
analogous manner for p,v in .42.) 


4) Let p be Lebesgue measure on R, and v Lebesgue measure on [0,+00[. 
Let 21,22 be in R. Show that the convolution product ((€z; —Ex2)*v)*p is defined, but 
that yz and v are not convolvable. Show that the convolution products v*((éx, —Ex2)*H) 
and (v * (ez, —€z2)) * are defined, but are distinct for 21 # z2. 


5) Let G be a compact group, and yp a positive measure on G, with support G, 
such that *u = 1. Show that p is the normalized Haar measure of G. (First show that 
||4|| =1. Then, if 4 is not the Haar measure of G, there exists a function f € .44(G) 
such that 


i, f(s) du(s) 2 / F (st) du(s) 


for all t € G, and such that f f(s) du(s) > ff f(st) du(s) for some t. Show that one 
then has (4 * u)(f) > u(f)-) 


6) a) Let I = [0,1]. Let f be a continuous function 2 0 on R, with support 
contained in [— 1,0]. Show that the set of functions y(s)f|I (s € I) has infinite rank 
in 4 (I). 

b) Let fi,..-,fn bein £(R). Let M be the set of measures yp € (I) such that 
u(fi) =... = u(fn) = 0. Show that the set of functions yt fi@ +y)du(z) (ye d), 
where yu runs over M, has infinite rank in (I). (Make use of a).) 
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c) Let gi,...,gp be in “(R). Deduce from 6) that there exist  € M and 
v€ (1) such that v(gi) =... =v(gp) =0, (v*u)(f) #0. 

d) Deduce from c) that the mapping (u,v) v*pu of “(T)x “(T) into .4(T) 
is not vaguely continuous. 


7) Let G be a locally compact group. 
a) Show that if a positive measure 4, € @/(G) admits an inverse in @’(G) that isa 
positive measure, then yp is necessarily a point measure. 


b) Taking G to be the finite group Z/2Z, give an example of a non point measure 
p € (G) that is invertible in (G). 


8) Let G be a locally compact group; denote by @j(G) the set of positive meas- 
ures on G with compact support. Show that the mapping (u,v) ~~ wv of 
M+(G) x €1(G) into .44(G) is continuous when @’(G) is equipped with the weak 
topology o(@/(G), @(G)), and .@(G) with the vague topology o(.4@(G), #(G)). (Make 
use of Exer. 10 of Ch. III, §1 and the fact that G is paracompact.) 


9) a) Let G be a locally compact group, B a bounded subset of .@(G), C an 
equicontinuous subset of @’(G); show that if @’(G) is equipped with the weak topology 
o(€'(G), @(G)), and -@(G) with the vague topology o(.4@(G), %(G)) , then the mapping 
(u,v) ++ p*v of BxC into .&(G) is continuous. (Observe that all of the measures v € C 
have their support in a common compact set, and make use of Ch. III, §4, No. 3, remarks 
following Prop. 6.) 

b) If, in .@1(R), one sets Un = En, Un = E—n, the sequences (un) and (vm) tend 
vaguely to 0 for the weak topology o(-#1(R),.%(R)), but the sequence (in *¥n) does 
not tend to O for the vague topology. 


{ 10) For a locally compact space T, one denotes by #°°(T) the Banach space 
of continuous bounded numerical functions on T. A subset H of -#1(T) is said to 
be cramped if, for every € > 0, there exists a compact subset K of T such that 
jul(T — K) <e forall weH. 

a) Show that if a subset H of .#1(G) is cramped and is bounded for the topol- 
ogy defined by the norm of .#1(T), then it is relatively compact for the topology 
o(.4}(T),€™°(T)) (observe that H is relatively compact for o(-#1(T), #(T))). 

b) Assuming in addition that T is paracompact, show that, conversely, if H is a 
subset of #1(T) relatively compact for o(#1(T),¢™(T)), then H is bounded for the 
norm of .@1(T) and is cramped. (Consider first the case that T = N, applying Exer. 15 
of Ch. V, §5. Then contemplate the case that T is countable at infinity, the union of 
a sequence (Un) of relatively compact open sets such that Un C Unyi. Arguing by 
contradiction, show that one can reduce to the case that there would exist for each n a 
continuous numerical function f, defined on T, with support contained in Unyi — Un, 
such that ||fn|| < 1, and a sequence (tin) of measures belonging to H and for which 
Un(fn) 2 a> 0 for all n. Consider then the continuous mapping u:L1(N) > ¢°(T) 

co 


such that u((En)) = > énfn and obtain a contradiction to what was proved for T=N, 
n=0 
by considering the transpose of u. Finally, when T is an arbitrary paracompact locally 
compact space, T is the topological sum of a family (Tq) of locally compact spaces 
that are countable at infinity; for every a, let ma = sup |u|(To); show, arguing by 
pweH 
contradiction and making use of the preceding case, that necessarily ma = 0 except for 
a countable infinity of indices a.) 


c) Show that the conclusion of 6) is not valid for the non-paracompact locally com- 
pact space defined in Exer. 16 h) of Ch. IV, §4. 
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4 11) Let G be a locally compact group; on @ 1(G), let us denote by 4% the 
topology o(.@1(G), #(G)), by An the topology o(.41(G),€°(G)), and let us write 
M,, My for the space .@1(G) equipped respectively with % and Ayr. 

a) Let A bea bounded subset of .#, and B a relatively compact subset of My - 
Show that the restriction to AxB of the mapping (p,v)> w*y of x My into M 


is continuous (use Exer. 10 to reduce to evaluating an integral f rf f(st) du(s) dv(t) when 
f(st) = >> ui(s)vi(t) with u; and vj in “(G)). 
i 


b) Give an example where G is compact (hence % = A) showing that 
(u,v) + «xv, regarded as a mapping of .@ x M1 into .4, is not hypocontinuous 
with respect to the relatively compact subsets of 4, nor with respect to the relatively 
compact subsets of M11 (cf. Exer. 6). 

c) Let A,B be two relatively compact subsets of .1;. Show that the restriction 
to AxB of the mapping (u,v) wv of My xX Mr into A411 is continuous (same 
method as in a)). 

d) Denote by E the subspace of R® formed by the linear combinations of character- 
istic functions of open subsets of G, by Av the topology o(.@1(G), E), and by .@v the 
space .@1(G) equipped with Ay . Recall that the topologies induced by Ay and Av 
on a bounded subset of .@1(G) consisting of positive measures, are in general distinct 
(Ch. V, §5, Exer. 16 c)). Recall also that the compact subsets of -41v are the same as 
those of .@1(G) for the weakened topology o(.41(G),(@1(G))’) on the Banach space 
*(G) (Ch. VI, §2, Exer. 12). Show that if A,B are two relatively compact subsets 
of Mv, the restriction to A x B of the mapping (u,v) + wv of My x Av 
into Mv is continuous. (Restrict attention to the case that A and B are compact, and 
begin by proving that the image of A x B under the preceding mapping is then compact 
for o(.@1(G), (41(G))’); for this, apply the theorems of Eberlein and Smulian (TVS, 
IV, 85, No. 3), and thus reduce to proving that if (un), (vn) are two sequences that 
converge to 0 in .@y, then the same is true of the sequence (lin * Yn); make use of 
Prop. 12 and Exer. 15 of Ch. V, §5. Finally, to prove that (u,v) ++ w*v is continuous 
for Fy, use c) and the fact that Ay is coarser than Ay .) 

e) Take G = R?; let a,b be the vectors of the canonical basis of G over R, pn the 
measure on the interval I = [0,7] of R having as density with respect to Lebesgue 
measure the function sin(2"x), and pin the measure pn @ €o0 on R x R; on the other 
hand let vn = €y/an — €9 on G. Show that the sequence (un) tends to 0 in jv and 
that the sequence (vn) tends to 0 in 411, but that the sequence (in * Yn) does not 
tend to 0 in My (cf. Ch. V, §5, Exer. 16). 

f) Give an example where G is compact and where (u,v) +> “*v, regarded as a 
mapping of “jy x Av into Mv , is not hypocontinuous relative to the compact subsets 
of .4;y (same method as in Exer. 6, on observing that for a given f € E there exist 
compact subsets H C -@y such that the set of functions t > f f(st) du(s), where pu 
runs over H, has finite rank over R.). 


12) Let G be a locally compact group that is not unimodular. 

a) Show that there exists a bounded positive measure 4 on G such that Ag- yp is 
not bounded (take py to be discrete). 

b) Let pw’! bea left Haar measure on G. Then yp and yp’ are convolvable (Prop. 5). 
Show that ys’ and yu are not convolvable. 


13) Let r be a number such that 0 < r < 1; for every integer n > 1, denote 
by An,r the measure (ern + €~,n)/2 on R, and set pin,r = Arr * A2,r * +++ * Anyr- 

a) Show that the sequence (jin,r) converges vaguely to a measure pr on R, with 
support contained in I = [—1,+1] (prove that for every interval U of R, the sequence 
(un,r(U)) is convergent). 
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b) Show that for r < 1/2, the measure pry is alien to the Lebesgue measure on R, 
but that j4/2 is the measure induced on I by Lebesgue measure. 

c) Let 4 be the image of 41/4 under the homothety t ++ 2t in R. Show that 
Misa *V1/4 = 1/2, even though 1/4 and v4 are both alien to Lebesgue measure (use 
Exer. 11 a)). 


§4 


4 1) Let G bea locally compact group, @ a left Haar measure on G, A a (-meas- 
urable subset of G, and v a nonzero positive measure on G. Assume that sA is locally 
v-negligible for every s € G. Show that A is locally @-negligible. (Reduce to the case 
that A is relatively compact and v is bounded. Prove that v and ya, -@ are convolvable 
and that v «9 py =0, whence 0 = |lv * ya - Bll = |[v|| - lea - Bll.) Show, on admitting 
the continuum hypothesis, that this result may fail to hold if A is not assumed to be 
§-measurable. (Take G = R?, take for v the Haar measure on the subgroup R x {0}, 
and apply Exer. 7 c) of Ch. V, §8.) 


2) Let H be the additive group R equipped with the discrete topology. Let G 
be the locally compact group R x R x H. Let a be a Haar measure on G, @ a Haar 
measure on RX H, and w= €0 @B E€ -4(G). Construct a function f >0 on G, locally 
a-negligible (hence such that y and f are convolvable) but such that no translate of f 
is u-measurable. (Imitate the construction of Ch. V, §3, Exer. 4.) 


4G 3) Let G bea locally compact group. 

a) Let p be a nonzero bounded positive measure on G such that w*p = p. 
Show that the support S of y is compact. (Let f € £4(G) with f 4 0; choose a 
left Haar measure on G, with respect to which convolution products will be taken; we 


have w* f € £(G); let z € S be such that (uw f)(z) = sup(u * f)(y); show that 
yes 


(u * f)(y) = (w* f)(x) for every y ES.) 
b) Show that S is a compact subgroup of G and that yp is the normalized Haar 
measure of S. (Make use of a), Exer. 21 of GT, III, §4, and Exer. 5 of §3.) 


q 4) Let G be a locally compact group. For every t € R*, let ye be a nonzero 
bounded positive measure on G. Assume that the mapping t ++ wet is continuous for 
the topology o(.#1(G), #(G)), and that ws4t = Ms * we (8,t in Ri ). 

a) Show that there exists a number c € R such that |||] = exp(ct). (Observe 
that t+ ||u:|| is lower semi-continuous and that ||4s+2l] = |lus|l - || uel]. Make use of 
Prop. 18.) 

b) Suppose that c = 0. Show that pz converges weakly as t — 0 to the normalized 
Haar measure of a compact subgroup of G. (Make use of the weak compactness of the 
unit ball of .#1(G), and show that for every weak cluster point pu of t + pe with 
respect to the filter of neighborhoods of 0 in Ri , one has py* p= pe for every t, then 
ye * = pw; next, apply Exer. 3.) 


{ 5) Let G be a locally compact group countable at infinity, @ a left Haar measure 
on G, a € R*, and (vu)o<u<a a family of positive measures on G satisfying the 
following conditions: 


(i) Vo = €e3 Vutu = Yury if utu<a; va =Vy; 

(ii) for O< u<a, v= fu: with fy >0 lower semi-continuous; 
(iii) vu is a vaguely continuous function of wu. 

a) Let f € .#4(G). Show that, for O0<u<a, 


(1) [in * f)(z)? dB(z) = [reo * f(z) d@(a) . 
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b) Let f € ¥(G). Show that f,/2* f has @-integrable square for 0 <u <a, and 
that (1) again holds. 

c) Let f € ¥(G) be such that va+f =0. Show that f =0. (One has vg jon*f =0 
for every integer n > 0 by b), therefore f = 0 by §3, No. 3, Remark 1).) 

d) Let v € $’(G) be such that vo *v = 0. Show that v = 0. (Regularize v by 
functions in (G) and apply c).) 


6) Let G be a locally compact group. Show that if .“(G) is commutative for 
convolution, then G is abelian. (Show by regularization that @’(G) is commutative, and 
apply this to the measures eg , where s € G.) 


7) Let G be a locally compact group and @ a left Haar measure on G. Show 
that the algebra L'(G, @) has a unity element if and only if G is discrete. (Suppose G 
non-discrete, and let fo € L} (G, 8). There exists a compact neighborhood V of e such 
that 


| |fo(z)|d@(x) <1. 
v 


Let U be a symmetric compact neighborhood of e such that U? C V. Then, for almost 
every cEU, 


I(pu * fo)(z)| = i |fo(y~*x)| dB(y) < ; |fo(x)| d@(x) <1, 
U Vv 


thus fo is not a unity element for L1(G, 8) .) 


4 8) Let G bea locally compact group countable at infinity, operating continuously 
on the left in a Polish locally compact space T. Let v be a positive measure on T 
that is quasi-invariant under G. Let R be a v-measurable equivalence relation on T, 
compatible with G. There then exists (Ch. VI, §3, No. 4, Prop. 2) a Polish locally compact 
space B, and a v-measurable mapping p of T into B, such that R{z,y{ is equivalent 
to p(x)) = p(y). Let v’ be a pseudo-image measure of v under p, and let b+> Ay 
(b € B) be a disintegration of vy by R. Show that the Ap are, for almost every bE B, 
quasi-invariant under G. 

(Let x be a function on G x T satisfying the conditions of Exer. 13 of Ch. VII, 
§1. Show that for every s € G, there exists a v’-negligible subset N(s) of B such that 
x(s~1,-) is locally \y-integrable for b ¢ N(s) ; for this, observe that for every p € “(T), 
the function z+ (z)x(s—!,2) is \,-integrable except for b belonging to a v’-negligible 
set N(s,w), and make use of Lemma 1 of Ch. VI, §3, No. 1. Set Noe =0 if bE N(s), 
and A, = x(s71,-)- A, if 6 ¢ N(s). Show that the mapping b> Xj,5 is v'-adequate 
(use Lemma 3 of Ch. VI, §3, No. 1) and that 7(s)8 = Irs dv'(b). Show that on the 
other hand +(s)@ = if (s)Ap dv'(b) and deduce from this that, for every s € G, one 
has ¥(s)Ay = x(s~1,-)- Ap for almost every 6, therefore for almost every b one has 
7¥(s)Ay = x(s74,-) +A» for almost every s. Then use Cor. 2 of Prop. 17 of §4 to infer 
that, for almost every b, (s)Ap is equivalent to r» for all s EG.) 

Show that if v is relatively invariant under G with multiplier x, then the Xp» are, 
for almost every b, relatively invariant with multiplier x. 


9) Let G be a locally compact group, @ a left Haar measure on G, A and B two 
B-integrable sets such that 6(A) < G(B) and 6*(A~1) < +00. Show that there exist 

1) disjoint sets N, Ki, Ka, ... covering A, with N (-negligible and the Kn 
compact; 
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2) disjoint sets N’, K{, Kj,. - covering B, with the K/, compact; 
3) elements sn € G such that Ke =snKn. 
(Using the fact that 6(zA MB) ‘depends continuously on z and that 


i B(2A NB) d6(z) = B(A-4)A(B), 


show that if G(A) #0 then there exists an z € G such that 6(zA MB) 40.) 


10) Let G be a locally compact group, @ a left Haar measure on G. For any two 
B-integrable sets A,B set p(A,B) = B(A UB) —A(ANB). 

a) Let A be a G-integrable set. Show that z+ p(zA,A) is a continuous function. 

b) Let U be a neighborhood of e. Show that there exist a compact set A anda 
number e > 0 such that p(xA, A) <e implies x € U. (Take for A a neighborhood of e 
such that A-A7! CU.) 

c) For a subset C of G to be relatively compact, it is necessary and sufficient that 
there exist a G-integrable set A and a number a (0 < a < 2@(A)) such that x € C 
implies p(zA, A) <a. 


11) a) Let G bea locally compact group generated by acompact neighborhood of e. 
Let y be a non-surjective continuous endomorphism of G belonging to the closure, for 
the topology of compact convergence, of the group ¥ of (bicontinuous) automorphisms 
of G. Then here modw = 0. (Let K be a compact neighborhood of e that gen- 

yr 

erates G. Let yu be a left Haar measure on G. If u(y(K)) > 0, then y(K) -y(K)~! 
is a neighborhood of e in G, therefore y(G) is an open subgroup of G; for ~ € Y 
sufficiently near y, one has w(K) C Y(G), therefore ~(G) 4 G, which is absurd: Thus 
Ba) = =0. As PE tends to , u(%h(K)) tends to 0.) 

) Let G be a free abelian group, a direct sum Gi @ G2 @---, where each G; 
is ere to Z. Consider G as being discrete. Let y be the non-Gurlective endo- 
morphism (21,22,...) ++ (0,21,22,...) of G. Then is the limit, for the topology 
of compact convergence, of automorphisms of G, and every automorphism of G has 
modulus 1. 


12) For t>0 and ER, let Fi(x) = te~™*"™” . Let f € #(R). Show that f*F; 
tends to f uniformly as t tends to +oo. (Show that the measures F(x) dz satisfy the 
conditions of §2, No. 7, Lemma 4, with a = 0.) 


G 13) Let G be a locally compact group operating continuously on the left in a 
Polish locally compact space T. Let @ be a left Haar measure on G, v a quasi-invariant 
positive measure on T, and x(s,z) a function > 0 on Gx T satisfying the conditions 
of Exer. 13 of Ch. VII, §1. 

For f € L?(T, ey: (1 < p< +00), set 


(Yy,p(8)f)(z) = x(s71, x)1/? f(s~ta) . 


a) Show that for every s€G, Ix, p(s) is an isometric endomorphism of L?(T, v) . 
Show that the mapping s+ 7,,p(s) is a linear representation of G in L?(T,v) (argue 
as in §2, No. 5). 

b) Let f € Y?(T,v), and let h € &(G). Show that the function 


(x, 8) ++ f(s~*x)h(s)x(s1, x)*/? 


is p-th power integrable for 6 ®v (begin with the case p = 1, and use Lemma 1 of 
§4, No. 1). Show that if q is the exponent conjugate to p, and if g € £%(T,v), then 
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f(s7!a)h(s)g(a)x(s7!,2)1/P is integrable for 8 ®v (write A in the form hih2 with 
hi, he in (G)). Then deduce from the Lebesgue—Fubini theorem that, for f € L?(T,v) 
and g € L4(T,v), the function 


se [ o2drno(A@) dv(z) 


is G-measurable. 
c) Show, using Cor. 2 of Prop. 18 of §4, No. 6 and Lemma 1 of Ch. VI, §3, No. 1, 
that the representation s+> 7, p(s) of G in L?(T,v) is continuous for 1 < p< +00. 
d) Assume in addition that, for every s € G, the function z +> x(s71,z2) is 
bounded. For f € L?(T,v), set 


(7(8)f)(2) = x(s~1, 2) f(s*a) . 


Show that s+ ,(s) is a continuous representation of G in L?(T,v) for 1 <p< +oo. 
(One shows, as in the proof of Prop. 9 of §2, No. 5, that s++,(s) is a representation 
of G by endomorphisms of L?(T,v). One then observes that if f € L?(T,v) and 
h € £(G), Lemma 1 of §4, No. 1 shows that h(s)f(s~+z)x(s—1,a) is p-th power 
integrable for @ ®v. The proof is concluded as in c).) 


14) a) Let G bea locally compact group, f a lower semi-continuous positive func- 
tion on G, wu a positive measure on G. Show that the function 


on f f(s~*2) du(s) = g(z) 


is lower semi-continuous on G (cf. Ch. IV, §1, No. 1, Th. 1); for 4 and f to be convolv- 
able, it is necessary and sufficient that g be integrable for a left Haar measure on G. 

b) On the group G=R-x R, let w be the measure €9 ® A, where 2 is Lebesgue 
measure on R; let f(x,y) = (1 —|zy — 2|)+ ; show that the function 


g(z,y) = [i —s,y—t)dy(s,t) 


is everywhere finite on G, but is not continuous and is not integrable for Lebesgue measure 
on G. 


4 15) Let G bea locally compact group, @ a left Haar measure on G; by an abuse 
of language, in what follows one identifies G-integrable numerical functions with their 
classes in L1(G, 8); same abuse for the L?(G, @). 

a) Let A be a continuous endomorphism of the Banach space L! (G, 8) such that, 
for every s € G, onehas A(f*es) = A(f)*es forall f € L1(G,). Show that for every 
function g € #(G), one then has A(f*g) = A(f)*g (observe that s+ g(s)A(f*es) is 
a J-integrable mapping of G into L!(G, @) ); converse. From this, deduce that there exists 
one and only one bounded measure p» on G such that A(f) =u*f forall f € L(G, 6), 
and that ||Al| = ||u||. (With the notations of Prop. 19 of No. 7, consider the limit of 
A(fv *g) with respect to an ultrafilter finer than the section filter of 8, making use of 
the compactness of the unit ball of .@1(G) for the weak topology o(.#1(G), #(G)).) 

b) Let bea bounded measure on G; show directly that the norm of the continuous 
endomorphism 4(y) : f > wf of L(G, 8) is equal to ||u||. (Reduce to the case that py 
has compact support and has a continuous density with respect to ||.) From this, deduce 
anew that the continuous endomorphism (pu): fe w* f of L'(G,@) has norm equal 
to |lull . 
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c) Assume that G is compact and yp is positive. Show that for 1 < p< +00, the 
norm of the continuous endomorphism (yu): ft w* f of L?(G, B) is equal to ||| . 

d) Take for G the cyclic group of order 3. Give an example of a measure 4 on G 
such that the norm of the endomorphism (yu) of L?(G, @) is strictly less than ||u|| for 
l<p<+o. 


16) Notations and conventions are those of Exer. 15. 

a) Show that, for a bounded measure 1 on G to be such that ||w* fli = || fll 
for all f € L1(G, 8), it is necessary and sufficient that py be a point measure of norm 1. 
(Using the fact that the endomorphism (|u|) of L}(G,@) has norm ||| (Exer. 15), 
show that one necessarily has, for every function f € #(G), 


[rw = f isa: 


from this, first deduce that 4 = cl|u|, where c is a constant of absolute value 1, then 
that yw is a point measure.) 

b) Take for G the cyclic group of order 3. Give an example of a measure p on G, 
not a point measure, such that ||u * fll2 = ||fll2 for every numerical function f defined 
on G. 


17) Notations and conventions are those of Exer. 15. 
a) Let yw be a bounded measure on G;; for the endomorphism 7(): ft uw*f of 
L?(G, 8) to be surjective (1 < p < +00), it is necessary and sufficient that there exist a 


1 1 
Cp > O such that Ile * gllq > Cpllgllg for all g € L9(G, @) (where : + 7 =1) (cf. TVS, 


IV, §4, No. 2, remarks following Cor. 3 of Th. 1). 

b) If w is a measure with base @, and G is not discrete, show that y() is never 
surjective for 1 < p < +00 (for p < +00, use a), reducing to the case that the density 
of w with respect to @ belongs to %(G); for p = +00, argue directly by observing that 
for f € L1(G,B) and g € L(G, 8), f *g is uniformly continuous for the right uniform 
structure). 

c) If G is abelian, 1 <p < 2 and the endomorphism +() of L?(G, 8) is surjective, 
show that it is bijective (using regularization, show that if ~() is not injective then the 


endomorphism y(t) of L9(G, 8) is not injective: one makes use of Ch. IV, §6, No. 5, 
Cor. of Prop. 4). 

d) Take G = Z and pw = €1 — €0; show that (js) is injective in the L?(Z, 3) for 
which p # +00, but not in L®(Z, @), and it is not surjective for any value of p. 


q{ 18) Notations and conventions are those of Exer. 15. 

a) Let u be a bounded measure on G, whose support contains at least two distinct 
points. Show that there exists a compact set K, and a number k such that 0<k <1, 
for which ||ysx - || < klly|| for all s € G. (If t,t’ are two distinct points in the support 
of yw, take for K a neighborhood of e sufficiently small that sK cannot intersect both 
tK and ?t’K.) 

b) Let y be a bounded measure > 0 on G, whose support contains at least two 
distinct points. Show that there exists a function f € L(G, f), not equivalent to a 
function > 0, such that w+ f is > 0 locally almost everywhere for @. (Use a), taking f 
to be equal to —1 on K and to a suitable positive constant on CK.) If, in addition, the 
support of w is compact, there exists a function f having the preceding properties and 
having compact support. 

c) Let fi1,u2 be two nonzero, bounded positive measures on G, permutable for 
convolution, such that the support K of 1 is compact and contains e. Set w= witpe. 
Let V be a symmetric compact neighborhood of e containing K, g the function equal 
to 4* yy on EV, and to 0 on V; show that the function »*(g —(u1*yv)) is > 0 
locally almost everywhere in € (V2). On the other hand, show that there exists a compact 
set H such that the function 2 * yy is > 0 almost everywhere in V2. 
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d) Deduce from c) that if is a bounded positive measure on G whose support con- 
tains at least two distinct points, there exists a function f that belongs to every L?(G, 8) 
(1 < p < +00), is not equivalent to a function 20, and is such that w* f is 20 locally 
almost everywhere, when one makes in addition one of the following hypotheses: a) G is 
abelian; 3) there is a point a € G such that u({a}) > 0. (Suitably decompose pw as a 
sum of two permutable measures > 0.) 


{ 19) Notations and conventions are those of Exer. 15. 

a) Show that if a positive bounded measure y on G is such that for every function 
f € L9(G,B) (p given, 1 < p < co) the relation 4 * f > 0 locally almost everywhere 
implies f > 0 locally almost everywhere, then one can conclude that pu is a point measure 
in each of the following cases: a) G is compact; @) G is discrete; ~) G is abelian (use 
Exer. 18) (*). For p = +00, the same conclusion is valid without a supplementary 
hypothesis on G. 

b) Let » bea positive bounded measure on G such that: 1° y(u) is a surjective 
endomorphism of L!(G, B); 2° for every function f € L1(G,), the relation y* f >0 
locally almost everywhere implies f > 0 locally almost everywhere. Show that py is then 


a point measure. (Observe that for every function g € L©(G, 8), the relation pe g20 
locally almost everywhere implies g > 0 locally almost everywhere.) 


20) Let G be a locally compact group, @ a left Haar measure on G. 

a) Let f be a bounded numerical function on G, uniformly continuous for the left 
uniform structure. Show that for every bounded measure yw on G, w* f is uniformly 
continuous for the left uniform structure; moreover, with the notations of No. 7, Prop. 19, 
f is the limit, for the topology of uniform convergence in G, of the functions fy * f with 
respect to the section filter of B. 

b) Take G = T; give an example of a continuous function h on T that is not of 
the form f*g, where f and g belong to L?(T, 8). (Use Exers. 15 6) and 16 of Ch. IV, 
§6.) 


q 21) Let G bea locally compact group, @ a left Haar measure on G; one canoni- 
cally identifies L1(G,@) with a subspace of #1(G). 

a) With the notations of §3, Exer. 11, let A bea relatively compact subset of 4111, 
B asubset of L1(G, 8), relatively compact in vy . Show that the restriction to A x B 
of the mapping (u,v) > wv of Ay X My into My is continuous. (First prove 
that if A and B are compact, the image of A x B under this mapping is compact; use 
Exer. 10 of §3, as well as the criterion a) of Ch. V, §5, Exer. 15. To show next that 
(u,v) + w*v is continuous, make use of Exer. 11 c) of §3.) 

b) Let Wl°(G) be the set of bounded numerical functions on G uniformly contin- 
uous for the left uniform structure. Denote by % the topology o(.#1(G),%°(G)), 
and by .@ the space .#1(G) equipped with %,. Taking G = R, give an example of 
a sequence (fin) of measures on G tending to 0 for Ay and a sequence (fn) of func- 
tions in L1(G, @), tending to 0 for Ay (or, what comes to the same, for the topology 
o(L}(G, 8), L(G, B))), such that the sequence (jin * fn) does not tend to 0 for Ay 
(take fn(t) = sin nt in the interval [0,7], fn(t) = 0 elsewhere). 

c) Let A bearelatively compact subset of .4j;, B asubset of L1(G, @), relatively 
compact for the topology of the norm ||f||1. Show that the restriction to A x B of the 
mapping (pu, f)+ u*f of Mx L(G, 8) into L1(G, B) is continuous (L1(G, 8) being 
equipped with its normed space topology). (Reduce to proving that for f € #(G), the 
mapping pr w+ f of My into L'(G,G) is continuous in A. Using the fact that for 
g € L©(G, B) and f € #(G), g*f is uniformly continuous for the left uniform structure, 
first show that the mapping wt> ux f of My into Av is continuous. Next, using 
Exer. 20 a), reduce to proving that if C is a subset of L1(G, 8) compact for the topology 


(*) For an example where yz is not a point measure and is such that y* f > 0 implies 
f 20, see J.H. WILLIAMSON, Proc. Edinburgh Math. Soc., 11 (1958/59), 71-77. 
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o(L1(G, 8), L©(G,B)) and h € #(G), the mapping p + p*h of C into L1(G, p) 
is continuous when L1(G, ) is equipped with its normed space topology. By the same 
reasoning as in a), show that for this it suffices to prove that the image of C under this 
mapping is compact for the normed space topology. To this end, use Smulian’s theorem, 
the fact that C is cramped (§3, Exer. 10) and Lebesgue’s theorem.) 

d) Let A be a relatively compact subset of -4, containing 0, B a relatively 
compact subset of .4,; show that for every vo € B, the restriction to A x B of the 
mapping (u,v) > w*v of A, XM into -My is continuous at the point (0,70). (Make 
use of Exer. 20 a), and Exer. 21 c).) 

e) Let A be a bounded subset of .#1(G), f a function in L1(G, @) ; show that the 
restriction to A of the mapping pro uxf of yz into Ay is continuous. 

f) Let M}. (G) be the set of bounded positive measures on G. Show that if a sub- 
set A of M}. (G) is compact for %y, it is also compact for Ay. (Reduce to proving 
that A is a cramped set. Argue by contradiction, using the fact that for f € #(G), the 
image of A under the mapping +> u* f is a cramped set by virtue of c).) 

g) Show that for G = R, the topologies induced on Mt (G) by Ayr and Ay are 
distinct. 


{ 22) Notations are those of Exer. 21 of §4 and Exer. 11 of §3. 

a) Let (un) be a sequence of bounded measures on G. Assume that for every 
function f € L1(G,), the sequence (un * f) converges to 0 in 4. Show that the 
sequence of norms (||tn||) is bounded (use the Banach-Steinhaus theorem for the family 
of mappings f+ un*f of L1(G,) into itself, as well as Exer. 15). Deduce from this 
that the sequence (wn) tends to 0 in 4 (use Exer. 20). 

b) Let (un) be a sequence of bounded measures on G such that the sequence 
(un * f) tends vaguely to 0 for every function f € L1(G,@); show that the sequence 
(un) tends vaguely to 0 (for every compact subset K of G, show, arguing as in a), that 
the sequence (|un|(K)) is bounded). Give an example (with G = Z) where the sequence 
(\|un||) is not bounded. 

c) Let (jm) be a sequence of bounded measures on G such that for every function 
f € L*(G,), the sequence (pn * f) converges to 0 in 1; show that the sequence 
(un) converges to 0 in 4 (make use of a)). 


23) Let G bea locally compact group, @ a left Haar measure on G, f and g two 
positive locally G-integrable functions. Assume that f and g are convolvable and that 
one of these functions is zero on the complement of a countable union of compact sets. 
Show that f * g is equal locally almost everywhere to a lower semi-continuous function 
(use Prop. 15 of No. 5). 


24) Show that the inequalities of Props. 12 and 15 of No. 5 cannot be improved by 
inserting a constant factor c < 1 in their right members. 


25) Let G be a locally compact group, § a left Haar measure on G, p a positive 
measure on G. If A is a y-integrable set and B is a Borel set in G, the function 


u:st> (AM sB) 


is @-measurable in G;; if, in addition, B—! is G-integrable, then so is u, and 


fou N sB) d8(s) = w(A)A(B™*). 
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Give an example of a measure yp such that s+ u(AMsB) is not continuous; if yu 
is a measure with base @, and if A is u-integrable and B is a Borel set, then the function 
st+ (AM sB) is continuous on G. 


q{ 26) Let G be a locally compact group, @ a left Haar measure on G. For a sub- 
set H of L?(G, B) (1 < p < +00) to be relatively compact (for the topology of convergence 
in mean of order p), it is necessary and sufficient that the following conditions be satisfied: 
i° H is bounded in L?(G,); 2° for every ¢ > 0, there exists a compact subset K of G 
such that ||fea-xllp <e for every function f € H; 3° for every < > 0, there exists a 
neighborhood V of e in G such that ||y(s)f —fllp <e« for all f €H and se V. (To 
prove that the conditions are sufficient, observe that if g € %(G) and if L is a compact 
subset of G, then the image, under the mapping f + gf, of the set y.-H, is an 
equicontinuous subset of .#(G).) 


q 27) Let G bea locally compact group, @ a left Haar measure on G. If G is not 
reduced to e, then L!(G,) is an algebra (for convolution) admitting divisors of zero 
other than 0. One may proceed as follows to form two nonzero elements f,g of L!(G, 8) 
such that f*g =0: 

1° The case that G contains a compact subgroup H, not reduced to e, in which 
A(x) =1. Take f to be the characteristic function of a set A, and g to be a difference 
%sB — ~p_ of two characteristic functions, with A and B suitably chosen. 

2° The case that G = Z. Show that one can then take 


1 1 
TO) a Saad 


for all n € Z, and g(n) = f(—n). 

3° The general case. First prove that there exists an a # e in G such that A(a) = 1. 
The closure H in G of the subgroup generated by a is then either a compact subgroup 
or asubgroup isomorphic to Z (GT, V, §1, Exer. 2). In the first case, use the result of 1°; 
in the second, take 


too +00 
f= > anvuan(), 9(t)= D> Bnvarult), 


n=—oo n=—oo 


suitably choosing U and the sequences (an), (Gn) with the help of 2°. 


{ 28) Let Gi,G2 be two locally compact groups, (1, (2 left Haar measures on 
Gi,G2, and A; (resp. Ag) the topological algebra (over R) L}(Gi,(i) (resp. 
L}(Go, 62) ). Let T be an algebra isomorphism of A; onto Az, such that the relation 
f 20 almost everywhere is equivalent to T(f) 20 almost everywhere. 

a) Show that T is an isomorphism of topological algebras. (First note that if a 
decreasing sequence (fn) of elements of A; tends to 0 almost everywhere, then the 
same is true of the sequence of the T(fn) ; deduce from this that for every sequence (fn) 
that is bounded above in Ai, T(sup(fn)) = sup (T(fn)), and conclude with the help of 
Fatou’s lemma.) 

b) Show that T may be extended, in only one way, to an isomorphism of the 
topological algebra .4@1(G1) onto the topological algebra .@1(G2), and that there exist 
a topological isomorphism u of Gi onto G2 and acontinuous homomorphism x of Gi 
into Ri such that T(és) = x(s)éus) (make use of Exer. 15 a) and Exer. 19 b); to 
prove that u and x are continuous, observe that T defines an isomorphism of the al- 
gebra (Ai) of continuous endomorphisms of the topological vector space A; onto the 
analogous algebra #(Az2), and that this isomorphism is bicontinuous for the topology of 
pointwise convergence; on the other hand, observe that s ++ 5(s~') is an isomorphism 
of Gj onto a multiplicative subgroup of Y(A1)). 
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c) Deduce from b) that, for every f € Ai, 


(T(F))(t) = x(u“* (4) F(u*() 


for all t € Go. 
Recall (A, III, §2, Exer. 9) that there exist finite groups Gi,G2 such that the 
algebras L1(G1, 1) and L!(Ge, 62) are isomorphic without G, and G2 being so. 


§5 


1) Let X be a locally compact space, ¥ (or $(X)) the set of closed subsets of X. 
For every compact subset K of X, every compact neighborhood L of K, and every 
entourage V of the unique uniform structure of L, let Q(K,L,V) be the set of pairs 
(A,B) of elements of ¥ satisfying the two conditions 


ANKCV(BNL) and BNKCV(ANL). 


a) Show that the sets Q(K,L,V) form a fundamental system of entourages for a 
Hausdorff uniform structure on %. 

b) Let Y be a uniform structure compatible with the topology of X. For every 
compact subset K of X and every entourage W of Y, let P(K,W) be the set of pairs 
(A,B) of § satisfying the two conditions 


ANKCW(B) and BNKCW(A). 


Show that the sets P(K,W) form a fundamental system of entourages for the uniform 
structure defined in a). 

c) Let X’ be the Alexandroff compactification of X, w the point at infinity of X’; 
for every closed subset A of X, let A’ = AU {w}. Show that the mapping A + A’ 
is an isomorphism of the uniform space ¥(X) defined in a) onto the subspace of 3(X’) 
formed by the closed subsets containing w (make use of b)). Deduce from this that ¥(X) 
is compact (cf. GT, II, §4, Exer. 15). 


2) Let G be a locally compact group, §(G) the uniform space of closed subsets 
of G (defined in No. 6 or in Exer. 1). Prove directly that the set © of closed subgroups 
of G is closed in §(G) (without using Prop. 3 of No. 1). 


3) Let G be a locally compact group, x a continuous representation of G in Ri : 
Generalize Props. 4, 5 and 6 to the set I, of measures a € I’ such that the restriction 
of x to He is the modulus of a. (Replace the measure ~ by x- and consider the 


quotient measures (x - 14)/ a .) 


4) Let G be a locally compact group that is not generated by any compact subset 
of G, and let H be a discrete subgroup of G such that G/H is compact. Show that H 
cannot be generated by a finite number of elements, but the normalized Haar measure ag 
of H belongs to the closure in T° of the set of a such that [||| = +oo (consider the 
normalized Haar measures of the subgroups of H that are generated by a finite number 
of elements). 


5) Let G be the discrete group that is the direct sum of an infinite sequence (Gn) 
of subgroups with two elements, and let pn be the projection of G onto Gn. Set 


-1 

Hn = pn(e), and let an be the normalized Haar measure of H,,. If a is the normalized 
Haar measure of G, show that in 2 the sequence (an) converges to a but that ||ta, || = 2 
and ||Hal| = 1. 
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6) Let G bea locally compact group that does not satisfy the condition (L) of No. 4. 

a) Show (with the notations of No. 4) that the canonical bijection of N onto D is 
not a homeomorphism. (For every neighborhood W of e in G, let A(W) be the set of 
finite subgroups # {e} contained in W; show that the A(W) form the base of a filter 
that converges in D to the subgroup {e}, but that if ay denotes the normalized Haar 
measure of H, the measures ay do not converge to €e.) 

b) If in addition G is metrizable, show that there exists a compact subset B of the 
space D of discrete subgroups of G, that is not contained in any of the sets Dy defined 
in Th. 1 of No. 3. 


HISTORICAL NOTE 


(Chapters VII and VIII) 


(N.B. — The Roman numerals refer to the bibliography at the end of 
this note.) 


The concepts of length, area and volume are, with the Greeks, essen- 
tially based on their invariance under displacements: « Things that coincide 
(epappdEovTa) are equal) (Eucl. El., Book I, ‘Common notion’ 4); and it 
is by an ingenious use of this principle that all of the formulas giving the ar- 
eas or volumes of the classical ‘figures’ (polygons, conic sections, polyhedra, 
spheres, etc.) are obtained, sometimes by methods of finite decomposition, 
sometimes by ‘exhaustion’ (*). In modern language, one can say that what 
the Greek geometers did was to prove the existence of ‘set functions’, additive 
and invariant under displacements, but defined only for sets of a very special 
type. The integral calculus may be regarded as responding to the need for 
enlarging the domain of definition of these set functions, and, from Cavalieri 
to H. Lebesgue, it is this preoccupation that was to be at the forefront of the 
research of analysts; as for the property of invariance under displacements, 
it passed to a secondary status, having become a trivial consequence of the 
general formula for change of variables in double or triple integrals and the 
fact that an orthogonal transformation has determinant equal to +1. Even 
in non-euclidean geometries (though the group of displacements is different 
there), the point of view remains the same: in a general way, Riemann de- 


(*) It can be shown that if two plane polygons P,P’ have the same area, there are 
two polygons R D> P, R’ D P’ each of which can be decomposed into a finite number 
of polygons R; (resp. Ri) (1 < i < m) without common interior point, such that R; 
and R{ can be deduced from each other by means of a displacement (depending on 7) 
and such that R (resp. R’) is the union of a finite family of polygons S; (resp. Sj) 
(0 <j <n), without common interior point, with So = P, Sg = P’, and S/, obtainable 
from S; by a displacement for 1 < 7 < n. However, M. DEHN proved (Ueber den 
Rauminhalt, Math. Ann., 55 (1902), 465-478) that this property is no longer valid for the 
volume of polyhedra, and that the exhaustion methods employed from EUDOXUS onward 
were therefore unavoidable. 
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fined the infinitesimal elements of area or volume (or their analogues for 
dimensions > 3) beginning with a ds? by the classical euclidean formulas, 
and their invariance under the transformations that leave the ds? invariant 
is therefore almost a tautology. 

It is only around 1890 that there appeared other, less immediate ex- 
tensions of the concept of measure invariant under a group, with the de- 
velopment of the theory of integral invariants, notably by H. Poincaré and 
E. Cartan; H. Poincaré considered only one-parameter groups operating in 
a portion of space, whereas E. Cartan was above all interested in groups 
of displacements, but operating in spaces other than the one where they 
are defined. For example, he thus determined among other things (II) the 
invariant (under the group of displacements) measure on the space of lines 
of R? or of R® (*); moreover, he noted that in a general way the integral in- 
variants for a Lie group are none other than particular differential invariants 
and that it is therefore possible to determine them all by the methods of Lie. 
However, it does not seem that anyone had thought of considering nor of us- 
ing an invariant measure on the group itself, prior to the fundamental work 
of A. Hurwitz in 1897 (V). Seeking to form polynomials (on R” ) invariant 
under the orthogonal group, Hurwitz starts from the remark that for a fi- 
nite group of linear transformations, the problem is immediately solved by 
taking the average of the transforms s-P of any polynomial P by all of the 
elements s of the group—which gave him the idea, for the orthogonal group, 
of replacing the average by an integral with respect to an invariant measure; 
he gave explicitly the expression of the latter with the help of the parametric 
representation by means of the Euler angles, but immediately observed (in- 
dependently of E. Cartan) that the methods of Lie yielded the existence of 
an invariant measure for every Lie group. Perhaps due to the decline of in- 
variant theory at the beginning of the 20th century, Hurwitz’s ideas received 
scarcely any immediate echo, and were not exploited until 1924 onward, 
with the extension to compact groups, by I. Schur and H. Weyl, of the clas- 
sical theory of Frobenius on the linear representations of finite groups. The 
former restricted himself to the case of the orthogonal group, and showed 
how Hurwitz’s method permitted extending the classical orthogonality re- 
lations of the characters—an idea that H. Weyl combined with the work of 
E. Cartan on semi-simple Lie algebras, to obtain explicit expressions for the 
characters of the irreducible representations of compact Lie groups and the 
theorem on complete reducibility (XI a)), then, by a bold extension of the 
concept of ‘regular representation’, the celebrated Peter-Weyl theorem, a 
perfect analogue of the decomposition of the regular representation into its 


(*) The invariant measure on the space of lines of the plane had already been es- 
sentially determined in connection with problems in ‘geometric probability’, notably by 
CROFTON, whose works were probably not known to E. CARTAN at the time. 
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irreducible components in the theory of finite groups (XI, b)). 

A year earlier, O. Schreier had founded the general theory of topological 
groups, and from then on it was clear that the arguments in the Peter-Weyl 
memoir would remain valid unchanged for every topological group on which 
an ‘invariant measure’ could be defined. Actually, the general concepts of 
topology and measure were at the time still in rapid development, and neither 
the category of topological groups on which one could hope to define an 
invariant measure, nor the sets for which this ‘measure’ was to be defined, 
seemed to be clearly delineated. The only obvious point was that one could 
not hope to extend to the general case the infinitesimal methods proving 
the existence of an invariant measure on a Lie group. Now, another current 
of ideas, growing out of work on Lebesgue measure, led precisely to more 
direct methods of attack. Hausdorff had proved, in 1914, that there does 
not exist an additive set function, not identically zero, that is defined for 
all subsets of R* and is invariant under displacements, and it was natural 
to investigate whether this result was also valid for R and R?: a problem 
that was solved by S. Banach in 1923 in a surprising way, by showing that, 
on the contrary, such a ‘measure’ did indeed exist (I); his method, highly 
ingenious, already rested on a construction by transfinite induction and on 


n 
the consideration of the ‘means’ ~ 5 f(z + ax) of the translates of a 
k=1 
function by elements of the group (*). It was analogous ideas that enabled 
A. Haar, in 1933 (IV), to take the decisive step, by proving the existence 
of an invariant measure for locally compact groups with a countable base 
for open sets: guided by the method of approximating a volume, in classical 
integral Calculus, by a juxtaposition of arbitrarily small congruent cubes, 
he obtained, with the aid of the diagonal method, the invariant measure 
as a limit of a sequence of ‘approximate measures’, a procedure which is 
essentially the one we have used in Ch. VII, §1. This discovery had a very 
great impact, in particular because it immediately allowed J. von Neumann 
to solve, for compact groups, the famous “5th problem” of Hilbert on the 
characterization of Lie groups by purely topological properties (excluding 
all differential structure given in advance). However, it was immediately 
perceived that to make efficient use of the invariant measure, it was necessary 
to know not only its existence, but to also know that it was unique up to a 
constant factor; this point was first proved by J. von Neumann for compact 
groups, using a method of defining Haar measure via ‘means’ of continuous 
functions, analogous to those of Banach (VII a)); then J. von Neumann 


(*) J. von NEUMANN showed, in 1929, that the underlying reason for the difference 
in behavior between R and R? on the one hand, and the R” for n > 3 on the other, 
was to be found in the commutativity of the group of rotations of the space R?. 
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(VII 6)) and A. Weil (X), by different methods, simultaneously obtained 
uniqueness for the case of locally compact groups, with A. Weil indicating 
at the same time how Haar’s method could be extended to general locally 
compact groups. It was also A. Weil (loc. cit.) who obtained the condition for 
the existence of a relatively invariant measure on a homogeneous space, and 
showed, finally, that the existence of a ‘measure’ (endowed with reasonable 
properties) on a Hausdorff topological group, implied ipso facto that the 
group is locally precompact. This work essentially completed the general 
theory of Haar measure; the only recent addition to be cited is the concept 
of quasi-invariant measure, which was scarcely identified before around 1950, 
in connection with the theory of representations of locally compact groups 
in Hilbert spaces. 


The history of the convolution product is more complex. From the 
beginning of the 19th century, it was observed that if, for example, F(z, t) is 
a solution of a partial differential equation in x and t, linear and with 
constant coefficients, then 


+00 
i F(z — s,t)f(s)ds 


is also a solution of the same equation; since before 1820, Poisson, among 
others, had used this idea to write the solutions of the heat equation in the 
form 


(1) i - exp (- oo Ore 


A little later, the expression 


1 t* sin 2241 (x — t) 


(2) s(t) at 
2 


Qn Jig sin 


for the partial sum of a Fourier series, and the study, by Dirichlet, of the limit 
of this integral as n tends to +00, provided the first example of a ‘regular- 
ization’ ft p,*f onthe torus T (actually, by a sequence of non-positive 
‘kernels’, which greatly complicates the study); under the name of ‘singular 
integrals’, the analogous integral expressions were a subject of choice among 
analysts at the end of the 19th century and the beginning of the 20th, from 
P. du Bois-Reymond to H. Lebesgue. On R, Weierstrass made use of the 
integral (1) in the proof of his theorem on approximation by polynomials, 
and gave in this connection the general principle of regularization by a se- 
quence of positive ‘kernels’ p,, of the form 2+ cnp(z/n). On T, the most 
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famous example of regularization by positive kernels was given a little later 
by Fejér, and from this moment on, it is the standard procedure that was to 
be the basis of most of the ‘summation methods’ for series of functions. 

However, these works, due to the dissymmetry of the roles played by 
the ‘kernel’ and the function regularized, scarcely revealed the algebraic 
properties of the convolution product. We are indebted above all to Volterra 
for having placed the emphasis on this point. He made a general study of 
the ‘composition’ F « G of two functions of two variables 


y 
(F * G)(x,y) = 7 F(c, t)G(t,y) dt, 


which he viewed as a generalization, ‘by passage from finite to infinite’, of the 
product of two matrices (IX). Very early he singled out the case (called ‘of 
closed cycle’ because of its interpretation in the theory of heredity) where F 
and G depend only on y — x; the same is then true of H = F *G, and if 
one sets F(z,y) = f(y—z), G(z,y) = 9(y — a), then 


H(z,y) = h(y—2), 


where : 
h(t) = / f(t — s)9(s) ds, 


so that, for t >0, h coincides with the convolution of the functions f1, 91 
equal, respectively, to f and g when t >0, and to 0 when t <0. 
Nevertheless, the algebraic formalism developed by Volterra did not 
reveal the connections with the group structure of R and the Fourier trans- 
formation. This is not the place to relate the history of the latter; but it 
is appropriate to note that from Cauchy on, the analysts who treated the 
Fourier integral devoted themselves above all to finding ever wider conditions 
for the validity of various ‘inversion’ formulas, and somewhat neglected its 
algebraic properties. One could certainly not say the same regarding this of 
the works of Fourier himself (or of those of Laplace on the analogous integral 
tag e~ *t f(t) dt); but these transformations had been introduced essentially 
in connection with linear problems, and it is therefore not very surprising 
that it was a long time before anyone thought of considering the product 
of two Fourier transforms (with exception made for products of trigono- 
metric series or of power series, but the connection with the convolution 
of discrete measures obviously could not have been perceived in the 19th 
century). The first mention of this product and of convolution over R. is 
probably to be found in a memoir of Tchebychef (VIII), in connection with 
questions in probability theory. In fact, in this theory the convolution p*v 
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of two ‘laws of probability’ on R (positive measures of total mass 1) is none 
other than the ‘composed’ probability law of 4 and v (for the addition of 
the corresponding ‘random variables’). To be sure, for Tchebychef it is still 
only a question of the convolution of probability laws having a density (with 
respect to Lebesgue measure), hence of the convolution of functions; more- 
over, it only comes up in his work in an episodic way, and it was to be so 
in the several rare works in which it appeared before the period 1920-1930. 
In 1920, P. J. Daniell, in a note (III) little noticed at the time, defined the 
convolution of two arbitrary measures on R and the Fourier transform of 
such a measure, and observed explicitly that the Fourier transform carried 
convolution over to an ordinary product—a formalism that, from 1925 on, 
was to be used intensively by probabilists, especially following P. Lévy. But 
the fundamental importance of convolution in the theory of groups was only 
fully recognized by H. Wey] in 1927; he noticed that for a compact group, 
the convolution of functions plays the role of multiplication in the algebra 
of a finite group, allowing him to subsequently define the ‘regular represen- 
tation’; at the same time, he found in regularization the equivalent of the 
unity element of the algebra of a finite group. It remained to make the syn- 
thesis of all of these points of view, accomplished in the book of A. Weil (X), 
preparing the way for the later generalizations which were to constitute, on 
the one hand I. Gelfand’s theory of normed algebras, and on the other the 
convolution of distributions. 

Haar measure and convolution have rapidly become essential tools in the 
tendency towards algebraization that so strongly marks modern Analysis; we 
shall have occasion to develop numerous applications of them in later Books. 
The only one that we have treated in these chapters concerns the ‘variation’ 
of the closed subgroups (and notably of the discrete subgroups) of a locally 
compact group. This theory, starting from a result of K. Mahler in the 
Geometry of numbers, was inaugurated in 1950 by C. Chabauty, and has just 
been considerably developed and deepened by Macbeath and Swierczkowski 
(VII), whose principal results we have reproduced here. 
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CHAPTER IX 


Measures on 


Hausdorff topological spaces 


If T is aset, and A is a subset of T, we denote by ya the characteristic 


function of A, provided this does not lead to any confusion. The set R, 
of numerical functions >0 (finite or not) defined on T will be denoted by 
F4(T), or simply #4 if there is no ambiguity as to T ; this set will always 
be equipped with its natural order structure. Recall that the product of two 
elements of #4 is always defined, thanks to the convention 0- (+00) =0. 
If A is a subset of T, and f is a function defined on T, the restriction f |A 
of f to A may be denoted fy in this chapter, if this creates no confusion; 
an analogous notation will be employed for induced measures. On the other 
hand, if f € #,(A) we shall denote by f° the extension by 0 of f to T, 
that is, the function defined on T that coincides with f on A and with 0 
on T—A. 

All topological spaces considered in this chapter are assumed to be Haus- 
dorff, absent express mention to the contrary. From §1, No. 4 on, except for 
§5, all measures will be assumed to be positive, absent express mention to the 
contrary. 


§1. PREMEASURES AND MEASURES ON A TOPOLOGICAL SPACE 


1. Encumbrances 


DEFINITION 1. — Let T be a set. One calls encumbrance on T any 
mapping p of F(T) into Ry, that has the following properties: 

a) If f and g are two elements of #4 such that f < g, then 
p(f) < pg). 

b) If f is an element of #1, and t is a number > 0, then 


p(tf) = tr(f). 
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c) If f and g are two elements of #4, then p(f +9) < p(f) + p(g). 

ad) If (fn) ts an increasing sequence of elements of #4, and if 
f = lim fn, then p(f) = lim p(fn)- 

If A is a subset of T, we write p(A) instead of p(ya). 


The condition 6) implies that p(U) = 0. On the other hand, let (fn) bea 
sequence of elements of #4 ; the conditions c) and d) imply the inequality 


»( om) < S > fn) 


(the inequality of countable convexity). 


For example, let T be a locally compact space, a positive measure 
on T; then p* and p® are encumbrances on T. This follows from Props. 
10, 11, 12 and Th. 3 of Ch. IV, §1, No. 3 for z*, and from Prop. 1 of Ch. V, 
§1, No. 1 for p°. 


PROPOSITION 1. — Let (pa)aca be a family of encumbrances on T. 
The sum and upper envelope of the family (pa) (in F4(F4(T))) are then 
encumbrances. 

The sum of a finite family of encumbrances obviously being an encum- 
brance, it suffices to treat the case of the upper envelope. The properties 
a), b), c) of Definition 1 being obviously satisfied, it remains to establish d). 
Set p = sup pq; then, with the notations of Definition 1 d), 

Qa 


Pf) = sup Palf) = sup sup Palfn) = sup sup Pal fn) = sup P(fn) - 


DEFINITION 2. — Let p be an encumbrance on a set T. One says that 
p is bounded if p(T) < +oo. If T is a topological space, p is said to be 
locally bounded provided that every x € T admits a neighborhood V such 
that p(V) < +00. 

It then follows from the properties a) and c) of Def. 1 that p(K) < +00 
for every compact subset K of T. In particular, if T is compact, then every 
locally bounded encumbrance on T is bounded. 


Let p be an encumbrance on a set T, and A a subset of T. For 
every function f € ¥,(A), let f° be the extension by 0 of f to T; 
the mapping f + p(f°) on #,(A) is then an encumbrance, called the 
encumbrance induced by p on A, and is denoted pi|A Or pa. 

Let T and U be two sets, a mapping of T into U, and p an 
encumbrance on T. The encumbrance z(p) on U, whose value for 
f € F,(U) is given by 


(w(p))(f) =p(f on), 
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is called the image encumbrance of p under 7. 
Let p be an encumbrance on a set T; p is said to be concentrated on 
a subset A of T if p(T — A) =0. 


Lemma 1. — If the encumbrance p is concentrated on A C T, then 


P(f) = P(fea) for every f € F(T). 
For, set T— A=B, so that p(yp) = 0; then 


fs < (+00): yp = sup nyp, 
neN 


therefore p(fy~p) = 0 by properties a), b), d) of Def. 1. It follows from c) 
that p(f) < p(fea) + p(fys) = p(fya), and finally p(f) = p(fea) by a). 


2. Premeasures and measures 


Let T be a topological space, and let & be the set of compact subsets 
of T, ordered by inclusion. For every K € &, let .@(K;C) be the set of 
complex measures on K. For every pair (K,L) of elements of & such that 
K CL, let ex, be the mapping of .@(L;C) into (K;C) that associates 
to each measure on L the measure px induced by uw on K (Ch. IV, §5, 
No. 7, Def. 4). Then txm = ext °ltm when K, L and M are compact 
subsets of T such that K C L C M;; this follows from the transitivity of 
induced measures (Ch. V, §7, No. 2, Prop. 4). The elements of the inverse 
limit of the family (@(K;C))xeg for the mappings ex, will be called 
premeasures on T. In other words: 


DEFINITION 3. — One calls premeasure on a topological space T every 
mapping w that associates, to every compact subset K of T , a measure wx 
on K, and that has the following property: 

If K and L are compact subsets of T such that K C L, the measure 
(wi)k induced by wy on K is equal to wx. 

The premeasure w is said to be real (resp. positive) if all of the meas- 
ures wk are real (resp. positive). 


Let w and w’ be two premeasures on T, ¢ a complex number; the pre- 
measures w+w’ and tw are defined by the formulas (w+w’)k = wkt+wk, 
(tw)k = twx for every compact subset K of T. The premeasures on T 
obviously form a vector space, which is denoted #(T;C); the space of 
real premeasures will be denoted #(T;R), or more often #(T), and the 
convex cone of positive premeasures will be denoted #,(T). Let w bea 
premeasure; the mapping K +> |wx| is then a premeasure on T (Ch. IV, 
§5, No. 7, Lemma 3), which will be denoted |w|. If w is real, one sets 
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1 1 : ie 
wt= a (lu +w), w= 9 (lu —w); these two premeasures being positive, 
one sees that every real premeasure is the difference of two positive premea- 


sures. Clearly (wt)x = (wx)*, (w~)x = (wx)~ for every compact subset 
K of T. 


The vector space #(T) is ordered by the cone #4(T). It is clear that 
wt = sup(w,0), w- = sup(—w,0); consequently, #(T) is lattice-ordered and 
sup(w, w’) = w+ (w' —w)t, inf(w, w’) = w — (w! — w)~ . Moreover, clearly 


(sup(w, w’)), = sup(wK,wK), (inf(w, w’))¢ = inf(wx, wi) 
for every compact subset K of T. 


DEFINITION 4. — Let w be a positive premeasure on T. We shall set, 
for every function f € F4(T), 


(1) w*(f) = eup (wx)*(fx) ; 


where K runs over the set of compact subsets of T. 


For each compact set K, let p* be the image encumbrance of the en- 
cumbrance (wx)* under the canonical injection of K into T; w® is the 
upper envelope of the encumbrances p* , hence is an encumbrance (No. 1, 
Prop. 1). One says that w® is the essential upper integral associated with the 
positive premeasure w. One often writes [ * fdw or J° f(t)dw(t) instead 


of w*(f). 


Remark 1). — If v and w are two positive premeasures, then (v +w)® = 
v® + w® (Ch. V, §1, No. 1, Prop. 3). If v and w are two complex premeasures, 
then |v + w|* < |v|*® + |w|*. 

PROPOSITION 2. — a) Let w be a positive premeasure. For every 
compact subset K of T, the encumbrance (w*)x induced by w® on K 
is equal to (wx)*®. For every function f € ¥4(T), one has the relations 


(wx)*(fxk) = w*(fyx) and 


(2) w*(f) = sup w*(fpx). 


b) Conversely, let p be an encumbrance on T satisfying the following 
conditions: 

1) For every compact subset K of T, there exists a positive measure 
wk on K such that px = (wx)°. 

2) For every function f € ¥4(T), p(f) = sup P( fx). 


The mapping w: K++ wx is then a positive premeasure on T, and p=w®*. 
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Let us prove a): let g € #(K) and let g° be the extension by zero 
of g to T; then, by the definition of induced encumbrances, 


(w*)x(g) = w*(9°) = sup (wi)*(9°|L), 


where L runs over the set of compact subsets of T, or merely the set of 
those that contain K. But if L contains K, then (wz)*(g°|L) = (wx)*(g) 

from the fact that g°|L is zero outside K (Ch. V, §7, No. 1, Prop. 1), which 
proves the first assertion. Therefore 


(wx)* (fx) = (w*)k(fx) = w* ((fx)°) = w®(f¢x) 


for all f € #,(T), and (2) merely translates the formula (1). 

Let us pass to b): the measure wx considered in 1) is unique (Ch. V, 
§1, No. 1). Let us show that the mapping K+> wx is a premeasure: let K 
and L be two compact subsets such that K C L, and let » be the measure 
induced by wy on K; everything comes down to showing that A° = (wx)°. 
Now, A°®° = ((wi)*)k (Ch. V, §7, No. 1, Prop. 1); since (wi)® = pi, we 
have \° = (pL)k = pK = (wx). 

Let us denote by w the premeasure K +> wx; since px = (wx)® = 
(w*)k, we have p(fyx) = px(fx) = (w*)k(fx) = w*(fy~x). The two 
encumbrances p and w® are therefore equal by virtue of the formula (2) 
and the hypothesis 2) on p. 

Q.E.D. 


Since the induced encumbrance (w®)« is equal to (wK)®, there is no ambi- 
guity in simply writing wy . We shall employ this notation from now on. 
COROLLARY. — Let v and w be two positive premeasures on T, such 
that v°(L) = w*(L) for every compact subset L of T; than vu=w. In 
particular, the relation v° = w® implies v=w. 
For, let K be a compact set in T; for every compact set L Cc K, one 
has the relation 


wx (L) = wK(L) = w*(L) = v°(L) = vx (L) = vx(L) 
by Prop. 2; therefore wx = ux (Ch. IV, §4, No. 10, Cor. 3 of Prop. 19), and 
finally w =v by the definition of premeasures. 


DEFINITION 5. — Let w be a premeasure on a topological space T. One 
says that w is a measure (resp. a bounded measure) if the encumbrance |w|° 
is locally bounded (resp. bounded) (cf. No. 1, Def. 2). 


The set of complex measures on T is obviously a vector space (Re- 
mark 1), which will be denoted .@(T;C). The space of real measures will 
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be denoted .#(T;R) or more often .#(T), and the cone of positive mea- 
sures will be denoted 4,(T). 

If w is a complex measure, its real part and its imaginary part are real 
measures. If w is areal measure, wt and w~ are positive measures. Every 
complex (resp. real) measure is thus a linear combination (resp. difference) 
of positive measures. 


Remarks. — 2) If T is locally compact, then every premeasure w on T 
is a measure. For, every x € T admits a compact neighborhood K, and 
|w|*(K) = ||wx|| < +oo, so that the encumbrance |w|® is locally bounded. 

3) For every Borel subset A of T (in particular for A = T ) and every positive 
measure y, on T, the number y°(A) is the supremum of the measures °(K) of 
the compact subsets of A. Indeed, for every compact subset K of A, one has 
u°(K) < p*(A); on the other hand, if & is the set of compact subsets of T, then 


w°(A) = supwK(ANK)= sup sup pwK(L) < sup u°(L) 
Ker Kerk LER LE& 
ANK LcA 


by Cor. 1 of Th. 4 of Ch. IV, §4, No. 6. 


3. Examples of measures 


Example 1.— Measures on a locally compact space. 

The following proposition shows that the theory of this chapter con- 
tains that of Ch. IV. In the statement, the word ‘measure’ and the notation 
a (T;C) are taken in the sense of the earlier chapters. 


PROPOSITION 3. — Let T be a locally compact space, and let w be a 
measure on T. Denote by W(t) the mapping that associates to each com- 
pact subset K of T the induced measure ux. Then W(p) is a premeasure 
on T, one has W(|u|) = |W(u)|, and the linear mapping W : w+> W(p) 
is a bijection of the space “(T;C) onto the space ZT; C) of premeasures 
on T. Moreover, if is positive then p° = (W(u))”. 

It is clear that W(y) is a premeasure (Ch. V, 87, No. 2, Prop. 4) and 
that the mapping W is linear. The relation W(u) = 0 means that pu 
induces the measure 0 on every compact set in T; then p(f) = 0 for 
f € #(T;C), thus ~ =0, which proves that W is injective. It remains to 
prove that W is surjective. Since every premeasure is a linear combination 
of positive premeasures, it will suffice to construct, for every positive pre- 
measure w, a positive measure y such that w = W(w). Let f € #(T) be 
a given function, and let L be a compact set containing the support of f; 
the number wry(f_) is independent of the choice of L, by the definition 
of induced measures, so that one can set w(f) = wi(fL); then p is a 
positive linear form on .#(T), that is, a positive measure. Let us verify 
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that w = W(w); first, the relation w°(f) = wt(f_) extends to the case 
that f is a finite upper semi-continuous function that is positive and is 
zero outside L. For, let M be a compact neighborhood of L, and # 
the (decreasing directed) set of continuous functions on T, with support 
contained in M, that are > f. Then (Ch. IV, 84, No. 4, Cor. 2 of Prop. 5) 


uw(f) = int, wh) = int, wm(hm) =wm(fm), 


and on the other hand wiy(fm) = wZ(fL) since fu is zeroon M—L 
(Ch. V, §7, No. 1, Prop. 1). In particular, if f is taken to be the extension 
by 0 of an element of .#%(L), this formula shows that wy = wr by the 
definition of induced measures, thus indeed W(w) = w. 

If yp is positive, then 


y°(f) = sup u*( fp) = sup Hifi) = (W(u))°(f) 


for every f € #4(T) (Ch. V, §1, Def. 1 and §7, Prop. 1). The relation 
[W(x)| = W(|u|) is obvious (Ch. IV, §5, No. 7, Lemma 3). 
Q.E.D. 


When T is locally compact, we shall from now on identify the spaces 
M(T;C) and #(T;C) by means of the bijection W. 

Example 2. — Measures with compact support on a topological space. 

Lemma 2. — Let T be a topological space, L a compact subset of T, 


and X a positive measure on L. There exists a unique positive measure | 
on T such that, for every function f € #4(T), 


(2) u(f) = A°(ft)- 


Let us set p(f) =A°*(fi) for every f € F(T), and let us show that 
the conditions 1) and 2) of Prop. 2 6) are satisfied. The second is obviously 
satisfied: indeed, p(f) = p(fyx) if K contains L. If K c T is compact, 
and if h € #,(K), then 


px(h) = p(h°) = A°(h°|L). 


But AL is the extension by 0 of hxpz to L: the last expression is there- 
fore equal to (ux)°(h), where ux is the image of A|KNL under the injection 
of KML into K (Ch. V, §6, No. 2, Prop. 2 and §7, No. 1, Prop. 1), and 
pK = (ux)*. Condition 1) of Prop. 2 b) is therefore also satisfied, and the 
existence of w follows at once. 

Q.E.D. 
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We shall say that uw is the measure on T defined by X. In particular, 
for every point x of T one can define the measure €,; it is characterized 


by (€x)*(f) = f(x) for f € ¥,(T). 


Remarks. — 1) When T is locally compact, u is the image of X under the 
injection of L into T. We shall see in §2, No. 3, Example, when image measures 
will have been treated, that this interpretation remains valid for arbitrary spaces. 

2) We shall also see that the measures defined in Example 2 are positive 
measures on T with compact support (No. 6, Remark 2)). 


We shall henceforth consider only positive measures, absent express 
mention to the contrary. For the rest of this section, T will denote a topo- 
logical space and ut a positive measure on T. 

Numerous results in the following subsections may be extended to pos- 
itive premeasures. This extension is left to the reader. 


4. Locally negligible sets and functions 


DEFINITION 6. — A function f € #4 (resp. a subset A of T) is said 
to be locally negligible for the measure if u°(f) =O (resp. w*(A) = 0). 
One says that w is concentrated on a subset A of T if T—A is locally 
p-negligible. 


Remarks. — 1) The concepts so defined coincide, when T is locally compact, 
with the usual concepts. 

2) After we have defined negligible sets, we will see that the locally negligible 
sets are indeed those whose germ, at every point of T, is the germ of a negligible 
set (No. 9, Cor. 2 of Prop. 14). 

3) As in Chs. IV and V, the expression ‘locally almost everywhere’ will be 
synonymous with ‘except on a locally negligible set’. 

4) If @ is a complex measure, we shall say that a function (resp. a subset 
of T) is locally negligible for 6 if it is so for the positive measure |6| . 

Example. — Let L be a compact subset of T, \ a measure on L, and p the 
measure on T defined by (No. 3, Example 2). The formula (3) implies at once 
that a function f € #+4(T) is locally -negligible if and only if fr is \-negligible. 


It follows immediately from formula (1) that a function f € #,(T) 
is locally pi-negligible if and only if fx is ux-negligible for every compact 
subset K of T. Thus the properties of locally negligible sets reduce at once 
to those of negligible sets in compact spaces, treated in Ch. IV. Here are 
some results that will be used henceforth without further reference. 

— For a function f > 0 to be locally negligible, it is necessary and 
sufficient that f(t) = 0 locally almost everywhere (Ch. IV, §2, No. 3, Th. 1). 
If f is a function with values in a Banach space, it is therefore equivalent to 
say that f = 0 locally almost everywhere or that u°(|f|) = 0; in this case 
we shall again say that f is locally negligible. 
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— The sum and upper envelope of a sequence of locally negligible 
functions > 0 are locally negligible (loc. cit., No. 1, Prop. 2). 

—If f and g are two functions > 0 that are equal locally almost 
everywhere, then y°(f) = u°(g) (loc. cit., No. 3, Prop. 6). 


5. Measurable sets and functions 


DEFINITION 7. — A function f defined on T, with values in a topolog- 
ical space F (Hausdorff or not) is said to be measurable for the measure 
(or to be 1-measurable) if, for every compact subset K of T, the function fx 
4s 4K -measurable. 


This amounts to saying that there exists, for every compact set K, a 
partition of K into a yx-negligible set N and a sequence (K,) of compact 
sets, such that the restriction of f to each K,, is continuous. Since it is 
equivalent to say that N is wx-negligible or that it is locally p-negligible 
(No. 4), one sees that f is -measurable if and only if, for every compact 
set K, there exists a partition of K into a locally p-negligible set N and 
a sequence (K,) of compact sets such that fx, is continuous for all n. 
This definition is identical to that of Def. 1 of Ch. IV, §5, No. 1, and one 
thus recovers the usual concept of measurable function when T is locally 
compact. 

A subset A of T is said to be measurable if its characteristic function 
is measurable. When A is y-measurable and y*(A) < +00, this number 
is denoted simply pu(A) and is called the measure of A. One similarly 
writes u(f) for u*(f) when f is >0, p-measurable, and u*(f) < +00. 


If @ is a complex measure on T, a function f (resp. a subset of T ) is said to 
be @-measurable if it is measurable for the positive measure |6|. The results below 
may be extended to complex measures. 

Example. — Let L be a compact subset of T, 1 a measure on L, and p 
the measure on T defined by X (No. 3, Example 2). A function f defined on T 
is u-measurable if and only if f, is \-measurable. For, this condition is obvi- 
ously necessary. Conversely, if it is satisfied, there exists a partition of L into a 
A-negligible set N and a sequence (Ln) of compact sets, such that fi, is contin- 
uous for all n. If K is a compact subset of T, the set K — Uk NLn) has an 


n 
intersection with L that is \-negligible, hence this set is u-negligible by formula (3) 
of No. 3, and the restriction of f to KM Ln is continuous for all n. 


Def. 7 permits extending, without a new proof, a number of results on 
measurable functions to the case of spaces not locally compact. Here are 
some of them, which we shall use henceforth without further reference: the 
open sets and the closed sets of T are u-measurable; the u-measurable sets 
form a tribe (Ch. IV, §5, No. 4, Cor. 2 of Th. 2), that contains the Borel sets 
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of T (loc. cit., Cor. 3), and the Souslin sets (Ch. IV, §5, No. 1, Cor. 2 of 
Prop. 3). The usual algebraic operations on numerical functions preserve 
measurability (Ch. IV, 85, No. 3), as do the operations of countable passage 
to the limit (loc. cit., No. 4, Th. 2 and Cor. 1). The following property 
merits more explicit: mention: 


PROPOSITION 4. — Let f be a positive function and (gn)n>1 @ sequence 


of u-measurable positive functions on T. Setting g = >> gn, one has 
n21 


(4) u°(f9) = >— u(Fon)- 


n21 


n 
Set hn = >> 9; for all n >1. For every compact subset K of T, 
i=1 


uk ((flin)k) = >> uk ((f98)K) 
=i 


by Prop. 2 of Ch. V, §1, No. 1 applied to the compact space K. Passing 
to the limit with respect to the increasing directed set of compact subsets 
of T, one obtains 


n 
u'(fhn) = >> u°(f9%)- 
i=1 
Now, fg is the limit of the increasing sequence (fhn)n>1, whence p*(fg) = 
Jim u°(fhn); the preceding formula then immediately implies (4). 


COROLLARY. — Let (A,) be a sequence of pairwise disjoint measurable 
subsets, with union A. For every subset B of T, 


p*(ANB) = So u*(An MB) 


and in particular 


u(A) = So uta). 


Among the properties of measurable functions or sets that extend as 
above to Hausdorff spaces, we cite also Prop. 12 of Ch. IV, §5, No. 8 (u-dense 
families of compact sets). Thus, a function f with values in a topological 


() The proof of this corollary is valid without modification for Souslin sets in a 
nonmetrizable locally compact space (GT, IX, §6, No. 9, Th. 5). 
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space (Hausdorff or not) is u-measurable if and only if the set of compact 
subsets K of T, such that fx is continuous, is y-dense (loc. cit., No. 10, 
Prop. 15). 


6. Directed families; support of a measure 
PROPOSITION 5. — a) Let H be an increasing directed set of func- 


tions > 0 that are lower semi-continuous on every compact subset of T. 
Then 


(5) y* (sup h) = sup p*(h). 
heH heH 


b) Let H be a decreasing directed set of functions > 0 that are upper 


semi-continuous on every compact subset of T. If there exists in H a func- 
tion ho such that u*°(ho) < +00, then 


ef: Pe e 
©) wah) = poe. 
For every compact set K C T, we have in case a) 
y( sup hex) = 1 ( sup hx) = sup K(k) = sup p°(hyx), 
heH heH heH heH 

and in case b) 

wn ex) = k(n ic) = ji wle(ac) = jo" (hr) 
by Prop. 2 of No. 2, and Prop. 8 of Ch. V, §1, No. 2. Case a) follows at once, 
by passage to the supremum with respect to K (No. 2, Prop. 2). To treat 
case b), denote by € a number > 0, and choose a compact set K such that 
L°(hoyK) > wu? (ho) —€. We then have (No. 5, Prop. 4) u*(hope,) < €; for 


every function h € H that is < ho, we therefore have u*(hyp,) < €, and 
finally u*(hyx) > u*(h) —e by Prop. 4 of No. 5. Therefore 


e . > e . at . e > * e _ . 
Hr fof) > a" ial en) = al Hen) > 5 oBf HO —€ 


Consequently the left side of (6) is > the right side; the reverse inequality 
being obvious, the proposition is established. 
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COROLLARY. — a) Let (Ua)aer be an increasing directed family of open 
subsets of T, with union U. Then w*(U) = sup u*(Ua). 
ael 


b) Let (Fa)aer be a decreasing directed family of closed subsets of T, 
with intersection F. If there exists an a € I such that w*(Fa) is finite, 
then p°(F) = inf 2° (Fa) 

ae 


By the preceding corollary, there exists a largest locally negligible open 
set; this justifies the following definition: 


DEFINITION 8. — The support of a measure on T is defined to be 
the complement of the largest locally u-negligible open set in T. 
The support of w is denoted Supp (1) . 


Remarks. — 1) If u is a complex measure, the support of wu is defined to be 
the support of the positive measure ||; it is again the complement of the largest 
locally y-negligible open set. 

2) Let us show that the measures introduced in Example 2 of No. 3 are mea- 
sures with compact support in T. Let pw be a positive measure on T whose 
support is a compact set K, and let v be the measure defined by px (in the sense 
of No. 3). Let f € #4(T); then 


v°(f) = uK(fx) (No. 3, formula (3)). 


The encumbrance y* being concentrated on K, we also have 
u°(f) =u? (fox) = u°((fx)°) = wk (fx), 


whence p® = v®, and finally ~ = v. Conversely, if K is a compact set in T and 
X a measure on K, and if u is the measure on T defined by A, then u®(CK) =0 
(No. 3, formula (3)); consequently, the support of wis contained in K, hence is 
compact. 


7. Upper envelopes and sums of measures 


PROPOSITION 6. — Let (Aa)aca be an increasing directed family of 
measures on T, and let p= supA%. For the family (Aq) to be bounded 


a 
above in (T), it is necessary and sufficient that the encumbrance p be 
locally bounded. The family (Aq) then admits a supremum 2 in A(T), 
and A® =p. For every compact set K, the measure Ax is the supremum of 
the measures (Xq)K in M@(K). 

If the family (Aq) is bounded above in .@(T), then p is obviously 
locally bounded. Conversely, let us assume p to be locally bounded, and 
let us show that it satisfies the conditions 1) and 2) of Prop. 2 b) of No. 2. 
For 2), this results from the following equalities: 


P(f) = sup raf) = sup sup ALF YK) = sup sup rf YK) = sup P(feK). 
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On the other hand, let K be a compact set; the encumbrance px is 
equal to the upper envelope of the encumbrances (\$)x and it is bounded 
since p is locally bounded. The measures (Aq)x therefore admit a su- 
premum Ax in @(K), and AX = pK (Ch. V, §1, No. 4, Prop. 11). The 
condition 1) of Prop. 2 6) of No. 2 is thus satisfied, therefore there exists a 
measure A on T such that A»° = p; it is clear that A is the supremum of 
the measures Ag. 


DEFINITION 9. — Let (pi)ier be a family of measures on T. Let A 
be the set of finite subsets of 1; for every a € A let Ay = D> wi. If the 


1EQ 
family (Aq) admits a supremum p in M(T), the family (u;) is said to be 
summable, y is called the sum of the family (4), and one writes w= D> Wy; . 
iel 
This definition extends the definition of Ch. V, §2, No. 1. 
PROPOSITION 7. — For the family (wi)ier to be summable, with sum p, 
it is necessary and sufficient that the encumbrance p = >> pu? be locally 


iel 
bounded, in which case p = yu*®. For every compact subset K of T, the 
family ((Hi)K) ser is then summable in .@(K), and wx = >>(ui)K- 

tel 


With notations as in Def. 9, A% = >> uw? for every finite subset a of I 
i€a 
(No. 2, Remark 1). The statement is then an immediate consequence of 
Prop. 6. 


The relation x = >>(4:)K and Prop. 2 of Ch. V, §2, No. 2 yields the 
iel 


following result: 


PROPOSITION 8. — Let yw be the sum of a summable family (ui)ier of 
measures on T. In order that a mapping f of T into a topological space F 
(Hausdorff or not) be -measurable, it is necessary and sufficient that f be 
pi-measurable for every i € 1. 


8. Crushings 


DEFINITION 10. — One calls crushing of T for uw, or u-crushing, any 
locally countable family (Ka)aca of pairwise disjoint compact subsets of T 
such that the set N=T— WU Kg is locally u-negligible. 

acA 

PROPOSITION 9. — a) There exists a crushing (Ka)aca of T for p. 

b) Let (Ka)aca be a crushing of T for uw. If ug is the measure on T 
defined by ux, (No. 3, Example 2), then the family (ta)aca is summable, 
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its sum is equal to 1, and, for every function f € F(T), 


(7) wf) = >> wh (A) = 0 ok (fe) © 


acA acA 


For a mapping g of T into a topologicai space G (Hausdorff or not) to be 
p-measurable, it is necessary and sufficient that gx, be ux,-measurable for 
every acA. 


A) Existence of a crushing: 

The proof is a repetition of that of Prop. 14 of Ch. IV, §5, No. 9, with 
slight modifications. Let & be the set of compact subsets K of T such that 
Supp (ux) = K, and let # be the set (ordered by inclusion) of subsets £ 
of & consisting of pairwise disjoint sets. Let us first show that every ele- 
ment £ of # is locally countable. Let x be a point of T, and V an open 
neighborhood of z such that u°(V) < +00; let Sy be the set of K € £ that 
intersect V. If (Ki)i<i<n is a finite sequence of distinct elements of Ly , 
we have, by the Cor. of Prop. 4, 


eKinv) =n*(vin(UK)) <a), 
i=1 i=1 


because the K; are pairwise disjoint. Thus, 


> uwt(KNV) < +00. 
KeLy 


Now, uw°(K OV) = uZ(KNV) > O for every K € Ly, because KNV is 
nonempty, open in K, and the support of wx is all of K; Lv is therefore 
countable, and £ is indeed locally countable. It is immediate that # is 
inductive, and nonempty (one has @ € #). Thus, let 5 be a maximal 
element of #. We are going to show that the sett N= T— JU K is 


Ke9 
locally negligible. By Prop. 2, it suffices to verify that u®(NML) = 0 for 
every compact set L, or again that pf(NML) = 0. We shall argue by 
contradiction. Thus, suppose that yf(NML) > 0. Since the set of KE 9 
that intersect L is countable, NOL is u-measurable; therefore there exists 
a compact set J contained in NOL such that wp(J) > 0. Let S be the 
support of the nonzero measure (f#,)3 = Wj; it is contained in N , the meas- 
ure ig is nonzero, and Supp(ws) = S (Ch. IV, §5, No. 7, Lemma 2). The 
set § U {S} therefore belongs to #, in contradiction with the maximal 
character of §. This proves the existence of a crushing. 


(1) We shall see later on (§2, No. 2) that ua is the measure pK, -}. 
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B) Proof of (7): 

For every a € A, wa(f) = ux, (fx.) = w(fyeK.) by formula (3) 
of No. 3 and Prop. 2 a) of No. 2; these formulas show that the encum- 
brance )°> yw’, is < u*, hence that the family (ua)aca is summable (No. 7, 


acA 
Prop. 7). It thus suffices to show that u = >> Ua, that is, to establish the 
acA 


formula 


(8) Wk = Yo (ualk 


acA 


for every compact subset K of T. Now, K being fixed, the set A’ of 

a € A such that K, intersects K is countable. Let g € 4,(K); then 

9 = 9° on + > gvx,, and gyx, =0 for a€ A—A’; by Prop. 4 of 
acA 


No. 5, it follows that y°(g°) = S> u*(g°vK,), whence 
acA 


ux(9) = u°(9°) = >> uP (9?eK.) = >> u8(9°) = >> (Ha) (9); 


acA acA acA 


thus (8) is established. 

C) Measurability: 

For a function g defined on T to be y-measurable, it is necessary and 
sufficient that it be u -measurable for every a € A (No. 7, Prop. 8); but 


this amounts to saying that gx. is wx,-measurable for all a € A (No. 5, 
Example). Q.E.D. 


As in Prop. 14 of Ch. IV, §5, No. 9, one can require the compact sets K, 
to belong to a p-dense set of compact subsets of T, given in advance. We 
will only need the following result, which we shall establish directly: 


PROPOSITION 10. — Jf g is a u-measurable mapping with values in a 
topological space G (Hausdorff or not), there exists a u-crushing (Lg)gep 
of T such that the restrictions g,, are continuous for all BEB. 

Consider a crushing (Ka)aca of T for uw. Since the mapping g is 
measurable, there exists for each a € A a partition of Kg into a sequence 
(Kan) of compact sets and a locally negligible set Ng , such that the restric- 
tion of g to each of the sets Kan is continuous. The family (Kan)(a,n)eAxN 
is then the sought-for crushing. For, it is locally countable, and the set 
N’ = NU(UNa) is locally negligible, because a compact set intersects at 


Qa 
most a countable infinity of sets Ny. 
SCHOLIUM. — Let (Ka)aca be acrushing of T, and let N= T— UJKg. 
Q 
We denote by T’ the locally compact space obtained by equipping T with 
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the sum topology of the topologies of the subspaces Ky and any locally 
compact topology on N (unless expressly mentioned to the contrary, N will 
always be equipped with the discrete topology). For each a € A, let ig be 
the canonical injection of Kg into T’, and let u/, be the measure on T’ 
that is the image of wx, under i,. The family (/,) is summable: for, if f 
is a continuous function on T’ with compact support, then Supp (f) inter- 
sects Ky for only a finite number of indices a. We set pp’ = >> wy. The 
acA 
set N being locally negligible for ys’, since it is so for each p/, (Prop. 9), 
the family (Ka)aca is a p/-crushing of T’; now, the measure induced by p’ 
on Kg is obviously ux, and the formula (7), applied to and to py’, shows 
that u® = p’*. Similarly, the last assertion of the statement of Prop. 9, 
applied to p and to p’, shows that the measurable mappings are the same 
for the two measures yw and p’. 

These two properties permit reducing nearly all of the theory of integra- 
tion with respect to yz to the theory elaborated for locally compact spaces. 
These considerations will be developed in No. 10. 

Here is another application of the concept of crushing: 


PROPOSITION 11. — Let X be a p-measurable subset of T. There exists 

a locally countable family (La)aca of compact subsets of X, pairwise dis- 

joint, such that X— ( Lg is locally y-negligible. If, in addition, X is the 
acA 

union of a sequence (Xn) of measurable sets such that u°(Xn) < +00, then 


the set B of a€ A such that u*(La) #0 is countable, and X— LU Leg 
€B 
is locally u-negligible. ° 
Let f be the characteristic function of X, and let (Ka)aea bea crush- 
ing of T such that the restriction of f to each of the Kg is continuous 
(Prop. 10). The set La = KaMX is then compact for every a € A, and 
(La)aca is the desired family. Let us pass to the second assertion; the mea- 
surable sets X, may clearly be assumed to be disjoint, and it suffices to 
establish the assertion for each of them. In other words, changing notation 
if necessary, we can suppose that *(X) < +oo. The set B of a € A such 
that (La) > 0 is then countable, and it only remains to prove that the set 
N= UL, is locally negligible. But K is a compact set; the family 
acA—B 
(La)aea being locally countable, the set KNN is the union of a countable 
subfamily of the family (KN La)aea—B, and this set is therefore locally 
negligible. The same is then true of N (No. 2, Prop. 2) and the proposition 
is established. 
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DEFINITION 11. — For every function f € #(T), one defines the 
upper integral of f (with respect to the measure ) to be the finite or infinite 
positive number 


(9) u*(f) = inf B°(g), 


where g runs over the set of lower semi-continuous functions that are > f. 

The notations [ * f(t) du(t) and f * fd are also used. When T is 
locally compact, this definition coincides with the usual definition (Ch. V, 
§1, No. 1, Prop. 4). Clearly w*°(f) < u*(f), with equality when f is lower 
semi-continuous. If A is asubset of T, one writes u*(A) instead of u*(pa), 
and this number is called the outer measure of A. The measurable sets 
with finite outer measure are called integrable sets, as in the case of locally 
compact spaces. 

A function f with values in a Banach space or in R such that p*(|f|) = 0 
is said to be negligible; aset A C T is said to be negligible if ya is negligible, 
that is, if *(A) =0. The expression almost everywhere is introduced as in 
Ch. IV, §2, No. 3. 


PROPOSITION 12. — The function p* is an encumbrance on T. 

The properties a), b), c) of Def. 1 of No. 1 are obvious. The proof of 
the property d) is identical to that of Th. 3 of Ch. IV, §1, No. 3, on taking 
into account Props. 4 and 5 a). 


COROLLARY. — A function f , with values in a Banach space or in R, 
is negligible if and only if £(t) =0 almost everywhere. 

One reduces immediately to the case of a positive function. The proof 
is then identical to that of Th. 1 of Ch. IV, §2, No. 3. 


PROPOSITION 13. — For every subset A of T, u*(A) is the infimum 
of the outer measures of the open sets containing A. 
The proof is identical to that of Prop. 19 of Ch. IV, §1, No. 4. 


DEFINITION 12. — Let f be a function defined on T, with values in 
a Banach space or in R. One says that f is moderated for the meas- 
ure pL, or 4-moderated, if f is zero on the complement of a countable union 
of integrable open sets. A subset A of T is said to be moderated if the 
function ya is moderated. The measure yw is said to be moderated if the 
function 1 is -moderated. 


For example, since the encumbrance p® is locally bounded, every compact 
subset K of T is contained in an open set V such that u°(V) < +00; a function 
that is zero outside a compact set is therefore moderated. A negligible function is 
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moderated. The remarks following Def. 2 of Ch. V, §1, No. 2 can immediately be 
extended to the present context. In particular, the sum of a sequence of moderated 
positive functions is moderated. 

Remarks. — 1) On a Lindeldf space T (TG, IX, Appendix I, Def. 1), and in 
particular on a Souslin space (ibid., Cor. of Prop. 1), every measure is moderated. 
For, the open sets of finite measure form a covering of T, from which one can 


2) Beware, however, that the existence of a sequence of Borel sets of finite 
measure for 41, with union T , does not necessarily imply the existence of a sequence 
of open sets of finite measure with union T (in other words, does not imply that u 
is moderated). See Exer. 8. 

PROPOSITION 14. — Let f € ¥4(T). If f ts p-moderated, then 
u*(f) =u(f); of f is not u-moderated, then p*(f) = +00. 

If u*(f) < +00, there exists a lower semi-continuous function g > f 
such that y°(g) < +oo. For every n EN, let Gy, be the set of t € T such 
that g(t) > 1/n; the set Gp is open, one has u*(Gn) < nu*(g) < +00, 
and f is zero outside the union of the G,: the function f is therefore 
moderated. 

Next, let us show that u* and p® have the same value for moderated 
functions. Since * and p* are encumbrances, it suffices to establish the 
relation u*(f) = u°(f) when f is a positive function, bounded above by 
a constant M, and zero outside an open set G of finite measure, which we 
shall now do. 

The measure yw is the supremum, in .@(T), of an increasing directed 
family (;)ier of measures with compact support: this follows at once from 
Prop. 9 of No. 8. Let g be a lower semi-continuous function on T, be- 
tween f and the lower semi-continuous function Myc. Set % = b— Wi; 
then u® = wp? +v% (No. 2, Remark 1), consequently 


ug) — ue(f) = (uf (9) — HEF) + 2) — 42 (F)) 
< (uf (9) — ue (f)) + v2 (Mya). 


One has v?(Myq) = u*(Mya) — u?(Mye) and u*(Mye) = sup 4? (Mya) 
(No. 7, Prop. 6); the number v?(Myq) may therefore be made arbitrarily 
small by a suitable choice of i. Thus everything comes down to showing 
that one can find, for any number c > 0 and any index i € I, a lower semi- 
continuous function g between f and Myg, such that w?(g) — u?(f) < . 
Now, let L be the compact support of the measure p;, and let \ be the meas- 
ure (;)L; since 4; is concentrated on L, one has y?(h) = wf? (hyy) = A®*(Az) 
for every function h € #,(T) (No. 1, Lemma 1 and No. 2, Prop. 2); therefore 


ui(g) — He (f) = A°(gu) — A°(fL)- 


1The cited appendix in TG does not appear in GT (which translated an earlier 
edition of Ch. IX). Lindeléf spaces are defined in GT, I, §9, Exer. 14; this exercise and 
the definition of Souslin space (GT, IX, §6, No. 2, Def. 2) cover the material needed 
here. 
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But L is compact; therefore A®* = A*, consequently there exists a lower 
semi-continuous function A defined on L, that is > fy and is such that 
A®(h) < A®(fi)+c. Since the set L is closed in T, the function k equal to h 
on L, and to +oo on T — L, is lower semi-continuous on T and is 2 f, 
and \°*(k,) = A°(k) < A°(fL) +c. It remains only to set g = inf(k, Mpa): 
g is lower semi-continuous, g > f and 


ut(g) < w8(k) = A*(k,) < Mi) Fe= HIF) Fe. 


COROLLARY 1. — For a function to be negligible, it is necessary and 
sufficient that it be locally negligible and moderated. 


COROLLARY 2. — For a function f to be locally negligible, it is nec- 
essary and sufficient that every x € T possess a neighborhood V_ such that 
fev is negligible. 

For, if this property is satisfied, fyx is negligible for every compact 
set K, and f is therefore locally negligible (No. 2, Prop. 2). Conversely, 
suppose that f is locally negligible, and let z bea point of T; x admits an 
open neighborhood V of finite measure. The function fyy is then locally 
negligible and moderated, hence is negligible. 


COROLLARY 3. — Let f be a moderated function defined on T. There 
exists a sequence (K,) of pairwise disjoint compact sets, and a negligible 
set H, such that f = fyu + > fox, . 


For, let G bea set that isa countable union of integrable open sets, such 
that f is zero outside G; then G is the union of a sequence (K,,) of pairwise 
disjoint compact sets and a locally negligible set H (No. 8, Prop. 11); but H 
is moderated, therefore negligible. 


COROLLARY 4. — If ww and v are two measures on T such that 
p* =v*, then p=v. 

For, the equality u* = v* implies that u*(f) = v*(f) for every positive 
function f that is moderated for and v, hence for every positive function 
with compact support; it follows that u® = v® (No. 2, Prop. 2), then w =v 
(No. 2, Cor. of Prop. 2). 


COROLLARY 5. — If uw is a moderated measure on T, there exists a 
sequence ({in)nen Of measures with compact support such that u= >> bn. 


nen 
By hypothesis, the constant function 1 is y-moderated. Let us apply 
Cor. 3 to the case f = 1; thus, there exists a sequence (Kn)nen of pairwise 


disjoint compact subsets of T such that 1 = > x, p-almost everywhere. 
nen 
Let fn be the measure on T defined by the measure psx, on K, (No. 3, Ex- 


ample 2). One knows (No. 6, Remark 2) that ju, has compact support, and 
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that uo (f) = u°(fyex,) for f € F(T). Now, f isequalto 5° fyx, 
neN 


p-almost everywhere, whence 


u(f)= dow (fex,) = D> vals): 


neN neN 
It follows that w= >> pn (No. 7, Prop. 7). 
neN 


10. Integration theory 


DEFINITION 13. — Let p € [1,+00[; one denotes by F(T, pu) (resp. 
gs (T,) if F is a Banach space) the set of mappings f of T into R (resp. 
into F ) that are y-measurable and satisfy u°(|f|?) < +oo. One denotes by 
£?(T, pu) (resp. GP(T,u)) the set of u-moderated elements of Y"(T, p) 
(resp. p(T, u)). 

We will write Np(f) = (u*(lf|?))/”, Np(f) = (u*({f?))'””. We . 
note by N..(f) the infimum of the numbers k > 0 such that |f| < 
locally p-almost everywhere; if N..(f) < too, f is said to be eae 
bounded. The set of measurable and | essentially bounded mappings of T 
into R (resp. into F) is denoted Y~(T, pu) (resp. Lp (T,p)). The ele- 
ments of Pr, (T, pu) (resp. Y}(T, 4) ) are called essentially integrable func- 
tions (resp. integrable functions) with values in F. 

If yw is a complex measure, one sets 


Pr(T,w) = LRT, |u|) and YP(T,u) = LET, |ul). 


The above notations are often abbreviated to Pr(u), Le or L?(u), L?, 
if this does not lead to any confusion. 

We saw in No. 8 (Scholium) that one can construct a locally compact 
space T’, having the same underlying set as T and a topology finer than 
that of T, and equip T’ with a measure p’ such that the p-measurable 
functions and the p’-measurable functions are the same, and such that the 
essential upper integrals. of positive f functions for yw and p’ are equal. It 
follows that the sets Pp(u) and Lp(y’) are identical for 1 < p < +00.) 
This also implies without new proot that Pp F is a vector space, and that the 
function N, is a semi-norm on H(u), for which this space is complete. 

Let f be an element of Yr (1 < p < +00); since one has p°(|f|?) = 
p’*(|£|?) < +00, Prop. 7 of Ch. V, §1, No. 2 implies that f is zero outside 


(1) Note that the space £F(u) is contained in Lp (u’), but is in general distinct 
from it. 
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the union of a sequence of compact subsets of T’ and a locally p’-negligible 
set; the latter set being locally u-negligible, and every compact subset of T’ 
being compact in T, it follows that f is equal locally y-almost everywhere 
to a u-moderated function. Let us denote by Wp (resp. 4p) the SPACE 
of locally y-negligible (resp. yu-negligible) functions; we thus have es = 
Bete, and Mp = YPN NW -x (No. 9, Cor. 1 of Prop. 14). The space 
Y;/ Ny may therefore be canonically identified with 22 /Mp, and one 
verifies immediately that this identification preserves norm; this quotient 
space is denoted L(y). It can be tperreted as the normed space associated 
with each of the semi-normed spaces Yp(u) and YP(u); since Pp is 
complete, the same is true of LZ and “7. 

The set of functions | f with values i in F, continuous on T’ with compact 
support, is dense in Pp(u') = Pru) (Ch. IV, §3, No. 4, Def. 2). Let us 
take up again the notations of the Scholium of No. 8. Since a compact 
subset of T’ intersects only a finite number of the compact sets K,, every 
continuous function f on T’ with compact support may be written as a 


sum 
f=) fats, 
acA 


where f,, is, for every a, the extension by 0 of a continuous function on: K, , 
where fy = 0 except for a finite number of indices, and where g is locally 
p-negligible. We thus have the following result: 


PROPOSITION 15. — The set of functions f with values in F, such 
that Supp(f) is compact and such that the restriction of £ to Supp(F) is 
continuous, is dense in Pr(u) and in LE (u), forl<p<-+oo. 


Note that these functions are not continuous functions on T with compact 
support. 


Let us pass to the definition of the integral. 


PROPOSITION 16. — There exists one and only one continuous linear 
mapping f ++ [fdu, of the space Pr(u) into F, having the following 
property: 

If £ is of the form tr g(t)a, where ac F, and where g is a positive 
function, finite, u-measurable and such that u°(g) < +00, then ffdy = 
ue(g)-a. 

For, the semi-normed spaces Y; (4) and Z,(y’) are identical. Since 
p° = y'*, the mapping f+ f{ fd’ satisfies the conditions of the statement. 
On the other hand, the set of functions of the form f = g-a considered in 
the statement is total in Pe (’) (Ch. IV, §3, No. 5, Prop. 10), whence 
uniqueness. 
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One says that [fd is the integral of f with respect to w, and this 
vector is also denoted y(f) or f f(t) du(t). 

Since ffdu = [fdy' for every essentially integrable function f with 
values in F,, all of the theory of the essential integral extends to measures on 
Hausdorff spaces, without new proofs; from it, one deduces results relative 
to the ordinary integral by restricting oneself to moderated functions. We 
cite in particular the following results: 


— Th. 3 of Ch. IV, §3, No. 4, its extension to 7. ka , and its two corol- 
laries. 

— Th. 4 of Ch. IV, §3, No. 5 (composition with a continuous linear 
mapping) and its corollaries; Props. 9, 11 and 12 of the same No. 

— All of the results of Ch. IV, §3, No. 6, relative to the ordered vector 
space structure of L?. 

— All of the results of Ch. IV, §3, No. 7, and in particular Lebesgue’s 
theorem. 

— All of the results of Ch. IV, §3, No. 8, on the relations between the 
spaces LE. 

— Theorem 2 of Ch. IV, §4, No. 3 (the statement of Lebesgue’s theorem 
specific to Ly). 

— Holder’s inequality (Ch. IV, §6, No. 4, Th. 2) and its corollaries. 

— The relations between the spaces L# established in Ch. IV, §6, No. 5. 

~—— The results on the duality of the spaces L? established in Ch. V, §5, 
No. 8. 

— The Dunford—Pettis theorem (Ch. VI, §2, No. 5, Th. 1), its Corol- 
laries 1 and 2, and Prop. 10 of Ch. VI, §2, No. 6 (dual of L}). 


§2. OPERATIONS ON MEASURES 


As in the preceding section, T denotes a Hausdorff topological space, 
and pp a measure on T. Recall that all measures are assumed positive, 
absent mention to the contrary. 


1. Induced measure on a measurable subspace 


Let X bea subset of T, and let v be the restriction of the mapping 
pu: Ke px to the set of compact subsets of X; it is clear that v is a 
premeasure on X. On the other hand, let x € X and let V be an open 
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neighborhood of x in T such that y*(V) < +00; then 


v(XNV)= sup” p*(K) < p*(V) < +00 
K compact 
KCXNV 


by Remark 3 of §1, No. 2, so that v is a measure. 


When X is not p-measurable, the encumbrances v® and (u*)x are not 
necessarily equal and the measure v presents no interest. 


DEFINITION 1. — Let X be ap-measurable subset of T. The restriction 
of uw: Ke px to the set of compact subsets of X is called the measure 
induced by w on the subspace X, and is denoted by x or pf|X. 


PROPOSITION 1. — Let X be ap-measurable subset of T. The encum- 
brance (ux)* is equal to the encumbrance (u*)x induced by u*® on X (81, 
No. 1). In other words, (ux)*(g) = u*(g°) for every function g € F4.(X). 

Let f € #,(X) and let f° be the extension by 0 of f to T. One 
has (u°)x(f) = u°(f°) = sup u*(f°v.), where L runs over the set of com- 

L 


pact subsets of T (§1, No. 2, Prop. 2); similarly (ux)*(f) = sup ux(fx) = 
K 
sup °(f°yx), where K runs over the set of compact subsets of X. Thus it 
K 
all comes down to showing that y*°(f°y.) = sup u*(f°px) for every compact 
K 


subset L of T, where K runs over the set of compact subsets of LNX. Now, 
let (K,) be an increasing sequence of compact sets contained in LMX, such 
that (LOX) — UKn is locally p-negligible (§1, No. 8, Prop. 11); f° being 


n 
zero outside X, fpr is zero outside LMX hence is equal locally almost 
everywhere to the upper envelope of the sequence (f°yx,). This implies 
that u°(f°v.) = sup u°(f°yx,,), whence the desired result. 
n 


Remarks. — 1) The relation (ux)* = (u*)x permits using the notation py 
without ambiguity; we shall do so henceforth. The preceding Prop. 1 and Prop. 2 
of §1, No. 2 show that the measures denoted px until now, for K compact, are 
indeed induced measures in the sense of Def. 1. Similarly, if T is locally compact, 
and if X is a locally compact subspace of T, the above Prop. 1 and Prop. 1 of 
Ch. V, §7, No. 1 show that Def. 1 coincides with the definition of Ch. IV, §5, No. 7. 

2) Def. 1 may be extended to the case that uw is a complex measure on T. 
To show in this case that the premeasure px is a measure, it suffices to observe 
that |wx| = |ulk for every compact subset K of X (§1, No. 2). 


By Prop. 1, a subset Y of X is px-measurable (resp. locally 
ux-negligible) if and only if it is ~-measurable (resp. locally p-negligible). 
If Y is x-measurable, hence y-measurable, the induced measures (4x)y 
and py are obviously equal by virtue of Prop. 1 (transitivity of induced 
measures). 
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Remark 3). — Let X be a p-measurable subset of T. By Prop. 10 of §1, 
No. 8, applied to g = yx , there exists a crushing (Ka)aca of T such that 
for each a € A, either Kg C X or Kg C CX. If one modifies the topology 
of T by the procedure of the Scholium of §1, No. 8, the space X’ obtained 
by equipping X with the topology induced by T’ is locally compact, and 
onc knows how to associate to w (resp. to ux) a measure p’ (resp. v) 
on T’ (resp. on X’) that admits the same essential upper integral as yu 
(resp. ux): this implies that wy, = v. Since the locally negligible sets, 
measurable mappings, and essentially integrable functions with values in a 
Banach space, are the same for and yp’, and for wx and (px) =v = py, 
the theory of integration with respect to an induced measure reduces to that 
which was treated in Ch. V, §7 in the special case of locally compact spaces. 
We leave to the reader the task of transcribing the results. 


2. Measures defined by numerical densities 


DEFINITION 2. — A function f defined on T, with values in R or in 
a Banach space, is said to be locally -integrable if f is u-measurable and 
every point x € T admits a neighborhood V such that u°(|f\pv) < +00. 


This definition coincides with the one given in Ch. V, §5, No. 1, in case T is 
locally compact. 


Let f be a locally yp-integrable positive function; the mapping 
Ke fx-puK is a premeasure (Ch. V, §7, No. 1, Cor. 2 of Th. 1), which will 
be denoted f-p. 


PROPOSITION 2. — If f is a positive locally u-integrable function, then, 
for every function g € F(T), one has the relation 
(1) (f -H)°(9) = u°(f9)- 


Indeed, for every compact set K in T, 


(f -w)k(gK) = (fx - uK)* (9K) = UK(fk9K) = UK ((f9)K), 


on using the definition of f - and Prop. 3 of Ch. V, §5, No. 3. Prop. 2 
follows from this on passing to the supremum over K. 

Now let x € T and let V bea neighborhood of x such that p°(fypv) < 
+oo (Def. 2); then (f -)*(V) = u*(fpv) < +00, therefore f-p is a 
measure. 


DEFINITION 3. — Let f be a locally p-integrable positive function. The 
measure f-p: Kr fx-ux is called the measure with density f with respect 
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to p, or the product measure of uw by the function f . Every measure of the 
form f-p, where f is positive and locally u-integrable, is called a measure 
with base p. 


Remarks. — 1) The definition of f- extends to the case that f is a complex 
locally integrable function; one then has |f - | = |f|-, which implies at once that 
f-u is a measure, not just a premeasure. We retain the expression ‘measures with 
base py’ to designate the complex measures so defined. 

2) Similarly, if 9 is a complex measure, f is said to be locally 6-integrable if 
it is locally |6|-integrable, and one defines the measure f-@: K+ fx -0x. One 
has |f - 6| = |f|-|@| (Ch. V, 85, No. 2, Prop. 2). In this No., we shall leave aside 
everything concerning non-positive measures. 


PROPOSITION 3. — Let v be a measure on T. For v to be of the 
form f-u, where f is a locally u-integrable positive function, it is necessary 
and sufficient that every u-negligible compact set be v-negligible. If f' is a 
second locally .-integrable function such that v = f’-, then f = f’ locally 
p-almost everywhere. 

The condition is obviously necessary (Prop. 2). Conversely, suppose that 
every p-negligible compact set is v-negligible. Let us introduce a crushing 
(Ka)aea Of T for the measure p+v and let usset N=T— VU Ka. Itis 


acd 
clear that (Ka)oea is a crushing for w and for v, and Prop. 9 of §1, No. 8 
therefore implies the following relations for every g € ¥4: 


u°(9) = So wk (9K.), -°(9) = 90K (9K) - 


acA acA 


Consider a compact set C C Kg that is ux,-negligible; then C is locally 
p-negligible, hence locally v-negligible, and finally vx, -negligible by the def- 
inition of v. It then follows from the Lebesgue-Nikodym theorem (Ch. V, 
§5, No. 5, Th. 2) that vx, admits adensity f, with respect to wx, . Let f 
be the function that coincides with fy on each of the sets Kg, and with 0 
on N; the function f is y-measurable (Ch. IV, §5, No. 10, Prop. 16), and 
for every function g € #4 one has, by the above relations and Prop. 3 of 
Ch. V, §5, No. 3, 


¥°(9) = >> KR (9Ka) = >> wk, (fagK.) = >> uk. ((F9)K.) = u"(F9)- 


acA acA acA 


It then follows first of all that f is locally y-integrable: if x is a point 
of T, and if V is a neighborhood of x such that v*(V) < +00, then 
Lu’ ( fev) < +oo. Next, Prop. 2 shows that the measures v and f -p have 
the same essential upper integral. They are therefore equal (§1, No. 2, Cor. 
of Prop. 2). The uniqueness of f being obvious based on the case of compact 
spaces, the proposition is established. 
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Remark 3). — The theory of integration with respect to a measure 
vy = f -p reduces at once to the theory treated in Ch. V. For, let (Ka)aea 
be a crushing of T for yw, hence for v, and let T’ be the locally compact 
space defined in the Scholium of §1, No. 8; we can associate to pu (resp. to v) 
a measure p’ (resp. v’) on T’, in such a way that the measurable functions, 
the essentially integrable functions with values in a Banach space, and the 
essential upper integrals of positive functions, are the same for yw and yp’ 
(resp. for vy and v’). The function f is therefore y’-measurable; it is locally 
p’-integrable, because T’ is locally compact, and a compact subset of T’ 
intersects only a finite number of the compact sets K, (a € A). Finally, 
the relation v/*(g) = v*(g) = w*(fg) = w’*(fg) proves that v’ = f-p’ 
(Ch. V, §5, No. 3, Prop. 3). We leave to the reader the task of transcribing 
the results of Ch. V, §5. 


3. Image of a measure 


DEFINITION 4. — Let x be a mapping of T into a topological space X. 
One says that n is u-proper if 7 ts -measurable, and if every point x of X 


admits a neighborhood V such that p° (x(V)) < +00. 


Remarks. -- 1) When T and X are locally compact, this definition is equiv- 
alent to that of Ch. V, §6, No. 1. 

2) A proper continuous mapping (GT, I, §10, No. 1, Def. 1) of T into X is 
u-proper for every measure yw. For, let x € X; since 7 (2) is compact (loc. cit., 
No. 2, Th. 1), the set 7 (2) has an open neighborhood H such that y°(H) < +oo. 
Set V = X— 2(T — H); since zm is closed, V is open in X, contains x, and 
satisfies 7(V) CH, whence ue(a(V)) < p°(H) < +00. 

3) If is bounded, every uy-measurable mapping of T into X is y-proper. 

4) If @ is a complex measure on T, 7 is said to be 6-proper if a is proper 
for the positive measure |6| . 


PROPOSITION 4. — Let a be ap-proper mapping of T into a topological 
space X. There exists one and only one measure v on X such that v® is 
equal to the image encumbrance m(y*) (§1, No. 1), in other words, such that 
v°(g) =b*(gom) for all g € F1(X). 

Uniqueness is obvious (§1, No. 2, Cor. of Prop. 2). To establish exis- 
tence, we shall first treat the case that ps is carried by a compact set K , such 
that the restriction of 7 to K is continuous. Then L = 7(K) is compact; 
let 2’ be the continuous mapping of K into L induced by 7, and let v’ be 
the image measure 7’(wx) on L, v the measure on X defined by v’ (§1, 
No. 3, Example 2). For every g € ¥4(X), 


v°(g) =v'*(g) = uk(gn om’) = uK((9°m)K) =H" ((9o mK) =U(gorm) 
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(we have used successively formula (3) of §1, No. 3; Prop. 2 of Ch. V, §6, 
No. 2; the definition of u% ; and the fact that ys is carried by K). In other 
words, v* = 7(p°). 

Let us now pass to the general case; by Props. 10 and 9 of §1, No. 8, py is 
the sum of a summable family (4a)aca of measures with compact support, 
such that the restriction of 7 to the support Ky of pg is continuous for 
every a € A. The special case treated above permits associating to each 
measure fq on T a measure Yq on X such that vg = m(ue,). Then, for 
ge F. + (X), 

> ¥8(9) = 95 wa (gom) =u(gor). 


acA acA 


The encumbrance 7(°) is locally bounded, since 7 is u-proper; the family 
(va)aea is therefore summable (§1, No. 7, Prop. 7), and its sum v satisfies 
the statement. 


DEFINITION 5. — Jf m7 is a p-proper mapping of T into a topological 
space X, the unique measure v on X such that v*(g) = u*(go7) for all 
g © F4(X) is called the image measure of uw under 7, and is denoted m(p). 


Example. — Let K be a compact subspace of T, i the canonical injec- 
tion of K into T, and a measure on K;; since i is continuous and X is 
bounded, i is \-proper. Formula (3) of §1, No. 3 shows that the “measure 
on T defined by ” is the image measure 1(A). 


Remark 5). — If 6 is a real measure and 7 is @-proper, then a is proper 
for the measures 9+ and @- ; one then sets 7(6) = 1(O0+) — 7(0-). If 6 isa 
complex measure and 7 is @-proper, then 7 is proper for the real measures (0) 
and .4(@); one then sets 


m(0) = n(&(8)) + in(F(8)). 


PROPOSITION 5. — Let m be ay-proper mapping of T into a topological 
space X, and let f be a mapping of X into a topological space F (Hausdorff 
or not). For f to be x(y)-measurable, it is necessary and sufficient that for 
be p-measurable. 

Let us take up again the proof of Prop. 4, and commence with the special 
case treated at the beginning, with the same notations; g is measurable for 
the measure 7(y) = v if and only if gz is v’-measurable (§1, No. 5, Example); 
now, this is equivalent to saying that g,o7’ =(go7)x is ux-measurable 
(Ch. V, §6, No. 2, Prop. 3), and finally that go7 is pz-measurable (§1, No. 5, 
Example). Let us now pass to the general case, with the same notations as in 
the proof of Prop. 4; f is v-measurable if and only if f is va-measurable for 
every a € A (§1, No. 7, Prop. 8), hence if and only if fo7 is zg-measurable 
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for every a € A (the preceding special case) and finally if and only if fo7 is 
i-measurable (§1, No. 7, Prop. 8). 


COROLLARY. — Let X and Y be two topological spaces, 7 a -proper 
mapping of T into X, and x’ a()-proper mapping of X into Y. The 
mapping n” =n’ om is then u-proper, and m(j1) = 1'(r()) (‘transitivity 
of images of measures’). 

For, 7” is u-measurable (Prop. 5). Set pu’ = 7(u); the image encum- 
brance 1’(p’*) = 1’(m(°)) is obviously equal to 71”’(u*). Since it is locally 
bounded, 7” is y-proper. The measures 7”(y) and 7’(y’) then have the 
same essential upper integral, hence are equal. 


PROPOSITION 6. — Let a be a p-proper mapping of T into a topological 


space X, and let B be a x(u)-measurable subset of X. Set A= 7 (B), and 
denote by x’ the mapping of A into B that coincides with x on A. The 
set A is then p-measurable, ta and x’ are “a-proper, and 


(2) (7(u)) 3 = (ta(Ha)) p = 7 (Ha)- 


The set A is yz-measurable by Prop. 5 applied to yp; the mapping 7,4 
is clearly 4a-measurable by the definition of induced measures (No. 1), and 
it follows that a’ is measurable. Let f be an element of 4%,(B); denoting 
by zero exponents the extensions by 0 in X and in T, we have 


(m(u)B)° (fF) = 7(H)° (f°) = (fo om) =u ((f o7n’)°) = wA(fon’), 


whence (m()p)° = 7/(u&). Since the encumbrance (7()p)° is locally 
bounded, the same is true of a’(u4) and therefore x’ is wa-proper. The 
measures 77’(444) and (7(u)) have the same essential upper integral, hence 
are equal. The other relation may be established in an analogous manner. 


PROPOSITION 7. — Let T be a subspace of a topological space X, and 
let i be the injection of T into X. 

a) If u is a measure on T, and if i is u-proper, then the measure i() 
is concentrated on T, and one has (i(1)).. = b- 

b) If X ts a measure on X such that T is A-measurable, then i is 
Ar-proper, and i(A;) = pr: A. 

a) Set v = i(u); the relation v*(A) = pw*(A MT), applied to 
A = X—T, shows that v is concentrated on T. The relation vp = pu 
is a special case of the relation (2), on taking B= T=A. 

b) Let f be a positive function defined on X; setting u = AT, one 
has p°®(f ot) = Af(fr) = A*(fer) < A°(f) (Prop. 1); it follows that i 
is y-proper. On the other hand, u*(f oz) (resp. A°(fyr)) is the essential 
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upper integral of f with respect to i(u) (resp. pr-A). These two measures 
are therefore equal. 


Remark 6). — Let a be a p-proper mapping of T into a topological 
space X. One reduces the theory of integration with respect to the image 
measure v = 7() to the theory treated in Ch. V, §6, in the following way. 
Let (Ka)aca (resp. (Lg)gep ) be a crushing of T (resp. of X) for uw (resp. 
for v), and st N= T— U K., P= X— U Lg. We can suppose 

acA BEB 

that the restriction of 7 to each Kg is continuous (§1, No. 8, Prop. 10). 
Let T’,X’ be the locally compact spaces constructed as in the Scholium of 
§1, No. 8 and let p’ and v’ be the measures on these spaces associated 
with yz and v. The topology of T’ being the sum of the topologies of the 
subspaces K, and the discrete topology on N, 7 is a continuous mapping 
of T’ into X and the relation p’*(gor) = u°(gom) = v*°(g) (for g € F4(X)) 
shows that 7 is y’/-proper and that m(u’) = v. On the other hand, the 
identity mapping i of X onto X’ is v-proper, and i(v) = v’. It follows 
that 7 is a y’-proper mapping of T’ into X’, and that the image of py’ un- 
der 7 is v’ (Cor. of Prop. 5). We leave to the reader the task of transcribing 
the results of Ch. V, 86. 


4. Lifting of measures 


PROPOSITION 8. — Let T and X be two topological spaces, 7 a map- 
ping of T into X. 

a) Let v be a bounded measure on X. In order that there exist a meas- 
ure 4 on T such that m is p-proper and n(u) = v, tt is necessary and 
sufficient that there exist, for every number ¢ > 0, a compact set K, Cc T 
such that the restriction of 7 to K, is continuous and v*® (x - m(Ke)) <€. 

b) Suppose that m is injective; let w and p’ be two measures on T, 
such that x ts proper for uw and pw’, and such that m(u) = m(u’). Then 
=p. 

The condition stated in a) is necessary. For, if a is u-proper and 
(ys) = v, the relation u°(1) = v°(1) < +co implies that pw is bounded. 
Prop. 2 of §1, No. 2, applied to the function 1, implies the existence of a 
compact subset K of T such that w*(T—K) < ¢/2. Since 7m is 
p-measurable, there exists a compact set K, C K such that the restric- 
tion of « to K, is continuous, and such that u*(K — K,) < ¢/2. Then 
(No. 3, Prop. 4) 


v*(X — m(Ke)) =u (T — 7 m(Ke))) <e. 


To show that the condition is sufficient, we first treat a special case. 
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Lemma 1. — Let U and V be two compact spaces, h a continuous 
mapping of U onto V. The mapping A +> h(A) of @,(U) into #,(V) 
is then surjective. 

For, let a be the linear mapping f +> foh of @(V) into @(U); since h 
is surjective, a is an isometry of @(V) onto a subspace H of @(U). Let 0 
be a positive measure on V; then 90u~* is a continuous linear form on H, 
which is extendible to a linear form n on @(U) with the same norm, by 
virtue of the Hahn—Banach theorem (TVS, II, §3, No. 2, Cor. 3 of Th. 1); 
7 is then a measure on U, and 6(f) = n(f oh) for all f € @(V), so that 
6 =h(n). Finally, 6(1) = ||6|| = |ln||, and 6(1) = (1), so that 7 is positive 
(Ch. V, §5, No. 5, Prop. 9). 


Let us now prove the sufficiency of the condition stated in a). The 
condition implies the existence of a sequence (Kn)n>1 of compact subsets 
of T, such that the restriction of 7 to each K, is continuous, and such 
that, for every n, v*(X —m(Kn)) < 1/n. The sequence (Kn) can be 
assumed to be increasing. Set L, = 7(K,) and denote by v/, the measure 
YLn—Ln_-1 YL, On Ly, with the convention Lop = ©. 

The restriction 7,, being continuous, there exists a measure yu}, on Ky 
such that 7x,(u;,) =v), (Lemma 1). Let wu, be the image of yw}, under 
the canonical injection of K, into T, and let g be an element of .#4(X). 
‘Using successively the fact that v is concentrated on JLn, Prop. 4 of §1, 


n 
No. 5; Prop. 2 of §1, No. 2; Prop. 4 of No. 3, and finally Prop. 7 of No. 3, 
we have 


V°(9) = Soin —Ln19) = > Yn (Gin) = > Uh? (Gin OTK) 
=Soun*((9o7)K,) = > ua(gom). 


Taking g = 1 in this formula, one sees that the family (u,) is summable 
and that its sum is a bounded measure py (§1, No. 7, Prop. 7). By Prop. 5 of 
No. 3, the mapping 7 is u,-measurable for all n, because 7x, is continuous, 
hence },-measurable; it follows that 7 is u-measurable (§1, No. 7, Prop. 8), 
hence p-proper since yp is bounded. The above relations then prove that 
the measures (jz) and v have the same essential upper integral, hence are 
equal (§1, No. 2, Cor. of Prop. 2). 

Finally, let us assume that 7 is injective, and let us prove b). Let f be 
an element of #%,(T); since a is injective, there exists a function 
g € F,(X) such that f =go7m and, setting v = m(u) = m(y’), by Prop. 4 
of No. 3 we have 


w(f) =uw(gom) =v°(g) =n" (gor) =y'*(f). 
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The two measures pp and yp’ thus have the same essential upper integral, 
which implies their equality (§1, No. 2, Cor. of Prop. 2). 


Remark. — Suppose that a is injective. Let @ be a complex measure such 
that a is 6-proper and 7(8) = 0; then 6 = 0. Indeed, by separating 6 into its 
real and imaginary parts, one can reduce to the case that @ is real. We then have 
n(6+) = 1(@—), therefore 96+ = 6@- (Prop. 8), and finally @=0. 

Here is an important case where condition a) of Prop. 8 is always sat- 
isfied. 


PROPOSITION 9. — Let T be a Souslin space (GT, IX, §6, No. 2, Def. 2), 
X a Hausdorff space, x a continuous mapping of T onto X, and v a 
bounded measure on X. Then there exists a bounded measure 4 on T such 
that m(u) =v. 

The hypotheses obviously imply that X is a Souslin space. 

Let us consider the set function c: A ++ v*(m(A)) on $(T). The 
relation A C B implies c(A) < c(B); if (An) is an increasing sequence 
of subsets of T, and if A = Me An, then c(A) = up c(A,,) from the 


fact that v® is an sivambrence. "Finally, let ACT aia let € be a num- 
ber > 0; choose an open subset G of X containing 7(A), such that v°(G) < 
v*(r(A)) +e (81, No. 9, Prop. 13); the open subset H = m(G) of T 
contains A, and c(H) < c(A) +e. The function c is therefore a right- 
continuous capacity on T (TG, IX, §6, No. 10, Def. 9) and the theorem 
on capacitability (loc. cit., Th. 6) implies the equality c(T) = sup c(k), 
K 
where K runs over the set of compact subsets of T. Prop. 8 then implies 
the existence of the desired measure pL. 


5. Product of two measures 


Let S and T be two topological spaces, equipped respectively with two 
(positive) premeasures \ and yp, and let X be the product space S x T. 
Let K be acompact subset of X; let us denote by A and B the projections 
of K on S and T respectively, and set 


(3) Yq = (Aa ® UB) K - 


We thus define a premeasure on X. For, let L be a compact subset of X 
containing K , and let C and D be its two projections; then ACC, BCD, 


()A capacity f on T is said to be right-continuous if, for every compact set K 
in T, f(K) = ~ f(U) as U runs over the open sets U D K. This concept is not defined 


in GT, translated from an earlier edition of Ch. IX. 
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consequently, using the transitivity of induced measures, and Prop. 12 of 
Ch. V, §8, No. 5, we have 


(w)K = ((Ac @ up)t) % = (Ac ® HD) 
= ((Ac ® UD)AxB) ye = (Aq @ up)k =. 


DEFINITION 6. — The premeasure v defined by (3) is called the product 
premeasure of X and pu, and is denoted X® p. 

This definition obviously extends to the case that 1 and yw are complex 
premeasures, and one then has |\®p| = |A|®|u| (Ch. III, §4, No. 2, Prop. 3 
and Ch. IV, §5, No. 7, Lemma 3). 

We conserve the notations of Ch. ITI, §4 and Ch. V, §8 relative to prod- 
ucts of measures and to iterated integrals. In particular, if f and g are two 
functions defined respectively on S and T, with values in R4 or in C, the 
function (s,t)+ f(s)g(t) on S x T will be denoted f @g. 


PROPOSITION 10. — Let v be the product premeasure of X and p; for 
every function f € #,(S) and every function g € F(T), 


(4) v*(f @g) =A°*(f)u*(g9)- 


The premeasure v is the only premeasure on S x T that satisfies (4). 
As K (resp. L) runs over the set of compact subsets of S (resp. of T), 
we have 


u°(f @g)= sup Vexi((f ® 9)KxL) = sup (x ® ux)* (fx ® gt) 
= sup AK (fx) - ML (9L) = (sup AK (fx) (sup uf (gi) 
K,L K L 
= A*(f)u°(9) 


by Prop. 8 of Ch. V, §8, No. 3. 

Let 7 be asecond premeasure on S xT satisfying (4), and let K and L 
be compact subsets of S and T respectively, f and g elements of #,(K) 
and #,(L) respectively. One has the relation (f @ g)° = f° @ g° between 
the extensions by 0, therefore (§1, No. 2, Prop. 2) 


mxi(f 89) =n°((f @9)°) =n°(f° @ g°) 
= M(F°)u°(g°) = AK(F)uL(g) - 


In particular, if one takes f € #1(K), g € #4(L), one sees that nxxz 
has the characteristic property of the product measure Ax @ py (Ch. III, §4, 
No. 1, Th. 1). Therefore nxx_ = VKxL ; since every compact subset of Sx T 
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is contained in a set of the form K x L, the transitivity of induced measures 
implies that n =v. 


COROLLARY 1. — Jf A and pw are measures, then v is a measure. 

For, let x = (s,t) bea point of X, and let U and V be neighborhoods 
of s,t respectively, such that A°(U) < +00, w*°(V) < +00; the set Ux V is 
a neighborhood of z, and v°(U x V) = A°(U)u*(V) < +00 by (4); the en- 
cumbrance v® is thus locally bounded, and the premeasure v is a measure. 


This result extends at once to complex measures. 


COROLLARY 2. — If A is a subset of S locally negligible for X, then 
Ax T is locally v-negligible. 


COROLLARY 3. — Suppose that » (resp. 1) is the sum of a summable 
family (Aa)aca (resp. (ug)seB ) of measures on S (resp. T). The family 
(Aq ® Ma)(a,8)eAxB 18 then summable, and its sum is A@ p. 

For, let p be the encumbrance 200 ® we); if f € F,(S) and 


g € F(T), then obviously p(f ® g) = *( f)u*°(g). The proof of Cor. 1 
then shows that p is locally bounded, so that the family (Aq ® mg) is 
summable (§1, No. 7, Prop. 7). Its sum 7 then satisfies n* = p (§1, No. 7, 
Prop. 7), and Prop. 10 implies n =v. 


6. Integration with respect to the product of two measures 


Throughout this No., \ and y denote measures on S and T, respec- 
tively, and v denotes the product measure 1®p on Sx T. In addition, 
if f is a positive function on S x T, for every s€S we denote by f, the 
function t+ f(s,t) on T, and by I the function s+> u*(fs) on S. 


Lemma 2. — Let f be av-measurable positive function on 5S x T; for 
every compact subset L of T, let 1 be the function s+> w*(fsy_) on S. 
Then the function I¥ is \-measurable, and 


(5) I, = supl} 
L 


(6) u°(f) = sup d* (7); 


where L runs over the set of compact subsets of T. 

We first note that the inclusion L Cc L’ implies I¥ < i on the 
other hand, I¥ f(s) = ut((fs)t) for all s € S. Formula (5) is therefore 
an immediate pone of the definition of the encumbrance p*® given in 
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§1, No. 2. If K is a compact subset of S, and L a compact subset of T, 
then vext = Ax ® wy by construction, and Prop. 7 of Ch. V, §8, No. 3 
implies the relation 


(7) v°(feKx) = Ak ((If)K)- 


Moreover, every compact subset of S x T is contained in a compact set 
of the form K x L; passing to the upper envelope over all K and L in the 
preceding formula, we therefore obtain 


(8) v*(f) = sup sup AK (fk) = sup (IF); 


namely (6). 

Finally, Prop. 7 of Ch. V, §8, No. 3 implies that the restriction of IF to 
every compact subset K of S is Ax-measurable; this is equivalent to saying 
that If is A-measurable. 


PROPOSITION 11. — Let f be a lower semi-continuous function > 0 
defined on X=SXT. 

a) The function f,: t+ f(s,t) is lower semi-continuous on T for 
every sES. 

b) The function Ir: s ++ f° f(s,t)du(t) is lower semi-continuous 
on 8, and 


(9) [[se0e69= [aw [renae, 


The property a) is obvious, since the mapping t+ f(s,t) of T into R 
is the composition of f with the continuous mapping t + (s,t) of T 
into X. To establish b), we will make use of a lemma: 


Lemma 3. — Let X be a topological space (Hausdorff or not), f a 
lower semi-continuous function > 0 defined on X; then f is the limit of 
an increasing sequence (fn)nen of lower semi-continuous functions on X, 
such that each function f, is a linear combination, with positive coefficients, 
of characteristic functions of open sets. 

Given two integers k > 1 and n > 1, let us denote by Jn, the charac- 
teristic pcan of the interval ]k/2”,+00] of R. For every x € R,, set 


Te Cee ae > Jin(z); it is immediate that the sequence (un(z)),., is 


increasing joa ane z as limit. The sequence of functions f, = u,o f is 
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n:2” 
therefore increasing and converges to f, and one has f, = 27” Py PU(k,n)» 


-1 
where U(k,n) is the open set f (]k/2",+00]) of X. 


Let us pass to the proof of b). The function I+ being the upper envelope 
of the increasing directed family of functions I¥, where L runs over the set 
of compact subsets of T (Lemma 2), it will suffice to show that the func- 
tions If are lower semi-continuous; the formula (9) may then be deduced 
from (6) by passing to the upper envelope over L (§1, No. 6, Prop. 5). 

Thus let # be the set of positive lower semi-continuous functions f 
on SxT such that I¥ is lower semi-continuous for every compact subset L 
of T. By Prop. 5 of §1, No. 6, the supremum of every increasing directed 
set of elements of # belongs to #. By Lemma 3, it will therefore suffice 
to prove that the characteristic function of an open set W of Sx T belongs 
to #. Moreover, by the definition of the product topology on S x T, the 
open set W is the union of an increasing directed family (Wa)aca of open 
sets of the form 

w= U xv), 


l<ign 


where the U; are open in S and the V; are open in T; by the remarks 
made above, it will suffice to show that the characteristic function of such 
an open set belongs to #. Let then s € S, and let U be the intersection 
of the family (possibly empty) formed by the open sets U; containing s; 
one sees immediately that yw/(s,t) < pw(s’,t) for all s’ EU and te T, 
whence, by integration, bee (s)< 1 (s’) for all s’ € U. Consequently ae 
is lower semi-continuous, and the proposition is established. 


COROLLARY 1. — Let f be a positive numerical function defined on 
X=SxT; then 


(10) / : yO Had) s [ * aX(s) [ * F(s,t) du(t). 


For, let g be a lower semi-continuous function on X such that g > f; 
by Prop. 11, 


ie g(s, t) dv(s,t) = i g(s,t) dv(s,t) = i dX(s) - g(s, t) du(t) 


= fans) f"o(s,t)auce) > ["ar(sy [°4(6,0) due). 


The inequality (10) is obtained by passing to the lower envelope over g. 
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COROLLARY 2. — Let f be a numerical function defined on S xT and 
v-negligible. Then the function f,:tt+ f(s,t) is u-negligible for \-almost 
every sES. 


PROPOSITION 12. — Let f be av-measurable positive function defined 
on X=SxT. Assume that f is v-moderated (resp. that j1 is moderated). 
Then: 

a) The set N of s € S such that the function f,:t++ f(s,t) is not 
pi-measurable is negligible (resp. locally negligible) for r. 

b) The mapping s++ [ * f(s,t) du(t) is \-measurable, and 


(11) i; a ” #(s,2)dv(s,t) = i De) [ ” £(s,t) du(t). 


We begin by establishing 6) when f is v-moderated. By Lemma 2, 
this part of the statement is valid when there exists a compact subset L 
of T such that f is zero outside S x L; for, in this case If = Ty’ for every 
compact subset L’ of T containing L, and formula (11) redtices to (6). In 
particular, b) is established for a function f that is zero outside a compact 
subset of Sx T. On the other hand, Cor. 1 of Prop. 11 implies that b) is true 
when f is v-negligible. Since every v-moderated function is the sum of a 
v-negligible function and a sequence of functions with compact support (81, 
No. 9, Cor. 3 of Prop. 14), the assertion b) is true when f is v-moderated. 

Similarly, the assertion b) is obvious when wp is carried by a compact 
subset L of T (Lemma 2). Suppose that y is moderated; then there exists 
a sequence (fn)nen Of measures on T with compact support, such that 
b= 2 Hm (§1, No. 9, Cor. 5 of Prop. 14), whence v = LA® bn (No. 5, 


Cor. 3 of Prop. 10). The assertion b), being valid for each of the meas- 
ures Vp = A ® Un, is also valid for v = Do y,. 


n 

Let us prove a); denote by N the set of s € S such that f, is not 
pi-measurable; for every compact subset L of T, similarly denote by Ny the 
set of s€S such that f,y1, is not u-measurable. If K and L are compact 
sets in S and T respectively, then fx. z is measurable with respect to the 
measure VKxL = AK ®@ yi, and Prop. 2 of Ch. V, §8, No. 2 shows that 
the set Ny is locally negligible for Ax ; since K is arbitrary, Ny is locally 
A-negligible. 

Suppose that f is zero outside a compact set of the form K x L; then 
N=N,, and N is contained in K; it follows that N is \-negligible. Simi- 
larly, if f is v-negligible, Cor. 2 of Prop. 11 implies that N is \-negligible. 
The case that f is v-moderated can then be treated as above, on combining 
the preceding two cases. 
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Suppose that yz is carried by a compact subset L of T; then N = Nz 
again, therefore N is locally A-negligible. Since every moderated measure is 
the sum of a sequence of measures with compact support (§1, No. 9, Cor. 5 
of Prop. 14), this result extends at once to the case that yz is moderated, on 
using Prop. 8 of §1, No. 7. 


Remark. — Let (Ka)aea be a crushing of S for X and let M = 
S— WU K,,; define in an analogous way (Lg)gen and N for the meas- 

acA 
ure on T. We denote by S’ the locally compact space that is the sum of 
the subspaces K, of S and the discrete space M; the space T’ is defined 
analogously, and we set X’ = S’ x T’. The locally compact space X’ is 
the sum of the family (Ka x Lg)(a,g)eaxpB of compact subspaces of X and 
the subspace P = (M x T) U(S x N) that is a locally v-negligible subset 
of X (one observes that P is in general not a discrete space). We saw in 
the Scholium of §1, No. 8 that there exists a measure \’ on S’ such that 
the measurable functions, the essential upper integral of positive functions, 
the essentially integrable functions and their integrals, are the same for 
and X’. We associate the measure yp’ on T’ with yw, and the measure v’ 
on X’ with v, in conformity with the cited Scholium; one sees immediately 
that v’*(f @g) = r'°(f)y'*(g) for f € Fi(S) and g € F,(T); therefore 
v' =’ @y' by Prop. 10 of No. 5. Since the topology of X’ is finer than 
that of X, every v-moderated function is v’-moderated. This procedure 
permits extending without new proof the Lebesgue-Fubini theorem (Ch. V, 
88, No. 4, Th. 1) to the present situation. 


7. A result on the disintegration of measures 


PROPOSITION 13. — Let X be a topological space, v a moderated mea- 
sure on X, p av-proper mapping of X into a topological space T, and 
pt = piv). Assume that every compact subspace of X is metrizable. Then 
there exists a mapping t +> A of T into 4(X) having the following 
properties: 

a) for every t€ T, the measure \; is carried by B(t); 

b) for every universally measurable) positive function f on X, the 
function tr A3(f) is universally measurable on T and 


(12) ‘i Ronee [ * adult) 7 ” §(a) dd4(a) 


() A mapping of a topological space X into a topological space Y is said to be 
universally measurable if it is y-measurable for every measure y on X (cf. Ch. V, §3, 
No. 4). 
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c) the set of t€ T such that »4(1) 41 is locally p-negligible. 
Moreover, if t+ , is a mapping of T into @1(X) satisfying the con- 

ditions a) and b), the set of t€ T such that rx # Aj, is locally u-negligible. 
We will need an auxiliary result: 


Lemma 4. — Let X be a topological space, v a measure on X, and f a 
v-measurable mapping of X into a topological space F (Hausdorff or not). 
There exists a universally measurable mapping f' of X into F, equal to f 
locally v-almost everywhere. 

The proof is identical to that of Prop. 7 of Ch. V, §3, No. 4, on taking 
into account Prop. 10 of §1, No. 8. 


Let us pass to the proof of Prop. 13. 

A) Suppose that X is compact and metrizable and that p is continuous 
and surjective: 

The space T is then compact and metrizable (GT, IX, §2, No. 10). 
By Th. 1 of Ch. VI, §3, No. 1, there exists a mapping H:t++ , of T 
into @,(X), vaguely u-measurable and scalarly essentially p-integrable, 
such that v = f,mdu(t) and such that 7; has total mass 1 and is carried 


by p(t) for every t € T. Let (Sn)nem be a crushing of T for p, such 

that the restriction of H to each of the sets S, is continuous (§1, No. 8, 

Props. 10 and 11); we denote by A:t++ Az the mapping of T into .#,(X) 

that is equal to H on S= LU S, and to 0 on T—S. It is clear that 
neN 

v = fA: du(t) and that A satisfies condition a) of the statement. 

Let 6 be a measure on T; the mapping A is vaguely 0-measurable and 
scalarly essentially 0-integrable, hence also 6-adequate (Ch. V, §3, No. 1, 
Prop. 2 b)). Let f be a universally measurable positive function on X; by 
Prop. 5 of Ch. V, §3, No. 2 applied to f A: d0(t), the mapping t+ A$(f) 
is 0-measurable, hence universally measurable in view of the arbitrariness 
of @. 

The formula (12) results from Prop. 5 of Ch. V, §3, No. 2. 

B) Suppose that there exists a compact subset X' of X carrying the 
measure v and such that px is continuous: 

Set T’ = p(X’), and p’ = px:; let us denote by v’ the measure vx, , and 
by yw’ the image measure p’(v’) on T’. Since p’ is continuous and surjective 
and since X’ is compact and metrizable, by A) there exists a mapping 
A’:t'+X, of T’ into 4,(X’) satisfying the following conditions: 


a’) for every t/ € T’, the measure Xj, is carried by X’N Dit! 5 
b’) for every universally measurable positive function f’ on X’, the 
function t’/ +> j,°(f’) is universally measurable on T’ and 


[eae = [ “aul) [fey ane’. 
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Let t € T ; if t belongs to T’, let us denote by 4 the image of 4 
under the canonical injection of X’ into X, and if t belongs to T — T’ 
we set \; = 0. The reader will verify without difficulty that the mapping 
t+ ; satisfies the conditions a) and b) of the statement. 

C) Existence in the general case: 

The measure v on X being moderated, we may choose a covering 
(Um)men of X consisting of v-integrable open sets. Let in addition (Xn)nen 
be a v-crushing of X such that the restriction of p to each set X, is 
continuous (§1, No. 8, Props. 10 and 11); denote by v, the measure ¢x,, -v 
on X and by pp its image under p. By B) there exists, for every inte- 
ger n¢€ N,amapping tra? of T into .@,(X) satisfying the following 
conditions: 

a’) The measure af is carried by Pit) forall te T. 

b’) If f is a universally measurable positive function on X, the positive 
function t++ (a?)*(f) on T is universally measurable and 


(13) [ GOuane [ ” pin (t) i ° fa\ deh). 


One has vy = SS yp, and p= YS pn; it follows immediately from 


neN neN 
Prop. 3 of No. 2 and the above Lemma 4 that there exists a sequence 
(9n)nen Of universally measurable positive functions on T such that 
Lin = 9n*u for all nEN and such that 5° g, =1. For every te T, let 


nen 
us denote by {7 the measure gn(t)- a} on X and by q the encumbrance 
>> (6P)* on X. Let f bea universally measurable positive function on X ; 
nen 


using Prop. 2 of No. 2 and summing over n in (13), we obtain 


(14) if Berio [ ” au(f) dult) ; 


it is moreover clear that the function t+> q:(f) on T is universally mea- 
surable. 

For every m € N, let Ey, be the set of t € T such that q:(Um) = +00; 
the set E,, is universally measurable because this is true of the mapping 
tts (Um), and E,, is locally p-negligible by the formula (14) applied 
to f = u,,, since v*(Um) is finite. The set E= lL Ep, is therefore 


meN 
universally measurable and locally p-negligible. We set A, = 0 for te E. 
Moreover, let t € T — E; the encumbrance gq; is locally bounded since the 
open sets U,, cover X and since q:(Um) is finite; by Prop. 7 of §1, No. 7, 
there exists a measure , on X such that q, =A? and 4= >> GP. It is 
neN 
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immediate that the mapping t+ \; satisfies the conditions a) and 6) of 
the statement. 

D) Proof of c): 

Let f bea universally measurable function on X that is positive and 
bounded; we are going to show that the universally measurable function 
hp: to M(f) on T is a density for the measure py = p(f-v) with 
respect to uw = p(v). Let K be a compact subset of T and let A = p(K). 
For every t € T, the measure 2; is carried by p(t); if t belongs to K 
then p(t) c A, whence A?(fya) = A?(f); on the other hand, if t belongs 


to T—K then R(t) c X—A, whence A?(fya) = 0. Applying the for- 
mula (12) to f- ya,“ we obtain 


ul) = f° s(a)av(a) = f° auce) f° sayare(a) = [hy anto, 


which establishes the relation ps = hy: ps. 

Letting f =1, one sees that the function h,: t+ ||A;|| is a density of 
the measure 4; = with respect to yz, hence is equal to 1 locally p-almost 
everywhere in T. 

E) Uniqueness: 

Let tr ri (for i = 1,2) be two mappings of T into .#4(X) satisfying 
the conditions a) and 6) of the statement. As in C), choose a p-crushing 
(Xn)nen of X such that px, is continuous for every n € N, and set 


N=X— U Xn. For every integer n € N, choose a countable set D, of 
neNn 
positive functions on X, zero outside X, , whose restrictions to X, form a 


dense set in the normed space @(X,,) (apply Th. 1 of GT, X, §3, No. 3 to 
the metrizable compact space X,). We set D= LJ Dy. 
N 


ne 
Let f € D; by D), the functions t+ (A})*(f) and tt (A?)*(f) are 
densities of the measure uf with respect to 1, and so there exists a locally 
p-negligible set Ey in T such that (A})*(f) = (A?)*(f) for te T— Ey. 
Moreover, by (12), the set F; of t € T such that (A})*(N) #0 is locally 
p-negligible for i = 1,2. Since D is countable, the set G = ( U Ey)UF1UF2 
feD 


is locally p-negligible; for t € T— G, we have (A})*(N) = (A?)*(N) = 0 
and (At)x, = (A?)x, , whence A} = A? by Prop. 9 of §1, No. 8. 
Q.E.D. 


Remarks. — 1) If X is a Souslin space, then every compact subspace of X 
is a Souslin space, hence is metrizable (TG, IX, Appendix I, Cor. 2 of Prop. 3), (?) 


() In case f-~a is not universally measurable, make use of Remark 2) below. 
(2) This result does not appear in GT (cf. the footnote to Remark 1 of §1, No. 9). 
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and every measure on X is moderated (§1, No. 9, Remark 1). By Prop. 13, every 
measure v on X therefore admits a disintegration with respect to every v-proper 
mapping. 

2) With the notations of Prop. 13, let f be a positive v-measurable function. 
One can prove, as in Ch. V, §3, No. 2, Prop. 5, that the set of t € T such that f 
is not Az-measurable is locally ji neplivible: that t+> AP(f) is u-measurable, and 
that the relation (12) again holds. 


§3. MEASURES AND ADDITIVE SET FUNCTIONS 


In this section, we shall denote by R(T) and B(T), respectively, the set 
of compact subsets of a Hausdorff topological space T and the Borel tribe 
of T. 


1. Measures and additive set functions of compact sets 


THEOREM 1. — Let T be a topological space, and I a mapping of 
R(T) into R,. In order that there exist a measure on T such that 
I(K) = p°(K) for all K € A(T), it is necessary and sufficient that I satisfy 
the following conditions: 

1) If K and L are compact subsets of T such that K C L, then 
I(K) < I(L) (‘I is increasing’). 

2) If K and L are compact subsets of T, then (KUL) < I(K)+I(L). 

3) If K and L are disjoint compact subsets of T, then I(K UL) = 
I(K) +I(L) (‘I ts additive’). 

4) For every decreasing directed family (Ka)aca of compact subsets 
of T, one has I( Ea) Ka) = inf f I(Ka). 


5) For every ae : T4 Hee ai a neighborhood V of x such that 


sup I(K) < +00 
KeA&(T) 
KcV 


(‘I ts locally bounded’). 

The measure ps is then unique. 

The uniqueness of pz follows from the Cor. of Prop. 2 of §1, No. 2. The 
above conditions are necessary, the first three in obvious fashion, the last 
from the fact that p° is a locally bounded encumbrance, and condition 4) 
by the Cor. of Prop. 5 of §1, No. 6. 

To show that these conditions are sufficient, we begin by treating the 
case that T is compact. 
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Lemma 1. — Assume that T is compact, and set | =I(T). For every 
ACT, set 


(1) eye seuD: Als) 
ie 


and let ® be the set of AC T such that J(A)+J(CA) =1. The set ® is 
then a clan that contains R(T), and the function J on ® is increasing and 
additive. 

It is clear that J is an increasing set function, extending I, and that 
J(A)+J(CA) <1 forevery ACT. 

Let K and S be two compact sets in T; we are first going to show that 


(Q)i- 3 J(KNS)+J(CKNS) = J(S). 


On considering the restrictions of I to A(S) and of J to $(S), one re- 
duces immediately to the case that S = T. Since T is normal, K is 
the intersection of the decreasing directed family of its compact neighbor- 
hoods, and condition 4) implies the existence, for every ¢ > 0, of a com- 
pact neighborhood H of K such that I(H) < I(K) +e. Let L be the 
closure of T— H; L is compact, LN K = @ and HUL = T, therefore 
| = I(HUL) < 1(H)+I(L) < 1(K)+I(L)+e (condition 2)), whence the relation 
J(K)+J(€K) > 1(K)+1(L) >1—e. Since ¢ is arbitrary, J(K)+J(CK) =1. 
This proves the formula (2), as well as the inclusion A(T) C ®. 

Let us now prove that ® is a clan. Since ® is obviously stable under 
passage to the complement, it suffices to show that if A; and A» denote 
elements of ®, then A; U Ao € ®, or again that 


(3) J(A1 UAg) + J(6(Ai UAg)) SU. 


Denote by € a number > 0, and, for i = 1,2, let K; be a compact set 
contained in A;, and L; a compact set contained in € A;, such that 


I(K;) > J(Ai)-—e, I(Li) > J(CA;) —€. 
Set M; = K; UL); the relations 1 = J(M;) +J(€M;) and 
J(Mi) = 1(K1) + I(Li) > J(Ai) + J(B Ax) — 2c = 1 - 2€ 


imply that J(€M,) < 2e. Then if S is a compact subset of T, the rela- 
tion (2) (applied to K = M;) implies J(S) < J(M1 9S) + 2e, whence 


J(S) < J(Ky NS) + J(Ly ns) +2. 
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Let us add the inequalities obtained by making S = Kz and S = Ly, and 
take into account the inequality J(K2) + J(L2) >1— 2 and the fact that 
K, Ke, Lin Ke and K; NM Lz are three disjoint compact sets contained 
in A, UA2. Denoting by C the union of these three compact sets, it follows 
that 


| — 2 < J(K2) + J(L2) < J(C) + J(L1 N Le) + 4e 
< J(Ai1 U Ag) + J(C(Ai U Aa)) + 4e, 


whence immediately the desired formula (3), in view of the arbitrariness 
of ¢. This having been established, the preceding inequalities imply that 
J(C) > J(A; U Ag) — 6e; if Ay and Ag are disjoint, then C is the union of 
K,NL2 C Ay and K2NL C Ag, from which one deduces that J(A,;UA2) < 
J(Ai) + J(A2). The reverse inequality being obvious, J is indeed additive 
on ®, and the lemma is established. 


Let us complete the proof of the theorem for the case that T is compact. 
Let &(®) be the vector space of ®-step functions on T , equipped with the 
topology of uniform convergence (Ch. IV, §4, No. 9, Def. 4); we shall again 
denote by J the positive linear form on &(®) associated with the additive 
function J (loc. cit., Prop. 18). Since J(T) =1, J is continuous and has 
norm |. Let then # be the closure of &(®) for the topology of uniform 
convergence; one verifies at once that J may be extended by continuity to 
a positive linear form on #, again denoted J. Since # contains @(T) 
(loc. cit., No. 10, Prop. 19) the restriction of J to @(T) is a positive meas- 
ure pt. It remains to show that w°(K) = 1(K) for every compact subset 
K of T. Now, we have p°(K) = ae u°(f), where Sx denotes the set of 

K 


elements of @(T) that are > yx (§1, No. 6, Prop. 5). Since J(f) =u°(f) 
for f € @(T), it clearly suffices to show that J(K) > pau J(f). As in 
K 


the proof of Lemma 1, let H be a compact neighborhood of K such that 
J(H) < J(K) +, and let f be a continuous function on T, between 0 
and 1, equal to 1 on K and to 0 outside H (GT, IX, §4, No. 1, Prop. 1). 
Then 

J(f) < J(H) < J(K) +; 


€ being arbitrary, the desired inequality is proved, and the theorem is thus 
established when T is compact. 

Let us now pass to the general case. For every compact set L in T, 
let I, be the restriction of I to A(L). By the special case just treated, 
there exists a measure py on L, unique, such that py(K) = I, (K) for 
every compact set K C L. Let then L’ be a compact set contained in L; 
we have (yy)t,)(K) = uf (K) = pwf,(K) for every compact set K C L’, 
therefore wy = (uL)p:; the mapping w: L+ py is a premeasure. The 
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condition 5) expresses that 4 is a measure, and the relation I(K) = u°(K) 
for all compact K Cc T is obvious. 


Remarks. — 1) The condition 4) may be replaced, in the statement of Theo- 
rem 1, by the following condition (‘right-continuity’): 

4') For every K € A(T) and every € > 0, there exists an open set U con- 
taining K, such that I{H) <I(K) +e for every compact set HC U. 

For, if is a measure, the function I: K ++ u°(K) satisfies 4’) (§1, No. 9, 
Prop. 13). Conversely, suppose that I satisfies 1) and 4’); let us show that I then 
satisfies 4). With notations as in the statement of Theorem 1, choose an € > 0 
and an open set U containing the compact set K = N Ka and such that 4’) is 


acA 
satisfied. There then exists an index 6 € A such that Kg C U, and this implies 


inf I(Ka) < I(Kg) <I(K) +e 
acA 


and 4) is indeed verified. 

2) The set of conditions 2) and 3) may be replaced, in the statement of Theo- 
rem 1, by the following condition: 

If K and L are compact subsets of T, then 


I(KUL) + 1(K NL) = I(K) + I(L). 
Indeed, this condition implies 2) and 3), and on the other hand 
p®(KUL) = w*(KNL) = *(K) + 4°(L) 


for every measure 1, by virtue of the relation yKUL + YKNL = YK +L between 
the characteristic functions. 


2. Inner regular set functions 


DEFINITION 1. — Let T be a topological space, and let B(T) be the 


Borel tribe of T; let I be a mapping of 8(T) into R,. 


a) I is said to be countably additive if, for every sequence (An) of 


pairwise disjoint elements of 8(T), 


(4) 


(5) 


1((JAn) = DoMAn). 


b) I is said to be inner regular if, for every set A € B(T), 


I(A) = sup 1(K), 
K 


where K runs over the set of compact subsets of A. 
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c) I is said to be bounded (resp. locally bounded) if I(T) < +00 (resp. if 
every point x € T admits an open neighborhood V such that I(V) < +00). 


Remarks. — 1) The condition a) clearly implies that I is an increasing map- 
ping of 8(T) (ordered by inclusion) into Ry. 
2) Suppose that I is countably additive; let (An)nen_ be an increasing se- 
quence of Borel sets, and let A = U An. The sets Do = Ao, Dn = An — An-1 
nen 
being pairwise disjoint, and their union being A, we have I(A) = do 1(Dn) = 
‘ n 


lim I(An). Similarly, if (Bn) is a decreasing sequence of Borel sets, and if 
n—-Cco 


I(Bo) < +00, then I((\Bn) = lim I(Bn): it suffices to apply the preceding 
n—- co 


n 
to the sets An = Bo — Bn. 
3) Let (An) be any sequence of Borel sets of T. If I is countably additive, 
then I((JAn) < }>1(An). By the preceding remark, it suffices to establish this 


n n 
inequality for a finite sequence. One immediately reduces to the case of two sets Ai 
and A2; but the relation (4) implies that 


I(A1 U Ag) = I(A1) + I(A2 — (A1 NM Ag)) < (Ar) + I(A2). 


The desired inequality then follows immediately. 

4) If I is a countably additive and locally bounded function, the preceding 
remark implies at once that I(K) < +oo for every compact set KC T. 

5) One can show that if I is additive, that is, satisfies (4) for finite sequences, 
and if I is inner regular, then I is countably additive (Exer. 7). The reader can 
also ascertain that only additivity and inner regularity are used in the proof of 
Th. 2 below. 


THEOREM 2. — Let T be a topological space, and let I be a function 
defined on 8(T), with values in R4. In order that there exist a measure pu 
on T such that u°(A) = I(A) for every A € B(T), it ts necessary and 
sufficient that I be countably additive, locally bounded and inner regular. 
The measure ws is then unique. 

These three conditions are necessary: for, the mapping A ++ yu°(A) 
on 8(T) is countably additive (§1, No. 5, Cor. of Prop. 4), locally bounded 
by the definition of measures (§1, No. 2, Def. 5), and inner regular by 
Remark 3 of §1, No. 2. 

We pass to existence. It is clear that the restriction of I to &(T) 
satisfies conditions 1), 2), 3) and 5) of the statement of Th. 1; let us show 
that 4) is satisfied as well. Let K be a compact subset of T, the intersection 
of a decreasing directed family (Ka)aca of compact sets, and let ¢ be a 
number > 0; I being locally bounded, there exists an open (hence Borel) 
neighborhood V of K such that I(V) < +00, and then there exists an 
index a@ such that Ky C V; changing notation if necessary, we can suppose 
that K, C V for all a € A. By the inner regularity of I, there exists a 
compact set LC V — K such that I(L) > 1(V — K) —€; since L does not 
intersect K , there exists an index a such that LN Kg = ©, and one then 
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has I(V — Kg) 2 I(L) > I(V—K) —e. Since Ky C V, it follows that 
I(Ka) < I(K) +¢ and the condition 4) is verified. 

By Th. 1, there exists a measure y such that w*(K) = I(K) for all 
K € K(T). The inner regularity of the set functions w® and I on B(T) 
then implies that u°(A) =1(A) for all A € 8(T), and existence is proved. 
‘lhe uniqueness of yz follows from the uniqueness assertion of Th. 1. 


3. Radon spaces 


DEFINITION 2. — Let T be a topological space. One says that T is a 
Radon (resp. strongly Radon) space if T is Hausdorff and if every function 
defined on the Borel tribe 8(T) of T, with values in R, , that is countably 
additive and bounded (resp. locally bounded) is inner regular. 


For example, we shall see later on (Prop. 3) that every Polish space is strongly 
Radon. In particular, every locally compact space with a countable base is strongly 
Radon. 


There exist Radon spaces that are not strongly Radon. 


PROPOSITION 1. — Every Lindeléf) Radon space is strongly Radon. 

Let T be a Lindeldf space that is Radon, and let I be a set function 
on the tribe 8(T) that is positive, countably additive and locally bounded. 
The open sets V such that I(V) < +00 form a covering of T, from which 
one can extract a countable covering (Vn)nen . Set Gp = VoUViU-: -UV_ 
for every n € N; set Hp = Go and H, = Gn — Gn-1 for n > 1; finally, 
denote by I, the set function At I(ANH,,) on 8(T), which is obviously 
countably additive and bounded. Since the sets H, form a partition of T, 
we have I = )°I,. The space T being Radon, for every n € N there 


n 
exists a bounded measure yw, on T such that w*(A) = I,(A) for all 
A € 8(T); therefore also 5° u*(A) = I(A). Since I is locally bounded, 


nr 
the family (up) is summable (§1, No. 7, Prop. 7); if 4 denotes >> un, we 


n 
have p*®(A) =1(A) for all A € B(T), and it follows that I is inner regular. 
In other words, T is strongly Radon. 


Recall that a subset A of a topological space T is said to be univer- 
sally measurable if A is y-measurable for every measure u on T. This is 
equivalent to saying that A is j-measurable for every measure «4 on T with 
compact support (§1, No. 8, Prop. 9). 


(1) Recall (GT, I, §9, Exer. 14; TG, IX, Appendix I) that a Lindeléf space is a topo- 
logical space T such that every open covering of T contains a countable covering. 
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PROPOSITION 2. — Let X be a topological space and T a subspace 
of X. 

a) Suppose that T is a Radon space. Then, for every function I defined 
on %8(X) that is positive, countably additive and bounded, one has 


6 su I(K)= inf I(B). 
( ) K said ( ) Be®B(X) ( ) 
KcT BOT 


Moreover, T is universally measurable in X. 

b) Conversely, suppose that X is a Radon space and that T is univer- 
sally measurable in X; then T is a Radon space. 

Let us prove a). We denote by a the right side of (6); for every ne N, 
there exists a set C, € 8(X) containing T, such that I(Cp) <a+2™”. 
Setting C = ()C,, we then have TC C, I(C) =a. If A € B(T), let 


n 
us choose a Borel set B of X such that A = BNT (GT, IX, §6, No. 3) 
and set J(A) = (BMC). This number does not depend on the choice 
of B, for if B’ is a second Borel set in X such that A = B’NT, then 
BNC and B’NC differ only by a Borel set M contained in C — T, and 
I(M) = 0 by the construction of C. Clearly J(K) =I(K) for every compact 
set KC T. Let (Ay) be a sequence of Borel sets of T, pairwise disjoint, 
and, for each n, let B, bea Borel set of X such that B,NT = A,,. Replac- 


ing B, by B, -— UY By) if necessary, we can suppose that the sets B, 
<n 


are pairwise disjoint. Set A= (An and B=UB,; then 
n n 


J(A) =1(BNC) = S> (Bh NC) = D> I(An); 


J is thus a countably additive and bounded function on %(T). Since T is 
by hypothesis a Radon space, there exists a bounded measure y on T such 
that J(A) = u°(A) for every A € 8(T); consequently 


a = J(T) = u°(T) = supy*(K) = sup J(K), 
K K 


by the definition of w*. Formula (6) is thus established. 

Let us now show that T is universally measurable. Let » be a bounded 
measure on X; the preceding argument may be applied to the set function 
I: Ar» \*(A) on B(X), thus there exists a sequence (K,) of compact 
subsets of T such that (with the above notations) 


sup A°(Kn) = J(T) = A*(C). 
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Set K’ = U Ky; K’ is Borel in X, K’ C TCC, A*(K’) = A°(C), 
N 


n 
therefore hess three sets differ only by A-negligible sets, and so T is 
\-measurable. This completes the proof of a). 

Let us pass to b). Suppose that X is a Radon space, and that T is 
universally measurable in X. Let I be a positive function on 8(T) that 
is countably additive and bounded; the function A + I(A MT) on B(X) 
is then positive, countably additive and bounded, therefore there exists a 
bounded measure vy on X such that I(ANT) =v*(A) for all A € B(X). 
Now, T is v-measurable; the preceding relation shows that v*(K) = 0 
for every compact subset K of X that is disjoint from T, therefore v is 
concentrated on T. Consequently, for every Borel set A of X, we have 
(ANT) =v*(ANT) = p*(ANT), where p is the measure induced by v 
on T. Finally, it follows that 1(B) = u°(B) for every set B € B(T) (GT, 
IX, §6, No. 3, Remark 2), and I is indeed inner regular. 


CorROLLARY. — If X is a Radon space, then every Borel subset T of X 
is Radon. 
For, T is universally measurable in X. 


PROPOSITION 3. — Every Souslin space (in particular, every Polish or 
Lusin space) is strongly Radon. 

Let T bea Souslin space; since T is a Lindel6f space (TG, IX, Appen- 
dix I, Cor. of Prop. 1),) it suffices to show that T is Radon (Prop. 1). Let I 
be a function defined on 8(T), positive, countably additive and bounded. 
We extend I to $8(T) by setting, for every subset A of T, 

I(A) = . en I(B). 
BDA 

Let us show that this extension is a capacity on T (GT, IX, §6, No. 9). It 
is clear that the relation A C A’ implies I(A) < I(A’). Let (A,) be an 
increasing sequence of subsets of T, and let A = JA,. The set of Borel 


sets that contain A, being stable for countable nicneecone there exists for 
each n a Borel set Bn such that A, C By, and I(An) = I(Bn) (cf. the proof 
of Prop. 2). Set Cy, ane Bp; Cn is Borel, and A, C Cy C By, therefore 


I(An) = I(Cn). On the ali hand, the sequence (C,,) is increasing. Let 
C=UC,: the relation A C C implies that 
n 


I(A) <1(C) = limI(C,) = lim (An), 


(2) Every Souslin space has a countable base for open sets (GT, IX, §6, No. 2, 
Prop. 4), hence is Lindelof (GT, I, §9, Exer. 14). 
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whence the equality I(A) = lim I(A,) is immediate. Consequently, I is a 
capacity. 
If (H,,) is a decreasing sequence of closed sets in T, obviously 1( a H,) = 


n 
inf I(H,,). It follows that every Souslin subset F of T is capacitable for I 
n 


(TG, IX, §6, No. 10, Prop. 15). In particular, every Borel set A of T is 
capacitable (loc. cit., §6, No. 3, Prop. 10).) In other words, 


I(A) = supI(K), 
K 


where K runs over the set of compact sets contained in A; we have proved 
that I is inner regular. 


Remark. — Let X be a Lusin space (in particular, any Polish space), and f 
a bijective continuous mapping of X onto a (Lusin) regular space Y. One knows 
(TG, IX, §6, No. 7, Prop. 14) that the mapping Br f—1(B) is a bijection of the 
Borel tribe of Y onto the Borel tribe of X. The spaces X and Y are Lusin, hence 
strongly Radon (Prop. 3). It follows immediately that the mapping w+ f(z) is 
a Piecton of the set of bounded measures on X onto the set of bounded measures 
on Y. 


§4. INVERSE LIMITS OF MEASURES 


Throughout this section, I denotes a nonempty set, equipped with a 
preorder relation, denoted i <j, and directed for this relation. Recall (GT, 
I, §4, No. 4) that an inverse system of topological spaces indexed by I is 
a family (Ti, pij) where T; ts a topological space and Ppij is a continuous 
mapping of T; into T; fori<j, where pi; is the identity mapping of T;, 
and where pik = Dig °Djx for i<j <k. Let T be a topological space and 
(pi)ier @ family of continuous mappings p;:T—>T;. The family (pi)ier is 
said to be coherent if pj = pij0p; for i<j, and it is said to be separating if 
for distinct x,y in T there exists an i € I such that p;(x) # pi(y). When 
a ee lim T; and p; is the canonical mapping of T into T;, the family 
(pi)ier 18 Coherent and separating. 


(3) In a Souslin space, every Borel set is a Souslin set (GT, IX, §6, No. 3, Prop. 11). 

(4) More generally, if f :X— Y is a continuous bijection between Souslin spaces, 
then pt f(y) is a bijective mapping of the set of bounded measures on X onto the set 
of bounded measures on Y (§2, No. 4, Prop. 9). 
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1. Complements on compact spaces and inverse limits 


PROPOSITION 1. — Let X and Y be two topological spaces and f a con- 
tinuous mapping of X into Y. Let (Ka)aca be a decreasing directed family 
of compact subsets of X, with intersection K. Then f(K) = f) f(Ka)- 

acA 


For, let y be a point of () f(Ka); for every a € A, the set Ly = 
acA 


-1 
Ka A f(y) is compact and nonempty. The family (La)aca is directed 


downward, therefore its intersection L is nonempty. Now, L= KN f(y), 
whence y € f(K). We have thus proved the inclusion f(K) D ff) f(Ka), 
acA 


and the reverse inclusion is obvious. 


PROPOSITION 2. — Let there be given an inverse system (Ti, pij) of 
topological spaces indexed by I, a topological space T, and a coherent and 
separating family of continuous mappings p;,:'T — T;. Te 


a) For every compact subset K of T, one has K= n Pi (pil K)). 

b) Let K and L be two disjoint compact subsets Be T. There exists 
an i€I such that p;(K) and p; () are disjoint for j >i. 

a) Let x be a point of n Di 3: (pi(K)); for every i € I, the set K; of 


points y in K such that ene pi(x) is a nonempty closed subset of K. 
For i < j we have K; > K;, and, since K is compact, the set () K; 
iel 
is therefore nonempty. Let y be a point of ()K;; we have y € K and 
iel 
pi(y) = pi(z) for all i€ 1, whence y = 2; finally, x € K, which proves the 


inclusion K D {) Di (p:(K)); the reverse inclusion is obvious. 
iel 


b) For every 7 € 1, set M; = Di (pi(K)) NL; this is a closed subset of 
the compact space L, we have M; > M; for i <j, and, by a), 
(\M=KoL=a. 
iel 
ponseau at, there exists an index i such that M; = @. For ee i, we 
have By (p;(K)) NL = M; C M; = @, whence p;(K)Np;(L) = 


2. Inverse systems of measures 


DEFINITION 1. — Let F = (Ti, pij) be an inverse system of topological 
spaces indered by 1. One calls inverse system (resp. sub-inverse system) 
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of measures on JF a family (ui)ier, where pu; is a bounded measure on T; 
for all i€ 1, and where pi = pij(uj) (resp. bi > Dijy(j)) for i<j. 


PROPOSITION 3. — Let there be given an inverse system of topological 
spaces F = (Tj,pi;) indexed by I, a topological space T, a coherent and 
separating family of continuous mappings p; : T — T; (for i € 1) anda 
sub-inverse system ((i)ier Of measures on FY. For every compact subset K 
of T, set 


(1) J(K) = in uf (pi(K)). 


Then there exists a bounded measure m on T, and only one, such that 
m*(K) = J(K) for every compact subset K of T. One has p; > p;(m) for 
alli€I, and 7m is the largest measure on T satisfying this condition. 

Let us first prove that J(K) is the limit of u?((p;(K)) with respect to 
the section filter § of the directed preordered set I: for this, it suffices (GT, 
IV, §5, No. 2, Th. 2) to show that u?(pi(K)) > u$(p;(K)) for i < j; now, 


: -1 
setting pi; = Pij(uj), we have yi; <p; and p;(K) C pi; (pi(K)), whence 


us (p3(K)) < u$ (Pig (ps(K))) = (u4,)* (Pi(K)) < 12 (pi(K)). 


Let us now pass to the study of the properties of the function J: 

1) It is clear that J(K) < J(L) when KCL. 

2) Let K and L be two compact subsets of T. For every i € I, we 
have p;(K UL) = p;(K) Up;(L) , whence 


u; 2 (Di (K U L)) < Ly *(pi(K)) +B; 3 (Di (L)); 


passing to the limit with respect to the filter §, we obtain J(K UL) < 
J(K) + J(L). 

3) Suppose that the compact sets K and L are disjoint. By Prop. 2 
of No. 1, there exists an i € I such that p;(K)Np;(L) = @ for j >1%. 
For 7 >1 we therefore have 


H5 (p;(K UL)) = 4$(p;(K)) + 43 (p;(L)), 


whence J(K UL) = J(K) + J(L) on passing to the limit with respect to the 
filter F. 
4) Let (Ka)aeca be a decreasing directed family of compact subsets 
of T, with intersection K. By Prop. 1 of No. 1, pi(K) = () pi(Ka) and 
acA 
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therefore pu? (pi(K)) = inf pe (pi(Ka)) for all ¢ € I (§1, No. 6, Cor. of 
a 
Prop. 5). From this, one deduces 
_: e : 8 . ° \ 
J(K) = inf nu? (pi(K)) = inf inf 4? (Pi(Ka)) 
= inf inf s?(p;(K,)) = inf I(K,). 
aca iel aad acA 


5) Let us choose an i € I and set c = w$(T;). Then c is finite and 
J(K) < u$ (pi(K)) < u2(Ti), thus J(K) < c for every compact set K in T. 
The preceding properties permit applying Th. 1 of §3, No. 1; we conclude 
that there exists one and only one bounded measure 7 on T such that 
w*(K) = J(K) for every compact subset K of T. For every i € I, let us 
denote by v; the measure on T; that is the image of 7 under p;. Let i EI, 


A acompact subset of T;, and £ the set of compact subsets of Pi (A). By 
Remark 3 of §1, No. 2, we have n®(pi(A)) = sup 7°(K); moreover, v?(A) = 
Keg 


n®(p;(A)) and J(K) = 7°(K) for K € £, whence v?(A) = Sup J(K). 
€ 


For K € £, we have p,(K) C A, whence J(K) < u?(p;(K)) < P(A) and 

finally v?(A) < w?(A). Since A is an arbitrary compact set in T;, we 

conclude that v; < y;. The last assertion of the proposition is obvious. 
Q.ED. 


THEOREM 1 (Prokhorov). — Let F = (Ti, pi) be an inverse system of 
topological spaces indexed by I, T a topological space and (p;)ie1 a@ coherent 
and separating family of continuous mappings p; : T — T;. Finally, let 
(ui)ier be an inverse system of measures on J . 

For there to exist a bounded measure 4 on T such that pi(p) = bi 
for all i € 1, it is necessary and sufficient that the following condition be 
satisfied: 

(P) for every —€ > 0, there exists a compact subset K of T such that 
uo (Ti — pi(K)) <e forall iel. 

When this is so, the measure p is uniquely determined and 


(2) w(K) = inf uf (p:(K)) 


for every compact set K in T. 

Let us first prove the uniqueness of w. Let 4 be a bounded measure 
on T such that p;(u) = w; for all ic 1. Let K be a compact subset of T; 
by Prop. 2 of No. 1, the set K is the intersection of the decreasing directed 
family (Pi (pi(K))), gy Of closed subsets of T. By the Cor. of Prop. 5 of §1, 
No. 6, we therefore have 


w(K) = inf n°(Bi(ps(K))) = inf uf (p:(K)), 
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which establishes the formula (2). Since two measures that coincide on the 
set of compact sets are equal (§1, No. 2, Cor. of Prop. 2), it follows that pu 
is unique. 

By Prop. 3, there exists a bounded measure z on T such that 7°(K) = 
inf u3(p:(K)) for every compact subset K of T. By formula (2), the exis- 


tence of a bounded measure yw on T such that p;(w) = pw; for all i € I is 
therefore equivalent to the relation: 

(P’) p(w) = uw; for alliel. 

For i < j, we have ww; = pij(uj), whence pu?(T;) = H3(T;); since I 
is directed, there exists a finite number c > 0 such that pw?(T;) = c for 
all i € I. By Prop. 3, the measure pu; — p;(7) is positive, hence is zero 
if and only if its total mass is zero, that is, if ;(T;) = pj(x)°(Ti). Since 
pi(m)*(T;) = °(T), the condition (P’) is thus equivalent to 7°(T) = c, 
that is (§1, No. 2, Remark 3) to the property: 

(P”) sup 7°(K) =c, where & is the set of compact subsets of T. 

KER 


Now, for K € &, we have 
m(K) = inf yu? (p;(K)) = ¢ — sup 4? (Ti — pi(K)) 
tel iel 


and this formula immediately implies the equivalence of (P) and (P”). 
Q.E.D. 


Let (T;,p;;) be an inverse system of topological spaces. Set T = lim T; 


and denote by p; the canonical mapping of T into T;. Generalizing Def. 2 
of Ch. III, §4, No. 5, we shall say that a bounded measure p on T is the 
inverse limit of an inverse system (pi)iey of measures if pw; = p;(j) for 
all i € I. Th. 1 provides a criterion for the existence of inverse limits of 
measures. When the spaces T; are compact, and the mappings p,j sur- 
jective, T is compact and p;(T) = T; for every i € I; the condition (P) 
is therefore fulfilled, and in this case we recover Prop. 8, (iv) of Ch. II, 
§4, No. 5. 


Remark. — Let (i)ier be an inverse system of measures on the inverse sys- 
tem of spaces ZF =(Tj,pi;). Assume given a topological space T’ and continuous 
mappings p,: T’ — T;; assume that the family (p{);cr is coherent, but not nec- 
essarily separating. If Prokhorov’ 's condition (P) is satisfied by the family (p4)ier, 
there exists a measure ys’ (not necessarily unique) on T’ such that pi(u') = wi 
for alliel. 

For, set T = lim T; and p’ = (p;)ier, and denote by p; the canonical 


mapping of T into T;; Prokhorov’s condition is satisfied by T and the p; , because 
pi(p! (K’ )) = pi(K’) and p’(K’) is compact in T for every compact subset = 
of T’. By Th. . there exists a bounded measure pp on T such that p;(y) = 

for all 1€ I. Let K’ be a compact set in T’; then p*(p'(K’)) = inf fas =U! (K')), 
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whence 
po(T — p'(K)) = sup wf (Ts — pi(K’)). 
iE 


Let ¢ > 0; since Prokhorov’s condition (P) is satisfied by the pj , one can therefore 
find a compact subset K’ of T’ such that p*(T — p’(K’)) <e. Prop. 8 of §2, No. 4 
then establishes the existence of a bounded measure yp’ on T’ with «= p(y’), 
whence pj = pi(4) = pilp'(w’)) = pj(u’) for all te 1. 


3. The case of countable inverse systems 


THEOREM 2. — Assume that the directed preordered set I has a count- 
able cofinal subset. Let Z = (Ti,pi;) be an inverse system of topological 
spaces, T =limT; and p; the canonical mapping of T into T;. Then every 


inverse system (1i)iex Of measures on F admits an inverse limit. 

We shall first treat the case that I= N and set gn = Pnn4i-. Let e > 0. 
Define recursively a sequence of compact sets L, C Ty as follows: Lo is 
a compact subset of To such that §(To — Lo) < ¢/2, and for n >0 the 


: bie eee oa : 
compact set L,+1 is contained in ¢g,(L,) and satisfies 


e et 
Hn41(Qn(Ln) — Lagi) < €/2"*?. 
This construction is possible by virtue of Remark 3 of §1, No. 2. We have 


e e 1 6 cok 
Mnoi(Tn41 — Lai) = Mesa (Tr4t = Qn(Ln)) + jena ( Gn ln) = Ln+1) 


=i 
< Ungi(Tn41 = dn(Ln)) ~ e/2rt? 
= (Tn — Ln) +€/2"*? 


because [Mn = Gn(fn+1); by induction on p, one deduces that 
Up(Tp — Lp) < (1 —1/2?*") <e. 
Since T is aclosed subspace of [| T, and the product space [| Ly 


neN nen 
is compact, the subset L= TN [] Ln = f) Pn (Ln) of T is compact. 


nen neN 
Let n € N; we have pn(L) = [) Pam(Lm) (GT, I, §9, No. 6, Prop. 8) and 


man 
Pnm(Lm) D Pam (Lm) for m’ > m > n, whence 


My, (Tr > Pn(L)) == im Lay (is = Pam(Lm)). 
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But, for m >n, the measure p,, is the image of um under pnm, whence 


pelle pela) Si (= tales) <1 Teel <e 


passing to the limit with respect to m, we obtain p%, (Tr _ Pn(L)) <e 
In other words, Prokhorov’s condition (P) is satisfied, and there exists a 
bounded measure » on T such that pn = pn(u) for all n € N (No. 2, 
Th. 1). 

Let us pass to the general case: there exists in I an increasing cofinal 
sequence (in)nen. The mapping t > (Din Oey is a homeomorphism 
of T onto the inverse limit of the inverse system (Ti,,p:,:,,) (GT, I, §4, 
No. 4). By the first part of the proof, there exists therefore a bounded meas- 
ure on T such that yi, = p;,(u) for all n€ N. Let i €1; there exists 
an n€N with i <i, , whence 


Dil tt) = Dein (Di, (4) = Pitn (Min) = He - 


QED. 


Theorem 2 is often used in the following situation: let D be a countable 
set and (Xz)rep a family of topological spaces. Let ¥ be the set of finite 
subsets of D, ordered by inclusion. For J in $, set Xj = sn X;, and for 


Jc J’ let pjy be the canonical projection of Xj onto the partial pro- 

duct Xj. Also set X = [] X; and denote by pj the canonical projec- 
teD 

tion of X onto the partial product Xj. One shows easily (cf. S, III, §7, 

No. 2, Remark 3) that the family (py)jez defines a homeomorphism of X 

onto limX ;. An inverse system of measures is then a family of bounded 


measures iy on Xy such that wy = pyy (uy) for J Cc J’. There exists one 
and only one bounded measure ys on X such that wy = p3(u) for every 
finite subset J of D (Kolmogoroff’s theorem). One sometimes says that pu 


is the measure on [| X; having margins 1. 
teD 
In particular, suppose given, for every t € D, a measure 1, on X; of 


total mass 1. Set uj = @ 1% for every finite subset J of D. Let JC J’ be 
teJ 


two finite subsets of D and let K = J’ — J; identifying Xj with Xj x Xx, 
one has py = ty ®@ Ux, and since the measure px has total mass 1, the 
projection of 43 ® wK on Xy is equal to wy. The measure on X admitting 


the margins jzj is denoted (1 and is called the product of the family 
teD 

(%)tep - When the spaces X; are compact, we recover the construction of 

Ch. III, §4, No. 6. 


INT IX.56 MEASURES ON HAUSDORFF TOPOLOGICAL SPACES §5 


§5. MEASURES ON COMPLETELY REGULAR SPACES 


if V 18s a topological space, and F 1s a Banach space, the notation 
€°(T;F) indicates the space of bounded continuous functions on T with 
values in F , equipped with the norm of uniform convergence. If F =R,, this 
notation is abbreviated to €°(T), or to @° if there is no ambiguity, and 
one denotes by €°(T) or > the cone of positive functions in €°(T). The 
space of bounded complex measures on T will be denoted .@°(T;C), the 
space of bounded real measures by .@°(T) or .@°, and the cone of bounded 
positive measures by .2(T) or M2. 


1. Measures and bounded continuous functions 


Recall (GT, IX, §1, No. 5, Def. 4) that a topological space T is said to 
be completely regular if it is uniformizable and Hausdorff. This is equivalent 
to saying (loc. cit., Prop. 3) that T is homeomorphic to a subspace of a 
compact space. If T is completely regular, then every positive lower semi- 
continuous function f on T is the upper envelope of the increasing directed 
set of elements of @°(T) that are < f, and every positive and bounded 
upper semi-continuous function g is the lower envelope of the decreasing 
directed set of elements of @°(T) that are > g (loc. cit., §1, No. 6, Prop. 5). 
We shall need the following lemma: 


Lemma. — Let T be a completely regular space, K a compact subset 
of T, and U an open subset of T containing K. 

a) There exists an open subset U’ of T such that KC U’CU CU. 

b) Let f be a continuous function defined on K with values in an in- 
terval I of R (resp. in C). There exists a bounded continuous function f' 
on T, with values in I (resp. in C), that extends f and is zero on T—U. 

It suffices to treat the case that T is a subspace of a compact space X. 
Let V_ be an open subset of X such that VM T = U; denote by V’ an 
open set in X containing K such that V’ C V, by g acontinuous function 
on X with values in I (resp. in C) extending f and zero on X — V (GT, 
IX, §4, No. 1, Prop. 1). The condition a) is satisfied by taking U’ = V/NT, 
and 6) by taking f’ to be the restriction of g to T. 


PROPOSITION 1. — Let T be a completely regular space. 
a) Let uw be a positive measure on T, and f a numerical func- 
tion > 0 defined on T and lower semi-continuous (resp. upper semi-continu- 
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ous, finite, with compact support). Then 
(1) u(f)=supp*(g) — (resp. u°(f) = inf u(g)), 

gely gESF 


where I, (resp. S+) denotes the set of bounded continuous functions g such 
that O< g <f (resp. 9 > f). 

b) Let 6 be a complex measure on T, and f a numerical function > 0 
defined on T and lower semi-continuous. Then 


(2) la\*(f) = sup |0(9)I, 


where g runs over the set of bounded and |6|-integrable continuous complex 
functions such that |g| < f. 

The first of the formulas (1) is obvious, because If is an increasing 
directed set of continuous functions whose upper envelope is f, and one 
can apply Prop. 5 of §1, No. 6. The same proposition will imply the second 
formula, if we show that S; contains a p-integrable bounded continuous 
function. Thus, let K be the support of f, and M the supremum of f; 
since K is compact, M is finite (GT, IV, §6, No. 2, Th. 3). Let U be an 
open set containing K and such that y°(U) < +00; there exists (Lemma) 
a continuous function g with values in [0,M], equal to M on K and zero 
outside U; then g € Sy and u*(g) < Mu*(U) < +00. 

Let us pass to b). It clearly suffices to show that |6|°(f) < sup |A(g)|. 

9 


Let a and b be two real numbers such that a < b < |6|°(f). By (1), there 
exists a function h € @°(T) such that h < f and |6|*(h) > b; denote 
by M the supremum of h. By the definition of |@|° (§1, No. 2, Def. 4), 
there exists a compact subset K of T such that |6|K(hx) > 6. There 
then exists a continuous complex function 7 on K such that |j| < hx and 
|9x(j)| > b (Ch. ITI, §1, No. 6). Let us choose an open set U containing K 


and such that |6|°(U — K) < °4 (§1, No. 9, Props. 13 and 14); extend j 


to a continuous complex function k on T, zero outside U (Lemma); for 
every ¢ € T, set 


k(t) if |k(t)| < h(t) 
(3) g(t) = 4 kt) : 
ey) if Ie] > AE). 


Clearly |g] <h < f, and g = j on K, therefore ||0x(j)| — |6(9)|| a 
[1(°)| — |8(9)I| < ]al*(g° — gl) < M- |9\*(U — K) < b—a, consequently 
|0(g)| > a. Let us show on the other hand that g is a continuous function: 
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since a is subject to the sole condition a < |6|°(f), this will imply that the 
second member of (2) is > the first, whence the proposition. Now, let F 
(resp. F’) be the set of t € T such that |k(t)| < h(t) (resp. |k(t)| > A(t) ). 
These sets being closed, and their union being T, it will suffice to show 
that gp and gp are continuous: now, this property is obvious for gr = kr, 
aid it is so for gp at the points where k(t) 4 0; on the other hand, if ¢ € F’ 
is such that k(t) =0, then also h(t) = 0, and the inequality |g| < A implies 
that g is continuous at the point ¢. 


Remarks. — 1) Let f bea positive lower semi-continuous function, and let J 
be the set of positive bounded continuous functions zero outside a p-integrable open 
set and bounded above by f. One can show that f is the upper envelope of J 


and that u°(f) = sup u(g). 
gel fF 
2) If the measure yp is bounded, the formula p°(f) = inf L(g) is obviously 
gES Fr 
valid for every function f that is upper semi-continuous, positive and bounded. 


PROPOSITION 2. — Let n and 7’ be two complez measures on a 
completely regular space T, such that n(f) = n'(f) for every function 
f € @°(T) that is integrable for |n| and |n’|. Then n=1/’'. 

Let us take up again the proof of the second part of Proposition 1, 
on setting 9 = 7 — 1’. We can require the open set U to be integrable 
for |n| and |n’|. The function g is then integrable for these two measures, 
and the relation 0(g) = 0 implies a < 0; therefore |6|°(f) = 0 for every 
positive lower semi-continuous function f , whence finally |@| = 0, on taking 
f = +00. 


PROPOSITION 3. — Let pw be a positive measure on a completely regular 
space T, and let p € [1,+00[. The space # of functions f € €°(T), 
whose support is contained in a u-integrable open set, is dense in YP (pu). 

By Prop. 15 of §1, No. 10, it suffices to show that if K is compact 
in T, and if g is the extension to T by O of a function in @,(K) be- 
tween 0 and 1, then there exists a function f €¢ @?(T), with support 
contained in a p-integrable open set, such that ||f—gl|p is arbitrarily small. 
Now, let € be a number > 0, U an open neighborhood of K such that 
p*(U — K) <e«, V an open neighborhood of K such that V Cc U, and f 
a function with values in [0,1], continuous, equal to g on K and to 0 out- 
side V (Lemma). The function |f — g|? is then bounded above by yu—x; 
therefore ||f —g||p < e!/? , which establishes the proposition. 


Remark 3). — There is an analogous statement for functions with values in 
a Banach space F: the subspace # @F of @°(T;F) is dense in YP (py). 


PROPOSITION 4. — In order that a bounded complex measure 0 on a 
completely regular space T be positive, it is necessary and sufficient that 
O(f) >0 for every function f € €2(T). 
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Necessity is obvious. To establish sufficiency, let us take up again the 
proof of the preceding proposition, on taking p = 1 and yw = |6|; the 
notations being the same, the relation u°(|f — g|) < € and the inequality 
6(f) > 0 imply 6x(g9x) = (g) > —e; since gx is an arbitrary element 
of @(K) between 0 and 1, the measure Ox is positive; the compact set K 
being arbitrary, this means that @ is positive. 


2. Bounded measures and linear forms on @°(T) 


PROPOSITION 5. — Let T be a completely regular space, and I a con- 
tinuous complex linear form on the normed space €°(T;C). In order that 
there exist a bounded compler measure 9 on T such that 0(f) =I(f) for 
all f € @°(T;C), it is necessary and sufficient that the following condition 
be satisfied: 

(M) For every number e > 0, there exists a compact subset K of T 
such that the relations g € €°(T;C), |g| <1, gx =0 imply |I(g)| <e. 

The measure @ is then unique. 

Uniqueness follows from Prop. 2 of No. 1. Let us show that the condi- 
tion (M) is necessary. Let 9 be a bounded complex measure; let K be a 
compact set such that |6|°(T — K) < e (§1, No. 2, Remark 3). The hypothe- 
ses |g) <1, gk =0 imply |g| < yey, therefore |A(g)| < |O|*(~eK) <E- 

Let us pass to the proof of sufficiency. Let X be the Stone-Cech com- 
pactification of T (GT, IX, §1, Exer. 7; or TG, IX, §1, No. 6). For every 
function f € @(X;C), set v(f) = I(fr); we define in this way a contin- 
uous linear form on @(X;C), that is, a complex measure on the compact 
space X. Let «€ be a number > 0, K a compact set satisfying (M); the 
function yp, being lower semi-continuous and positive on X, the formu- 
la (2) gives us the following relations, where Y denotes the set of functions 
9 € @(X;C) such that |g] < vex: 


|v|°(X — K) = sup |v(g)| = sup |I(gr)| <e. 
g€&G gE6G 


Let (Kn)n>1 be a sequence of compact subsets of T, such that each K, 
satisfies (M) for « = 1/n, and let S= UK,; S isa Borel set in X , contained 


n 
in T, and |v|*(X — T) < |v |*(X —S) < |v |*(X — K,) < 1/n for all n, so 
that T is v-measurable and v is concentrated on T. Let f be a bounded 
continuous function on T; since X is the Stone-Cech compactification of T , 
f may be extended by continuity to a function g € @(X;C). Now let pw 
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be the measure induced by v on T; one has pu(f) = (f°). Since v is 
concentrated on T, the functions f° and g are equal v-almost everywhere, 
therefore u(f) = v(g) = 1(gr) =1(f), which completes the proof. 


COROLLARY. — With notations as in Prop. 5, suppose that there ez- 
ists a bounded positive measure 4 on T such that |I(f)| < u(\f|) for all 
f € @°(T;C); then there exists a complex measure 6 on T such that 
6(f) =I(f) for all f € €°(T;C). 


3. Tight convergence of bounded measures 


Let T be a completely regular space; the bilinear form 
(fu)r> f F(t) du(e) 


on €°(T) x °(T) puts these two spaces in a separating duality. For, it is 
clear that the duality is separating in @°(T) from the fact that the meas- 
ures €, (x € T) belong to .#°(T); it is separating in .W°(T) by Prop. 2 
of No. 1. 


DEFINITION 1. — The weak topology on .@°(T) associated with the 
preceding duality between @°(T) and .@°(T) is called the topology of tight 
convergence (or the tight topology) on .@°(T). 

The tight topology is Hausdorff, by the remarks preceding the definition. 
We shall often employ the adverb ‘tightly’ to mean ‘in the sense of the tight 
topology’. Absent mention to the contrary, .4#° (T) will be equipped with 
the tight topology throughout the rest of this section. 

Every element of @°(T) is a linear combination of elements of °(T). 
For a filter ¥ on .@°(T) to converge tightly to a bounded measure 4, it is 
necessary and sufficient that 


(4) lim u(f) =A(f) with respect to F for every f € €2(T). 


Remarks. — 1) If T is locally compact, the tight topology is finer than the 
topology induced on .#°(T) by the vague topology, and these two topologies co- 
incide only when T is compact. For, if T is not compact, the mapping t > et 
converges vaguely to 0 with respect to the filter of complements of relatively com- 
pact subsets of T, but does not converge tightly to 0, because the function 1 
belongs to @°(T) (for the relations between vague convergence and tight conver- 
gence, see Prop. 9). 


(1) This relation was only established above (§2, No. 1, Prop. 1) in the case that f 
and v are positive. The extension to the present situation, where f and v are complex 
and bounded, is immediate by linearity. 
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2) It follows at once from Prop. 4 that 4 i (T) is closed in .#°(T). 


3) If T is completely regular, the mapping t+ ez of T into .&% *(T) isa 
homeomorphism (GT, IX, §1, No. 5). 


PROPOSITION 6. — Let T be a completely regular space. 

a) Let f be a lower semi-continuous numerical function > 0 defined 
on T; then the function w+ |p|*(f) is lower semi-continuous on °(T). 

b) Let f be an upper semi-continuous bounded function defined on T; 
then the function w+ u(f) is upper semi-continuous on M°(T). 

For, one sees by Prop. 1 6) of No. 1 that w+ |yu|°(f) is the upper 
envelope of a family of functions of the form p+ |u(g)| with g « 7°(T), 
hence continuous for the tight topology. This establishes a). To prove 6), 
it suffices to choose a constant upper bound C for f, and to write u(f) = 
u(C) — u(C — f); the function ++ p(C) is continuous, and the function 
p++ u(C — f) is lower semi-continuous on .@?(T) by the foregoing. 


PROPOSITION 7. — Let T be a completely regular space. Let p be a 
bounded positive measure on T, and let f be a bounded positive function 
on T , such that the set of points of T where f is not continuous is locally 
p-negligible. Then the mapping \++ A*(f) of @°(T) into R is continuous 
at the point wp. 

For every t € T, set f’(t) = lim inf f(s), f(t) = limsup f(s). Ob- 

— sot 


viously f’ < f < f”, with equality at every point of T where f is con- 
tinuous (hence p-almost everywhere). On the other hand, f’ is lower semi- 
continuous, f” is upper semi-continuous and bounded (GT, IV, §6, No. 2, 
Prop. 4). We therefore have the following relations by Prop. 6, 


u°(f’) < liminf A°(f’) < liminf A°(f) < u°(f) < limsup A°(f) 
Ase Ap A> 


m 
< limsupA*(f”) < u°(f”). 
A> 


One concludes by observing that y*(f’) = u°(f”), because f’ and f” are 
equal locally y-almost everywhere. 


PROPOSITION 8. — Let X be a completely regular space, T a subspace 
of X, and i the canonical injection of T into X. Denote by W the set of 
bounded positive measures on X that are concentrated on T, equipped with 
the topology induced by .@°(X). Then the mapping w+ i(u) of @2(T) 
into M°(X) is a homeomorphism of M°(T) onto W. 

We denote again by i the mapping p+ i(u) of °(T) into .@°(X); 
i is injective (§2, No. 4, Prop. 8) and maps .4°(T) into W (§2, No. 3, 
Prop. 7). If A€ W, then X= i(Ar) (§2, No. 3, Prop. 7 b)). Consequently, 
i is a bijection of .@°2(T) onto W, and the inverse bijection of i is the 
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mapping r: A Ar on W. On the other hand, 7 is continuous: for, if 
f € @°(X), then (i(u), f) = (u, fot), and foi belongs to @°(T). Thus, 
everything comes down to showing that, for every measure  € W and every 
function f € €?(T), one has 


en) = ne) 
or again 

lim (f°) = (f°). 

ey IA 

Let f© be the function on X that coincides with f on T and with +00 
on X — T, and let f’ and f” be, respectively, the upper semi-continuous 
regularization of f° and the lower semi-continuous regularization of f© 
(GT, IV, §6, No. 2). The relations 


f@)= lim sup Py), f(z)= lim inf f(y) 


immediately imply that f’ and f” both coincide with f and f° on T. 
Prop. 6 then yields 


w’(f') > limsup A°(f’),  w®(f”) < _liminf_A°(f”). 
dp, ACW Ap, ACW 


But one can replace f’ and f” by f° in these two formulas, since the 
measures » and y are carried by T; we have thus obtained the desired 
relation. 


The statement of Prop. 8 is only valid for positive measures: the mapping 
r+ i(u) of .@°(T) into W(X) is injective and continuous, but is not in general 
a homeomorphism of .#°(T) onto its image. For example, take X = R, T = 
R — {0}; the measures Az = e¢ — €_¢ (t > 0) converge tightly to 0 in X as t 
tends to 0, but do not converge tightly to 0 in T (the characteristic function 
of ]0, +oo[ belongs to #°(T)) (cf. however the Cor. of Th. 1 of No. 5). 


PROPOSITION 9. — Let T be a locally compact space, and let § be a 
filter on °(T) that converges vaguely to a bounded measure . For § 
to converge tightly to yw, it is necessary and sufficient that lim A(1) = (1) 


with respect to §. 

The condition is obviously necessary. To show that it is sufficient, let us 
denote by X the Alexandroff compactification of T (GT, I, §9, No. 8) and 
by 7 the canonical injection of T into X. By Prop. 8, everything comes 
down to showing that +> i(A) converges tightly to i(u) in @°(X) with 
respect to §. Since pu(1) < +00, there exists a set A € § such that the 
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total masses of the measures in A are bounded by a number M;; it therefore 
suffices to verify that 


(5) lim if g a(i(d)) = ic g d(i(u)) 


for functions g € @°(X) forming a total set in @°(X). Now, this equality 
is satisfied when g has compact support in T, because of the vague conver- 
gence of ¥ to y, and also when g is a constant function on X, from the 
fact that lim A(1) = w(1). Since the functions of the preceding two types 


form a total set in @°(X) (Ch. III, §1, No. 2, Prop. 3), this completes the 
proof. 


4. Application: topological properties of the space mM? (T) 


We first observe that if T is completely regular, then .W°(T) is a Haus- 
dorff topological vector space, hence is completely regular. Consequently, 
M*(T) is completely regular. 


PROPOSITION 10. — Let T be a Polish space; the space mM? (T) is then 
Polish for the tight topology. 

We begin by treating the case that T is Polish and compact. The 
set U of positive measures with mass < 1 is then compact (Ch. ITI, §1, 
No. 9, Cor. 2 of Prop. 15), and the topology induced on U by the tight 
topology (which here coincides with the vague topology) is also induced by 
the topology of pointwise convergence on a total subset of @(T) (loc. cit., 
No. 10, Prop. 17). Now, there exists in @(T) a countable total set (GT, 
X, §3, No. 3, Th. 1); consequently, U is a metrizable compact space. The 
set V of positive measures of mass < 1 is open in U, hence is a Polish 


locally compact space. Now, the mapping pp p of M>(T) 


1+ p(1) 


onto V isa homeomorphism, the mapping +> » being the inverse 


1- A(1) 
homeomorphism. 

Let us pass to the case that T is Polish; we can suppose that T is 
the intersection of a decreasing sequence (G,,) of open sets in a metrizable 
compact space X (GT, IX, §6, No. 1, Cor. 1 of Th. 1); the space i (T) is 
then homeomorphic to the subspace W of .@2(X) consisting of the mea- 
sures concentrated on T (No. 3, Prop. 8), and it will suffice to show that W 
is the intersection of a sequence of open sets in the Polish space .4@?(X) (GT, 
loc. cit., Th. 1). Now, let Wy be the set of measures yp € @?(X) concen- 
trated on G,; the mapping hy : wt u*(X—G,) on .@2(X) is upper 
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semi-continuous (No. 3, Prop. 6), and the set A? of measures pp € 4? (X) 
such that h,(u) < 1/k is therefore open for every k > 1 and every nEN. 
The proof is completed by observing that W = ()W,, = [.] Af. 

n n,k 


COROLLARY 1. — If T is a metrizable space of countable type, then 
M°(T) is metrizable of countable type for the tight topology. 


For, let T be the completion of T for a metric defining the topology 
of T; the space T is Polish, and 4 i (T) is homeomorphic to the subspace 
of the Polish space 4° (T) consisting of the measures concentrated on T 
(No. 3, Prop. 8). But every subspace of a Polish space is metrizable of 
countable type (GT, IX, §2, No. 8). 


COROLLARY 2. — If T is a completely regular Souslin (resp. Lusin) 
space, then the space .°(T) is Souslin (resp. Lusin). 

For, consider a Polish space P and a continuous mapping f of P 
onto T (GT, IX, §6, No. 2, Def. 2). Let f be the continuous mapping 
Lt f(u) of .@2(P) into .2(T); the space .4@°(P) is Polish by Prop. 10, 
and f is surjective (§2, No. 4, Prop. 9); the space .#2(T) is therefore 
Souslin. Similarly, if T is Lusin, then f may be assumed to be injective 
(GT, loc. cit., No. 4, Prop. 12); then f is injective (§2, No. 4, Prop. 8), and 
so °(T) is Lusin (GT, loc. cit., No. 4, Prop. 12). 

Let T be a completely regular Souslin space (recall that for this, it suffices 
that T be Souslin and regular (TG, App. 1, Cor. of Prop. 2)), and let H bea 


compact subset of Me (T); then H is compact and Souslin, hence metrizable, for 
the tight topology (loc. cit., App. 1, Cor. 2 of Prop. 3). 


5. Compactness criterion for tight convergence 


DEFINITION 2. — Let T be a topological space, and let H_ be a subset 
of M°(T); one says that H satisfies Prokhorov’s condition if 


a) sup |p|(1) < +00; 
EH 


b) for every number € > 0, there exists a compact subset K- of T such 
that 


(6) lul(T —K.) <e for every measure p EH. 


It can be shown that if T is completely regular, the set of conditions a) 
and 5) is equivalent to the following condition: there exists a real function f > 1 
on T, such that the set of points t of T satisfying f(t) < c is compact for ev- 
ery c € R; (which in particular implies that f is lower semi-continuous), and 
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such that sup |u|(f) < t+oo. Moreover, when T is locally compact, one obtains 
eH 
an equivalent statement by requiring f to be continuous (cf. Exer. 10). 


PROPOSITION 11. — Let T be a completely regular space, and let H_ be 
a subset of .@°(T) that satisfies Prokhorov’s condition; then its closure H 
in M°(T) satisfies Prokhorov’s condition. 

For, the functions uw +> |p|°(1), w+ |u\°(T — K,) are lower semi- 
continuous on .@°(T) by Prop. 6 of No. 3. 


The interest of Prokhorov’s condition comes from the following theorem, 
whose converse will be studied later on (Th. 2). 


THEOREM 1 (Prokhorov). — Let T be a completely regular space, and 
let H_ be a subset of .@°(T) that satisfies Prokhorov’s condition; then H is 
relatively compact in @°(T) for the tight topology. 

We can suppose that T is a subspace of a compact space X; let 7 be 
the canonical injection of T into X. We can on the other hand suppose 
that H is closed in .@°(T), by Prop. 11. It will then suffice to show that 
every ultrafilter {{ on H converges in .@°(T). 

We shall begin with the case that H C .@°?(T). The total masses of 
the measures yp € H being bounded by hypothesis, i(4) converges vaguely 
with respect to LU, in .#,(X), toa measure v € W(X) (Ch. III, §1, No. 9, 
Cor. 2 of Prop. 15); by Prop. 8 of No. 3, everything comes down to proving 
that v is concentrated on T. Now, let ¢ be a number > 0, and let K, 
be a compact subset of T satisfying the formula (6). Since X — K, is open 
in X, we have, by Prop. 6 of No. 3 applied in X, the inequalities 


vs(X—T)<v*(X—K.)< anette i(u)°(X — K,) 
= ee w’(T—K.) < 
wu 


since € > 0 is arbitrary, the theorem is established in this special case. 
Let us pass to the general case; for every measure ps on T, set 


ai(u) = B(u)*, ao(u) = A(u)~, as(u) = F(u)t, as(u) = F(u)- ; 


since = a1()—a@2(w)+ia3(u) —ta4(p) , it will suffice to show that the map- 
pings a; (j = 1,2,3,4) converge tightly with respect to &. But the set H; 
of measures a;(), where y runs over H, satisfies Prokhorov’s condition 
by virtue of the relation la; (u)| < |u|, and is contained in .#2(T); it is 
therefore relatively compact in .@°(T) by the special case, and the theorem 
then follows at once. 
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COROLLARY. — Let T be a subspace of a completely regular space X, 
and let H be a subset of .@°(T) that satisfies Prokhorov’s condition. If i 
denotes the canonical injection of T into X, then the restriction to H of 
the mapping w+ i(u) of M°(T) into .@°(X) is a homeomorphism of H 
onto its image. 


It suffices to treat the case that H is closed (Prop. 11), hence compact; 
the conclusion then follows from the fact that ++ i() is continuous and 
injective. 


Recall that this result is also valid for an arbitrary subset of Me (T) (No. 3, 
Prop. 8). 


THEOREM 2. — Let T be a locally compact space, or a Polish space, and 
let H_ be a relatively compact subset of Mm? (T); then H satisfies Prokhorov’s 
condition. 


We may restrict ourselves to the case that H is closed, hence compact. 
The total masses of the measures  € H are obviously bounded, because the 
mapping ++ y(1) is continuous, and everything comes down to proving 
the assertion b) of Def. 2. 


Suppose first that T is locally compact. Let ¢ be a number > 0. Let 
us associate to every measure » € H a compact set K, in T such that 
u*(T — K.) <é, then a relatively compact open neighborhood U, of K,. 
The function ++ \*(T — U,) being upper semi-continuous on .#°(T) 
(No. 3, Prop. 6), the set V4 of measures \ € H such that \°(T — U,) <e 
is a neighborhood of 4 in H. Therefore there exists a finite subset H’ of H 
such that the sets V“ (u € H’) cover H. Denoting by K the compact set 

U U,, we have \°(T — K) <e forall XC H. 
“EH’ 

Suppose next that T is Polish. We do not restrict the generality by 
assuming that T is the intersection of a decreasing sequence (Tp)p>1 of 
open subsets of a compact space X (GT, IX, §6, No. 1, Cor. 1 of Th. 1). 
Let ip be the injection of T into T,, and let H, be the set of measures 
of the form ip(A) for \ € H; since Hp is compact in .@2(T>,), it follows 
that there exists a compact set K, C Tp such that v°(T, — Kp) < €27? 
for every measure v € Hy, by the preceding result applied to the locally 
compact space T,. Therefore also v*(T — (TM K,)) < €27”, and finally 
\*(T — (TNK,)) < €27? for every measure \ € H. Now set K = (\Ko; 


p 

the set K is compact and is contained in T, and, for every measure \ € H, 

we have \°(T — K) < )A°(T — (TN K,)) < oe2-? = €. Prokhorov’s 
Pp 


p 
condition is thus verified. 
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6. Tight convergence of measures and compact convergence of func- 
tions 


PROPOSITION 12. — Let T be a completely regular space, and let B 
be the unit ball of the normed space @°(T;C). Let I be a linear form 
on €°(T;C). In order that there exist a bounded complex measure 6 on T 
such that I(f) = O(f) for all f € €°(T;C), it is necessary and sufficient 
that the restriction of I to B be continuous for the topology of compact 
convergence. The measure 6 is then unique. 

Let us show that the condition in the statement is necessary. Let @ be 
a bounded complex measure on T, € a number > 0, and K a compact 
subset of T such that |6|°(T — K) <e. Let f € B; we denote by U the 
neighborhood of f in B for the topology of compact convergence, formed 
by the functions g € B such that sup |g(z) — f(z)| < e. Then, for every 

rE 


geU, 
1A(9) — AF) < A lg — fl dla] < <|O\°(K) + 2/0/*°(L — K) < (lll + 2)e, 


because |g — f| is bounded above by € on K and by 2 on T— K. 
Conversely, consider a linear form I on @°(T;C) whose restriction 
to B is continuous for the topology of compact convergence. Then, for 
every number ¢ > 0, there exist a number a > 0 and a compact subset K 
of T such that the relations f € B, sup |f(x)| < a imply |I(f)| < e. 
rE 


Prop. 5 of No. 2 then implies the existence of a unique bounded complex 
measure 6 such that I(f) = 0(f) for all f ¢ #°(T;C). 


PROPOSITION 13. — Let T be a locally compact space, and H a bounded 
subset of the normed space @°(T;C). The mapping (u,f) > mw(f) of 
M?(T) x H into C is then continuous, when M*(T) is equipped with the 
tight topology, and H with the topology of compact convergence. 

Let » € °(T), f € H, and let M be a real number such that 
\|x\| <M, and |g| <M for all g ¢ H. Let ¢ be a number > 0 and choose 
a compact subset K of T such that w*(T —K) < e, then a relatively 
compact open neighborhood S of K. The set U of measures \ € M>(T) 
satisfying the inequalities 


M(T) <M, A(T—S)<e, |A(f)-Huf) <e 


is then a neighborhood of p in .@°(T) (No. 3, Prop. 6). In addition, let V 
be the neighborhood of f in H consisting of the functions g € H such that 


sup |g(x) — f(z) <¢. 
«eS 
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Let A € U and g € V; since the function |g — f| is bounded above 
by € in S, and by 2M in T —S, we have 


Ig) — Af) < | lo — f[dd <ed*(S) + 2MA*(T — S) < 3Me, 
T 
from which one deduces 


|A(g) — HADI S |A(9) — ACP) + ACA) — HP) < (38M + De. 


This proves the continuity of the mapping (A,g) +> A(g) at the point (y, f) 
of 42(T) x H. 
Remark. — Let T be a completely regular space, M a subset of .#(T) that 
satisfies Prokhorov’s condition, H a bounded subset of #°(T). An argument very 
close to the one just made may be used to prove that the mapping (A,g) +> A(g) 
of MxH into C is continuous when M is equipped with the tight topology and H 
with the topology of compact convergence. 

COROLLARY. — Let T be a completely regular space, X a topological 
space, and f a complex-valued function defined on T x X, continuous and 
bounded. For every bounded measure on T, let F,, be the function on X 
defined by F,,(x) = Jp f(t, x) du(t) for all EX. 

a) The function F,, is continuous and bounded for every bounded meas- 
ure pL. 

b) Suppose that T is locally compact. The mapping u+>+ F, of MT) 
into @°(X;C) is then continuous, if °(T) is equipped with the tight topol- 
ogy, and €°(X;C) with the topology of compact convergence. 

For every x € X, denote by f, the continuous and bounded function 
tr f(t,z) on T; the mapping z+> f, of X into €°(T;C) has bounded 
image, and it is continuous if @°(T;C) is equipped with the topology of 
compact convergence (GT, X, §3, No. 4, Th. 3). Since F,(z) = u(fe), 
the function F,, is continuous by Prop. 12. Suppose T is locally compact; 
Prop. 13 shows that the mapping (u,x) +> F,,(x) of @°(T) x X into C is 
continuous; the assertion 6) follows from this (loc. cit.). 


7. Application: the Laplace transformation 


In this No., we denote by M a commutative monoid, whose law of 
composition is written additively, equipped with the topology of a locally 
compact space, for which the mapping (m,m’) ++ m+m’ of MxM into M is 
continuous. The neutral element of M is denoted by 0. One calls character 
of M every bounded continuous complex function x on M satisfying the 
relations 


(7) x(m +m’) = x(m)-x(m'), x(0)=1, |x(m)| <1 
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for m,m’ in M. If y and yy’ are characters, then so is yy’. The set 
of characters of M is a monoid, denoted X; equip it with the topology of 
compact convergence, for which the mapping (x, x’) > xx’ of XxX into X 
is continuous. The neutral element of X is the constant function 1. 

For every bounded complex measure yz on M, one calls Laplace trans- 
form of p the function “Yu on X defined by 


(8) (Lux) = a x(m) dyi(m) 


By Th. 3 of GT, X, §3, No. 4, the mapping (m, x) > x(m) of Mx X into C 
is continuous and bounded. The corollary of Prop. 13 of No. 6 then implies 
the following result: 


PROPOSITION 14. — For every bounded compler measure pp on M, the 
function Lu on X is continuous and bounded. If °(M) is equipped with 
the tight topology and @°(X;C) with the topology of compact convergence, 
the mapping u+> Lu of M2(M) into @°(X;C) is continuous. 


The set of characters of M that tend to 0 at infinity will be denoted Xq; 
this set is stable under multiplication. We shall say that a submonoid“) § 
of X is full if S is stable for the mapping x +» ¥, SM Xo separates the 
points of M (GT, X, §4, No. 1, Def. 1) and if, given any m € M, there 
exists an element x of SM Xo such that y(m) £0. 


Suppose in addition that M is a noncompact abelian group. Let f bea 
function on M that tends to 0 at infinity; the same is then true of the function 
xe f(x)f(—xz) on M, whereas every character x of M satisfies x(x)x(—z) = 
x(0) = 1. It follows that Xo is empty, and that X does not contain any full 
submonoid. Thus, Theorem 3 below does not apply to locally compact groups that 
are not compact. 


THEOREM 3. — Let S be a full submonoid of X. 

a) If w and p’ are two bounded complex measures on M, such that 
Lu and Ly’ have the same restriction to SN Xo, then p=p'. 

b) Let § bea filter on °(M), such that LX(s) has a limit &(s) EC 
with respect to § for every s€S. Then the filter § converges vaguely to a 
bounded positive measure , and ®(s) = Ly(s) for all se SNXo. 

c) Under the hypotheses of b), suppose in addition that the closure 
of SM Xo contains 1, and that the function ® on S is continuous at the 
point 1. Then § converges tightly to w, and ®(s)= Yy(s) forall sES. 

We shall denote by E the algebra of continuous complex functions tend- 
ing to 0 at infinity on M, and by 2 the linear subspace of E generated 


(1) Recall that a submonoid of a monoid A contains by definition the neutral element 
of A (A, I, §2, No. 1). 
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by SN Xo; then A is a subalgebra of E stable under the mapping f + f; 
since S is a full submonoid of X, Cor. 2 of Prop. 7 of GT, X, §4, No. 4 
implies that 21 is dense in E. 

Let us prove a): by hypothesis, w(f) = u'(f) for every f € A; since wu 
and yp’ are continuous linear forms on E, this implies that u(f) = y’(f) 
for f © E, and in particular for every continuous function f with compact 
support, whence p = py’. 

Let us place ourselves under the hypotheses of 6). The number ®(1) = 
lim A(1) is real and positive; let there be given a real number a > ®(1); since 


[Al] = -2A(L) for A € 2(M), the relation lim #X(1) = 6(1) implies that 


the set H of measures \ € .#2(M) such that ||A|| < a belongs to F. Since 
°(M;C) may be identified with the dual of the normed space E (Ch. III, 
§1, No. 8 & §1, No. 2, Prop. 3), the space H is compact for the topology 
a(.4@°(M;C), E). On the other hand (TVS, III, §3, No. 4, Prop. 5), this 
topology coincides on H with the topology of pointwise convergence in any 
total subset of E. In particular, since 2% is dense in E, and the same is 
true of the space of continuous functions with compact support (Ch. III, §1, 
No. 2, Prop. 3), the topology of pointwise convergence in SM Xo coincides 
on H with the vague topology, and H is compact for this topology. It 
follows at once that § converges vaguely to a measure yp € H, and that 
Ly(s) = lim (8) for all se SMX. 


Finally, let us pass to c). Since the functions ® and “yy are continuous 
at the point 1 € S, and equal on SM Xo, and since 1 is in the closure 
of SM Xo, we have ®(1) = @y(1). In other words, lim A(1) = = p(1). 


Prop. 9 of No. 3 then shows that y is the tight limit of the filter &. Every 
element of S being a bounded continuous function on M, this implies that 
@(s) = lim A(s) = u(s) = Lyu(s) for all se S. 


COROLLARY. — Let S be a full submonoid of X, such that the closure 
of SN Xo contains 1. Let L be the subset of €°(S;C) consisting of the 
restrictions to S of the Laplace transforms of the measures  € .@2(M). 

a) The set L is closed in the space €°(S;C) equipped with the topology 
of pointwise convergence. 

b) The mapping A++ (LX)g is a homeomorphism of @°(M) onto L, 
if M°(M) is equipped with the tight topology and L with the topology of 
pointwise convergence. 

c) The topology of pointwise convergence and the topology of compact 
convergence coincide on L. 

The assertions a) and 6) are immediate consequences of Th. 3; the 
assertion c) follows from b) and Prop. 14, since the topology of compact 
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convergence is finer than that of pointwise convergence. 


One must be on guard that L is not closed in the set of all bounded complex 
functions on S, equipped with the topology of pointwise convergence. Assume for 
example the notations of Example 2 below (M = R4, S identified with R+ ). 
The Laplace transforms of the measures €n (n € N) are the functions t+ e~™ 
on R;; as n tends to +oo, these functions converge pointwise to the function 
equal to 1 for t=0 and to 0 for t £0, which does not belong to L. 


Example 1). — Take for M the set N of positive integers, equipped 
with the law of addition and with the discrete topology. Let D be the unit 
disc of C (the set of complex numbers of absolute value < 1) equipped with 
the topology induced by C and with the law induced by multiplication. For 
every z €D, let us denote by f(z) the character nt z” of N. For every 
character y of N, denote by g(x) the complex number x(1) € D. One 
verifies immediately that f and g are mutually inverse homeomorphisms 
between D and X, which will permit us, from now on, to identify X and D. 
The set of characters tending to 0 at infinity may then be identified with the 
set Do of complex numbers of absolute value < 1. Finally, the interval ]0, 1] 
of R is a full submonoid of D, and 1 is in the closure of ]0,1]MNDo = J0,1[. 

Every measure » on N may be written in a unique way in the form 


= >> Un-e”, and yp is bounded if and only if 5> |un| < +00; one then has 
neN n 
Lyu(z)= >> unz” for z ED. This function is continuous on D; it is cus- 
neN 


tomary to call it the generating function of the summable sequence (Un)nen - 
Transcribed into this language, Th. 3 yields the following result (taking into 
account Prop. 9 of No. 3): 


PROPOSITION 15. — Let A be a set equipped with a filter §. For 
every a € A, let (Uan)nen be a summable sequence of positive numbers, 
and let ®, be the function defined on the interval ]0,1] of R by ®,(zx) = 


> tant”. In order that there exist a summable sequence (Un)nen of 
nen 
positive numbers such that 


lim to,n =Un foralln, lim y Yan = y Un 5 
" oS neN neN 


it is necessary and sufficient that ®, converge pointwise on ]0,1], with 
respect to §, to a function ® continuous at the point 1. In this case, 
®(r) = D> unz” for all x € ]0,1]. 
nen 

Analogous results are obtained by taking M to be the monoid N”, 
where n denotes an integer > 1; the space X may then be identified 
with D”, and one can choose ]0,1]” as the full submonoid. We leave to the 
reader the task of transcribing Th. 3 in this case. 
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Example 2). — Let us take for M the set R4, equipped with the law 
of addition and with the usual topology. Let P be the set of complex num- 
bers z with positive real part, equipped with the topology induced by C, 
and with the law induced by addition in C. For every p € P, denote 
by f(p) the character z +> e~?* of Ri; it is easily verified that f is 
au isomorphism of the topological monoid structure of P onto that of X; 
we shall identify X with P by means of f. It is clear that R, is a full 
submonoid of P, and Th. 3 yields the following result: 


PROPOSITION 16. — Let A be a set equipped with a filter §. For 
every a € A, let. tg be a bounded positive measure on R,, and let By 
be the function defined on Ry by ®,(p) = ra e P* dua(x). In order 
that the mapping a> Ua converge tightly with respect to ¥ to a bounded 
positive measure pw, it is necessary and sufficient that By converge pointwise 
on R4,, with respect to ¥, to a function ® continuous at the point 0. In 


this case, ®(p) = Ene e?? du(z) for all pe R,. 


There are analogous results for the additive monoids R% (n an inte- 
ger > 1); we leave to the reader the transcription of Th. 3 in this case. 


§6. PROMEASURES AND MEASURES 
ON A LOCALLY CONVEX SPACE 


Throughout this section, only vector spaces over the field of real numbers 
are considered. By locally conver space, is meant a topological vector space 
over R. that is Hausdorff and locally conver. The topological dual of a locally 
conver space E will be denoted E’; for x € E and wx’ € E’, one writes 
(c,2') = 2'(x). 


1. Promeasures on a locally convex space 


Let E bea locally convex space. We denote by .¥(E) the set of closed 
linear subspaces of E of finite codimension, ordered by the relation >. For 
every V € F(E), py denotes the canonical mapping of E onto E/V. 
Let V and W be two elements of “(E) such that V > W; we denote 
by pyw the mapping of E/W into E/V deduced from the identity mapping 
of E by passage to the quotients. The family 2(E) = (E/V,pvw) is an 
inverse system of locally convex spaces, indexed by ¥(E). It is called the 
inverse system of finite-dimensional quotients of E. 
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It can be shown that the inverse limit of the inverse system 2(E) is 
canonically isomorphic to the algebraic dual E’* of E’, equipped with the 
weak topology o(E’*, BE’). 


DEFINITION 1. — Let E be a locally convex space. One calls promeasure 
on E every inverse system™ of measures (§4, No. 2, Def. 1) on the inverse 
system of finite-dimensional quotients of E. 


In other words, a promeasure yp on E is a family (uv)ve F(p) » where 
Ly is a bounded (positive) measure on the finite-dimensional space E/V , 
and where py = pyvw(uw) when V D W. All of the measures py have 
the same total mass, which is called the total mass of the promeasure p. 

For a subspace V of E to belong to ¥(E), it is necessary and sufficient 
that there exist a finite number of elements x{,...,z/, of E’ such that V 
consists of the z € E satisfying (z,2i) = 0 for 1 <i < n (TVS, II, 86, 
No. 3, Cor. 2 of Th. 1 and No. 5, Cor. 2 of Prop. 7). Moreover, on a finite- 
dimensional vector space there exists one and only one Hausdorff topological 
vector space topology (TVS, I, §2, No. 3, Th. 2). Consequently, the concept 
of promeasure on E depends only on the dual E’ of E. 

Let \ be a bounded measure on E. For every V € ¥(E), let us denote 
by AW the image of \ under the canonical mapping py of E onto E/V. 
One has py = pywopw for any two elements V and W of ¥(E) such that 
V D> W;; consequently, the family \ = Ov)ve ¥(g) is a promeasure on E. 


We shall say that d is the promeasure associated with the measure 1. One 
sees immediately that A and A have the same total mass. 


PROPOSITION 1. — Let E be a locally convex space. The mapping 
At X is a bijection of the set of bounded measures on E onto the set of 
promeasures (Uy )veg(E) On E satisfying the following condition: 

For every € > 0, there exists a compact subset K of E such that 
uy (E/V — pv(K)) <e for all Ve F(E). 

One knows that the intersection of the kernels of the continuous linear 
forms on E is equal to 0 (TVS, II, §4, No. 1, Cor. 1 of Prop. 2); consequently 

0 V = {0} and the family (pv)veg(m) is coherent and separating. The 
VeEF(E) 
proposition then follows from Th. 1 of §4, No. 2. 

In particular, the mapping . +> d is injective. If w is a promeasure 
on E, and if there exists a bounded measure on E such that p = 4, 
we shall say, by an abuse of language, that w is a measure. If E is 
finite-dimensional, every promeasure up = (Uv)ve #(E) is a measure: for, 
{0} € #(E), E/{0} = E and py,soy = py, whence pry = py(ujo}) for all 
V € A(E); in other words, uw = » with A = py}. 


() Also called a ‘projective system’. 
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PROPOSITION 2. — Let T be a countable set, and E the vector space 
of real functions on T, equipped with the topology of pointwise convergence. 
Every promeasure on E is a measure. 

For every t € T, let e, be the linear form f t+ f(t) on E. One knows 
(TVS, II, §6, No. 6, Cor. 2 of Prop. 8) that the family (€:)ter is a basis of 
the vector space E’. Denote by ® the set of tinite subsets of ‘l', and for 
every J € ® let Ey be the set of functions on T that are zero at every point 
of J. Let F € F(E); since the orthogonal F° of F is a finite-dimensional 
subspace of E’, there exists a J € ® such that F° is contained in the linear 
subspace G of E’ generated by the e, for t € J. Since F° C G, we have 
Ej = G° C F°° =F and the countable family (Ej)jeo is cofinal in 4¥(E). 
The proposition then follows from Th. 2 of §4, No. 3. 


2. Image of a promeasure 


Let E and E, be two locally convex spaces, and u a continuous linear 
mapping of E into E,. For every V, € #(E;), the subspace V = u(V1) 
of E belongs to ¥(E), and wu defines, by passage to the quotients, a linear 
mapping uy, of E/V into E,/V;. Let Vi; and W, in #(E,) be such 


that V, > W,; set V = u(Vi) and W = u(W;). We have V > W, and 
a commutative diagram 


E Pw E/W pyw E/V 


u UW, UNV, 


E; Pw E,/W, —“—- Ei /V1 


Now let » = (uv)veg(n) be a promeasure on E. For every 
Vie F(E;) , set 


(1) W, = Uv, (Hu-1(v1)): 


The commutativity of the preceding diagram shows that the family 
v = (W,)v,e¥(E,) is a promeasure on E,. We say that v is the image 
of % under u, and denote it by u(y). 

Let be a bounded measure on E,, and u(A) the measure on E, that 
is the image of X under u. If the promeasure yp is associated with 1, 
then the promeasure u(y) is associated with u(A). This follows from the 
commutativity of the preceding diagram. 
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Let V € F(E). It is immediate that the image promeasure on E/V of 
the promeasure pz under the canonical mapping py : E — E/V is associated 
with the measure ply. 

Let u; be a continuous linear mapping of E; into a locally convex 
space E2. One establishes without difficulty the relation 


(ui 0 u)(u) = ui (u(u)) 


(transitivity of the images of promeasures). 


3. Fourier transform of a promeasure 


Let E be a locally convex space and w = (uv)veg(e) 4 Promeasure 
on E. For every continuous linear form x’ on E, we denote by wz the 
measure on R that is the image under z’ of the promeasure uw on E. The 
Fourier transform of py is the function #y on E’ defined by 


(2) (Fu)(a") = o et dug(t). 


Let ’ be a bounded measure on E. The Fourier transform of A is the 
function on E’ defined by 


(3) (F)(2") = i, ellen’) dy(z). 
E 


Let yp be the promeasure associated with ». For every x’ € E’, the meas- 
ure jz, on R is the image under 2’ : E > R of the measure 4 on E; from 
the formulas (2) and (3), one immediately deduces Fu = Fr. 

Let p be any promeasure on E, and u a continuous linear mapping 
of E into a locally convex space E,. Denote by ‘u the linear mapping 
of E{ into E’ that is the transpose of u, and by v the promeasure u(y) 
on E,. For every x1 € E{, we have ‘tu(r) = zou, whence 


Ve, = 24(v) = 2} (u(u)) = (21 0 4)(H) = Hewes) - 
Consequently, 
(4) F (u(u)) = (Fu) o'u. 


In particular, let us take for u the canonical mapping py of E onto E/V 
(for V € A(E)). The promeasure py(u) on E/V is associated with the 
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measure py, and ‘py is an isomorphism of the dual of E/V onto the sub- 
space V° of E’ orthogonal to V. If (E/V)’ is identified with V° by means 
of ‘py , then 


(6) (Fuye’)= [ e*” duy (a) 
Jb/V 

for all z’ € V°. One has E’= (J V°, so that the preceding formula 
VEF(E) 


characterizes the function #py on E’. Finally, if one sets x’ = 0 in (5), one 
sees that the total mass of ys is equal to (¥u)(0). 


PROPOSITION 3. — Let E be a locally convex space. The mapping 
pr Fy of the set of promeasures on E into the set of functions on E’ ts 
injective. 


The formula (5) permits reducing to the case that E is finite-dimension- 
al; since every finite-dimensional space is isomorphic to a space R”, we can 
even suppose that there exists an integer n > 0 such that E = R”. We 
therefore have to prove that if u is a bounded measure (not necessarily 
positive) on R” and if 


/ e™¥) du(x) =0 
R” 


for every linear form y on R”, then p=0. 

For every integer m > 0, let Gm be the subgroup m: Z” of R”. 
Denote by @ the vector space of continuous functions f on R” such that 
f(a+a) = f(x) for c€ R” and a€ G,,. By Prop. 8 of GT, X, §4, No. 4, 
every function in @ is the uniform limit of finite linear combinations of 
functions of the type x +> e279) with ge m7!-Z". Therefore u(f) =0 
for every function f € Gm. 

Let f be a continuous function on R” with compact support. For 
every integer m > 0, set fm(xr) = >> f(x+q). It is immediate that 

qeéGm 


for every x € R", the preceding series has only finitely many terms, and 
that fm belongs to @,. Moreover, it is easy to see that the sequence (fm) 
tends to f uniformly on every compact set, and that there exists a constant 
C >0 such that |fm| <C for all m. Consequently, u(f) = im. U(fm) by 


Prop. 12 of §5, No. 6. Since fm € @m, we have u(fm) = 0, whence finally 
u(f)=0. Thus p=0. 


* Remark. — When E is finite-dimensional, every character of E is of the 
form 2 + ett’) with 2! € BE’ (Théor. spect., Ch. Il, §1, No. 9, Cor. 3 of 
Prop. 12). In this case, Prop. 3 follows from the uniqueness theorem for the Fourier 
transformation (loc. cit., §1, No. 6, Cor. of Prop. 6)., 
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4. Calculation of Gaussian integrals 


Lemma 1. — For every integer n >0, 
(6) h |z\"e~®"/? de = 20°F r(*S) 
(7) pee Bie (any Car 
(8) | g2ntle~2/2 de = 0. 
R 
Recall the formula 
(9) r(s) = [ute du 


valid for every real number s > 0 (FRV, VII, §1, No. 3, Prop. 3). On making 
the change of variable x = (2u)1/, it follows from (9) that 


i gre 2/2 dz = [eure 1 91/2,,-1/2 du = 97+ r(* + *) 
i) 0 2 2 7 
whence the formula (6) since 


Co 
il |z\"e~®/? de = 2 [ are * 2 dy, 
R 0 


The formula (7) follows from (6) and the relation 
1 1/2 (2n)! 
(10) P(n+ 5) =a" 22n7l 


For n = 0, this relation reduces to I'() = 71/2, that is, to the formula (21) 
of FRV, VII, 81, No. 3. The general case then follows by induction on n, 
on taking into account the relation T(x +1) = 2-I(zx) (loc. cit., §1, No. 1). 

Finally, the formula (8) follows from the fact that the function 
tH 22nt1e-2?/2 ig odd. 


Lemma 2. — For every complex number y , 
(11) (ony f eo? /2eity gy — e-¥"/2 
R 


In particular, 
env f en? 12 de = 1, 
R 
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The change of variable r++ —x yields 
eny¥ f en? /2¢itY dg = (ony? | en /2e-tey dz; 
R R 


piu + eau 
since cosu = aa ca for every complex number uw, it follows that 


(12) ony? f en? /2ity de = env f e~® /2 cog xy dz. 
R R 
For every integer n 2 0, set 


gn(2) = (-1)"(2n) 2 BU goats 


(Qn)! 
By (7), 
(13) froweniae = = (E)” 
(14) [onta)ax = 2 (-¥)" 
whence 


co 
Df lante)lae = ell"? < +00. 
R 


n=0 


Since, moreover, 


[oe] 
(20)-1/2e-#"/2 cos ry = s 9n(Z) , 


n=0 


this equality can be integrated term by term, whence 


ony? f en2 /2 cos zy dz = > | 9n(2) ae e-¥/2 
ex n=0"R 


by (14). The formula (11) then follows from (12). 


5. Gaussian promeasures and measures 


PROPOSITION 4. — Let E be a locally convex space. For every positive 
quadratic form Q on E’, there exists one and only one promeasure TQ 
on E such that FT q = e 9/2. The total mass of TQ is equal to 1. 
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The uniqueness of Iq follows from Prop. 3 of No. 3. The total mass 
of Tq is equal to (¥I'Q)(0) = e~ 20/2 = 1. We will prove existence in 
stages. 

A) E of finite dimension n, and Q nondegenerate. 

By Lemma 2 of No. 4, the measure 7; on R_ having density 
t > (2n)-/2e-#/2 is pounded, of total mass 1. Set y = 71 @--@N 
(n factors). From Lemma 2 of No. 4, one deduces 


n 
i el(aititt+antn) dy(ty,..., ty) = IL / e's! dy (t) 
n j=l R 


= [Ie [ eitite—t?/2 dt 
R 


Since Q is positive and nondegenerate, there exists a basis (e4,...,€/,) 
of E’ orthonormal for Q (Alg., Ch. IX, §7, No. 1). Let us denote by f 
the isomorphism z ++ (e{(z),...,e),(z)) of E onto R”, and by TQ the 
measure f~'(y) on E. Let 2’ = aye, +--+ ane’, be in E’; then 


n 
ef" ij seastn)) = 0 tja; for ti,...,tn real, whence 
j=l 


| da(z) = [ etlartit-rontn) dy(ty,...,tn) 
E ae 
= exp (~ }(a +--- +02) = exp (— $Q(2’)). 


Consequently, #T'g = e~2/?. 

B) E finite-dimensional. 

Let N be the linear subspace of E’ formed by the z’ such that 
Q(z’) = 0. Denote by M the orthogonal of N in E, and by j the canonical 
injection of M into E. The linear mapping *j : E’ > M’ is surjective, with 
kernel N, therefore there exists on M’ a nondegenerate positive quadratic 
form q such that Q = qo‘j. By the foregoing, there exists a bounded 
measure I on M such that ¥I =e~%/?. Setting Tg = j(I), we have 


FV Q = (FT) 0'Fj = exp(—qo*j/2) =e P/? 


by formula (4) of No. 3. 
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C) The general case. 

Let V € F(E). Denote by py the canonical mapping of E onto E/V, 
and by Qy the positive quadratic form Qo’py on (E/V)’; finally, let uy be 
the measure on E/V with Fourier transform e~®v/? (cf. B)). If W € F(E) 
is contained in V, then py = pyw 0 pw, whence Qy = Qw 0 ‘pyw; by 
formula (4) of No. 3, the measure pyw(uw) has as Fourier transform the 
function (e~2”/?) o 'tpyw = e~2v/2, hence is equal to py. The family 
(uv )ve#(p) is therefore a promeasure 4 on E. Formula (5) of No. 3 shows 
that Fp is equal to e~2/?. 


DEFINITION 2. — Let E be a locally convex space. For every positive 
quadratic form Q on E’, the promeasure on E whose Fourier transform is 
equal to e~°/2 is called the Gaussian promeasure on E with variance Q, 
and is denoted 'q. A promeasure ys on E is said to be Gaussian if there 
exists a positive quadratic form Q on E’ such that w=TQqQ. 

By an abuse of language, a bounded measure yz on E will be said to be 
Gaussian with variance Q if the associated promeasure j/ is equal to Tq. 


Remarks. — 1) Let E be a finite-dimensional vector space, and let uw be 
a positive measure on E-of mass 1, such that every linear form on E belongs 
to L7(E, yu). One defines an element m of E and a positive quadratic form V 
on FE’ by the formulas 


(m,z') = [io z'\du(z), V(z')= [oe —m,2')? du(a) . 
E E 


In the traditional terminology of Probability Theory, m is called the mean and V 
the variance of 1; p is said to be centered if m=0. 

Now let a be an element of E and Q a positive quadratic form on E’. Let us 
denote by I',,q the image of the measure [gq under the translation z++ x+a. It is 
easily seen that [',,q is a positive measure on E of mass 1, with Fourier transform 


a! + et(:2')-3Q(2') and mean a. Moreover, Prop. 6 below implies that Q is the 
variance of T'g,q. One traditionally says that ['¢,q is the Gaussian measure with 
mean a and variance Q, and that [gq =I0,q is the centered Gaussian measure 
with variance Q. Since we shall only be considering centered Gaussian measures, 
we shall omit this qualifier. 

2) Let Q be a quadratic form on the dual E’ of a locally convex space E. 
If there exists a promeasure on E with Fourier transform e~@/?, the quadratic 
form Q is necessarily positive: for, the function e~@/2 is bounded on E’ ; there- 
fore, for every x’ € E’, the function t + e7*Q(2’)/2 = e-QAt#’)/2 on R is 
bounded, whence Q(z’) 20. 

3) The dual of R_ is canonically isomorphic to R. and the positive quadratic 
forms on R are the functions of the form t+ at? with a > 0. Therefore, there 
exists for every a > 0 one and only bounded measure 7a on R whose Fourier 
transform is equal to the function t > ent? / 2; by an abuse of language, Ya is 
said to be the Gaussian measure on R with variance a. 

The Fourier transform of yo is the constant 1, whence Yo = €o (unit mass at 
the origin of R.). Suppose a > 0 and denote by wa the linear mapping 2 +> a!/2z; 
then Fa = #71 0a, whence Ya = ua(7i). Lemma 2 shows that 1 is the 
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measure with density r b> (2)~1/2e-2?/2 


from this, one easily deduces 


with respect to Lebesgue measure; 
(15) dya(x) = (2ra)~1/2e-2?/2a dz. 


The image of a Gaussian promeasure under a continuous linear mapping 
is a Gaussian promeasure. More precisely, we have the following result: 


PROPOSITION 5. — Let E and Ej, be two locally conver spaces, and u 
a continuous linear mapping of E into E,. Let Q be a positive quadratic 
form on E’, and Q; the positive quadratic form Qotu on EL. Then 
u(LqQ) = Ta, . 

Set w = u(['Q). By formula (4) of No. 3, 


= (FT Q) 0tu =e W? 0 ty =e /? = BQ, , 


whence 4 =IQ, by Prop. 3 of No. 3. 


COROLLARY. — Let E be a locally conver space and Q a positive 
quadratic form on E’. For every x’ € E’, the image of Tq under x’ 
is the Gaussian measure on R. with variance Q(z’). 


PROPOSITION 6. — Let E be a locally convex space, and uw a Gaussian® 
measure on E, with variance Q. For every integer n > 0 and every x’ € E’, 
one has the relations 


(16) J keva’)! ule) = 0? 2? r(RE*) yey? 
(a7) [eat du(e) = SF ae'y 


(18) peor du(x) =0. 


In particular, 
(19) i. (a, 2")? du(w) =Q(e") (0 EB). 


If these formulas are true for an element zx’ of E’ , then they are true for 
all of its multiples t- a’ (with t real). We may therefore content ourselves 
with establishing them when Q(z’) is equal to 0 or 1. 

a) Suppose Q(x’) = 0. The measure z’() is equal to yo = €0, there- 
fore zx’ is zero y-almost everywhere; the formulas (16) to (19) are then 
obvious. 
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b) Suppose Q(x’) = 1, whence 2x’(u) = 71. Then 


[ |e, 2")|" du(x) = i lel” dys (t) = (2m)? I lte-*/? at 


and (16) follows immediately from (6) (No 4, Lemma 1). Similarly, formu- 
las (17) and (18) follow from (7) and (8). Finally, (19) is obtained by setting 
n =1 in (17). 


We can now prove a converse of the Cor. of Prop. 5. 


PROPOSITION 7. — Let E be a locally convex space and ys a promeasure 
on E. Suppose that x'(u) is a Gaussian measure on R for every x’ € E’. 
Then ps is a Gaussian promeasure on E. 

For every x’ € E’, let Q(z’) be the variance of the Gaussian meas- 
ure z’(w) on R. One has 2’(u) = Ya(z") , Whence 


(Fiyle') = [ eM dyqay(t) = Ww” 


by the definition of ¥ (No. 3, formula (2)). In other words, #u = e~2/?, 
and it remains to prove that Q is a positive quadratic form on E’. 

For every closed linear subspace V of E with finite codimension, denote 
by py the canonical mapping of E onto E/V, by py the measure py() 
on E/V, and set Qy = Qo‘py. Since E’= ( Im(‘py) and ‘py is 

VEF(E) 
injective, it suffices to prove that Qy is a positive quadratic form on (E/V)’. 
Let u € (E/V)’ and 2’ =*py(u). We have 


u(uy) = u(pv(H)) = 2'(H) = IYQ@) ; 
Prop. 6 then implies 


Qv(u) = Q(x") = 8 dae (t) = i teat a), 


thus Qy is a positive quadratic form on (E/V)’. 


6. Examples of Gaussian promeasures 


1) Let E be areal Hilbert space. The mapping 2’ +> ||z’||? is a positive 
quadratic form on E’. The corresponding Gaussian promeasure is called the 
canonical Gaussian promeasure on E.. It can be shown that this promeasure 
is not a measure if E is infinite-dimensional. 
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Let A be a continuous linear operator on E. The mapping 
z’ ++ ||*A- a’ ||? is a positive quadratic form on E’. The corresponding 
promeasure 4 on E is a measure if and only if A is a Hilbert-Schmidt 
operator (cf. No. 11, Cor. 2 of Th. 3). 

2) Kernels of positive type. Let T beaset and E = R? the vector space 
of real functions on T , equipped with the topology of pointwise convergence. 
For every t € T, one denotes by ¢; the linear form f +> f(t) on E. The 
family (€:)ter is a basis of E’ (TVS, II, §6, No. 6, Cor. 2 of Prop. 8). 

One calls (real) kernel of positive type on T every real-valued func- 
tion K on T x T satisfying the relations 


(20) K(t,t’) = K(t’,t) for t,t’ in T, 
P 
(21) d= cieyK (ti, ty) > 0 
i,j=1 
for any positive integer p, elements t,,...,t) of T, and real numbers 
C1,---,Cp- If this is so, the formula 
(22) a( Sever) = > cree K(t, t’) 
teT t,t/eT 


defines a positive quadratic form on E’. Conversely, if q is a positive 
quadratic form on E’, then the formula 


(23) K(t,t’) = dla(es + ev) — alee) — a(er)] 


defines a kernel K of positive type on T. One thus obtains two mutually 
inverse bijections between the set of kernels of positive type on T, and that 
of the positive quadratic forms on E’. 

Let K bea kernel of positive type on T, and q the associated quadratic 
form on E’. The Gaussian promeasure on E with variance q is also called 
the Gaussian promeasure on E with covariance K. If T is countable, 
Prop. 2 of No. 1 implies that this promeasure is a measure. 

3) Let T be acountable set. A kernel 6 on T of positive type is defined 
by setting 


1 if t=t 
24 = 
(24) Mee) i if tt’. 


The corresponding quadratic form is given by a( a cee) = >> c?. For ev- 
t€T teT 


ery t € T, let us denote by ju; the Gaussian measure on R with variance 1; 
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one shows easily that the Gaussian measure on R™ with covariance 6 is 


equal to ® pt. 
teT 


4) Let n >1 be an integer. A square matrix C = (c,;) of order n is 


n 
said to be positive symmetric if it is symmetric and > cj;2;2; > 0 for any 
ij=l 
real %1,...,@n; it comes to the same to say that the mapping (i,j) > cj; 
is a kernel of positive type on the set {1,2,...,n}. We may therefore speak 
of the Gaussian measure yo on R”, with covariance C;; it is characterized 
by the formula 


n 
S cjatste), 


j,k=1 


dole 


(25) is ei(titit--tantn) dyc(ti, nae stn) = exp ( = 
R” 

for 21,...,%n real. From Prop. 6 of No. 5 (formula (19)), one deduces 

(26) I tjte dyo(ti,..-,tn) = Cik (1 < j,k < n). 


From Prop. 5 of No. 5, one deduces the formula 


(27) ulyo) = Wwews 


where wu is a linear mapping of R” into R™ with matrix U. Moreover, 
one sees easily (cf. the first part of the proof of Prop. 4 of No. 5) that if I, 
is the identity matrix of order n, then the measure y;, admits the density 


(20)-"/? exp (— 3(tf +--+ 4%) 


with respect to the Lebesgue measure 1,, on R”. 
We are going to show that if the matrix C is invertible, with inverse 
D = (djx) , then 


(28)  dyc(ti,...,tn) = 
n 
(2r)-"/? (det py (ew ( - ; > dyxtjte) Jat +++ dy « 


j,k=1 


For, if C’ is invertible, the quadratic form g on R” defined by 


n 
q(x1, s)he ea) = > CjkLjLk 
jk=1 
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is nondegenerate. Using the existence of a basis of R” orthonormal for q, 
one proves the existence of a square matrix U of order n such that 
C =U-'tU, whence yo = u(yz,) by (27) (where u denotes the auto- 
morphism of R” with matrix U). Let Q be the quadratic form on R” 
defined by 


then 

VI, = (Qn)-"/? 7 /2. > ae 
whence 
(29) u(y.) = (21)-7/? e~(Q4 2. ug). 


It is immediate that the quadratic form Qou-! on R” takes the value 
n 


d;,xtjt, at the point (t1,...,tn), and Prop. 15 of Ch. VII, §1, No. 10 
j,k=1 
shows that 


(30) U(An) = (detU)7! - A» = (det D)!/? - An. 
Formula (28) then follows from this. 


7. Wiener measure 


In this No., we denote by T the interval ]0,1] of R and by # 
the Hilbert space of real functions on T square-integrable with respect to 
Lebesgue measure, where the scalar product is denoted (f|g). We also de- 
note by @ the space of continuous real functions on T tending to 0 at 
the point 0; we equip @ with the norm ||f|| = sup|f(¢)|. The compact 

teT 


interval [0,1] = T U {0} is the Alexandroff compactification of the locally 
compact but noncompact interval T; consequently, the set of continuous 
functions on T with compact support is dense in @, and the dual of @ 
may be identified with the space .#@1 of bounded measures (not necessarily 
positive) on T (Ch. III, §1, No. 8, Def. 3). 

For every function f € #, one defines a function Pf on T by 


t 

(31) (PA) = f f@)ae = (Fh), 

where I; is the characteristic function of the interval ]0,t]. The Cauchy- 
Schwarz inequality implies the inequalities 


(32) (PAY)! < [I flle -? 
(33) (PA) — (PAC) < Wflla- le 017; 
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consequently, Pf belongs to @, and the linear mapping P of # into @ 
is continuous with norm <1. 

Let us identify the Hilbert space #% with its dual (TVS, V, §1, No. 7, 


Th. 3), and denote by Il: .#! > # the transpose of P: #@ > @. For 
every measure yp € 4! and every function f € #, we have 


(u|f) = n(PA) = [ du(t) [ Te(ae) f(a) de 


= A f(z) dx i I,(x) du(t) 


by the Lebesgue-Fubini theorem. Now, 


cee 1 if O<a<t<l 
aca 0 otherwise , 


whence finally 
(34) (u)(x) = w([z,1]) for ceT. 


Let p,v bein #@'. Then 
(aim = i Datars Ap dhe I 1,(x) du(t) fE I,-(z) dv(t’) 


= i a du(t) dv(t’) i 14a) tee) ae: 


Now, I;-Iy is the characteristic function of the interval ]0, t] JO, t’], whence 
immediately 


(35) [ iets Santee 
T 
It follows that 
(36) (My|tv) = [ ik inf(t,t’) du(t) dv(?’).. 


By the preceding result, one defines a positive quadratic form W on. #! 
by the formula 


(37) W(u) = [ i inf(t,t") dy(t) du(t’) = ||Hul[3. 
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In particular, if t),...,t, are elements of T, and cj,...,¢n are real num- 
bers, then 
n n 
W( >> cee) = > Cj Ck inf(t;, ty) 
j=1 j,k=1 


and since W is positive, the function (t,t’) + inf(t, t’) is a kernel of positive 
type on T. 


THEOREM 1 (Wiener). — Let w be the image under P: # > © of 
the canonical Gaussian promeasure on the Hilbert space #. Then w is a 
Gaussian measure on @ with variance W. 

By construction, W() = ||*P(u)||2; Prop. 5 of No. 5 shows that w is 
a Gaussian promeasure with variance W. It remains to prove that w isa 
measure on @. 

A) Construction of an auziliary measured space’) (Q,m): 

For every integer n > 0, denote by D, the set of numbers of the 
form k/2” with k = 1,2,3,...,2". Set D = U Dy (the set of dyadic 

n20 

numbers contained in T) and Q=RD. For every t € D, denote by X(t) 
the linear form f+ f(t) on 2. 

For t,t’ in D, set M(t,t’) = inf(t, t’); we have seen that M is a kernel 
of positive type on D. Since the set D is countable, one can define the 
Gaussian measure m on 2 with covariance M (No. 6, Example 2). 


Lemma 3. — For any t,t’ in D, 
t+v X(t) +X) 3 13/2 
(38) as : ) a dm = ea Ite? 
t+v 
Note that belongs to D. One knows (No. 6, Example 2) that 


the family (X(t) tep iS a basis of the topological dual 2’ of 2; there- 
fore there exists a symmetric bilinear form M on 9 x © characterized 
by M(X(t), X(t’)) = inf(t,t’). By construction, the variance of the Gaus- 
sian measure m on (2 is the quadratic form € + M(é,€) on 2’. Set, in 
particular, 


= t+t’ X(t) + X(t’) . 
09 cox (tet) 20H, 
an easy calculation yields 
. |t—t'| 
(40) Mee) =. 


(2) Espace mesuré: a locally compact space equipped with a measure (Ch. III, Ist 
edn., §2, No. 2, p. 52). 
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By Prop. 6 of No. 5 (formula (16)), 
(41) / lg)? dm = 1~1/? 23/2 T(2) M(E, €)3/2 ; 
a 


the lemma follows immediately from formulas (40) and (41). 


B) Construction of a mapping u of 2 into @: 


For every integer n > 0, denote by E, the subspace of @ formed 
k-1k 
by the functions that are affine on each of the intervals kee an for 
1<k< 2”. An affine function on a compact interval I of R attains its 
bounds at the endpoints of I; consequently, 


(42) Is = sup |*(s)| 


for fEeE, 

For every function g € 2 and every integer n > 0, there exists one and 
only one function u,(g) that belongs to E, and coincides with g at every 
point of D, ; we shall write Tg = un+i(g) —Un(g). Since Dy is finite, the 
mapping T, of 2 into @ is continuous, hence m-measurable. 


Lemma 4. — For every integer n > 0, 


1 
3 < —n/2 
(43) [iteal? ama) < eae". 


Let g€ 0 and nEN. One has E, C En 1; consequently, the func- 
tion T,g belongs to E,41 and is zero at every point of D,; therefore, 
by (42), 


Qk-1\3 = 2k —1)/8 
3 __ =o eee 
(44) ||Tngll? = soPe [Ta9( onti )| < » Tn9( anti | 


Let us make the convention g(0) =0. The construction of un(g) by linear 
interpolation of g implies the relations 


45) Toe) =9(Gear) ~ 3(9(“G) + 9(5R)) 


for 1 < k < 2”. From this, one deduces, by integration, 


nso(“et)| amto)= fe Sst) —H(4(S2)=x())| am 
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Fe a ee eee 


FIGURE 1 
: k-1 , &k 
one can then apply Lemma 3 with t = ——, t’ = —, whence 
Qn 2n 
1 _3n 
(46) ye pe “onat =) dm(g) = nie o- 3 


By (44), we then have 


1 _ 3n 
[ \|Trgl|? dm(g) < = 7 [tno(= et *) 'am(o) = @niv= 27-272 , 


whence the lemma. 

By Lemma 4, the mapping T, of 2 into the Banach space @ belongs to 
L2(Q,m) and N3(Tn) < 7en)1/6 (2-1/8)" | whence 3 N3(Tn) < +00. By 
Prop. 6 of Ch. IV, §3, No. Ke dies exists aset QC Q such that Q — Np is 
m-negligible and such that the series > Tn(g) converges absolutely in @ 


for every g € Qo. One then defines . ‘cn m-measurable mapping u of 2 
into @ by 


co. 
Tng = lim u for gE 
(47) We a ng = lim un(g) 9 EN 


0 for gEN— No. 


Since un(g) and g coincide on Dm C Dz, for O< m< 7, it is immediate 
that the restriction of u(g) to D is equal to g for every g€ Qo. 
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C) Construction of a Gaussian measure on @: 

Let w’ be the bounded measure on @ that is the image of m under 
the m-measurable mapping u: 02 — @. We are going to show that w’ isa 
Gaussian measure on @ , with variance W, whence w = w’. Denote by 
the linear subspace of .@! generated by the measures ¢, for ¢ running 
over D. 


Lemma 5. — For every measure we QD, 
(48) [ eS) dw! (f) = e7 WH)/2 | 
C 


Set w= cit, +c2ét, +--+ + ener, with t1,...,t, in D and cy,...,cn 
in R. For every g € Qo, the function u(g) coincides with g on D; therefore 


(49) (u(g), 4) = D> ejg(ts) (9 € No). 
j=l 

Also, 

(50) W(x) = D> cyee inf (t;, te), 
j,k=1 


and, since m is the Gaussian measure on (2 with covariance M, and 
Q — Qo is m-negligible, we have 


oo c39(t;) n 
(51) [ e i=) dm(g) = exp ( — > cjCe inf(t;, tr)). 
‘0 


j,k=1 


Now, 2 — Qo is m-negligible and w’ = u(m); it follows that 


(52) i, eft) dw!(f) = if elu) dm(g). 
G Qo 


The formula (48) follows immediately from the formulas (49) to (52). 


Lemma 6. — Let 1 € M@'. There exists a sequence of measures [in € D 
such that u(f) = Jim Un(f) for all fE@ and W(pu) = im W(tUn) - 
—00 —0o 


Let I= [0,1]. The space .@1 of bounded measures on T = ]0,1] will 
be identified with the subspace of .@(I) formed by the measures that place 
no weight at 0.) We equip .#(I) with the vague topology. The mapping 


(3) That is, the measures on I that are concentrated on T =I — {0}. 
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tt € of I into (I) is continuous (Ch. III, §1, No. 9, Prop. 13); since D 
is dense in I, the closure J of J contains all of the point measures. Let A 
be the set of measures v € 9 such that |lv|| < ||u||; the measure p is 
in the closure of A (Ch. III, §2, No. 4, Cor. 1 of Th. 1). The set A is 
relatively compact in -@(I) (Ch. III, §1, No. 9, Prop. 15) and the compact 
subsets of .@(I) are metrizable (TVS, III, §3, No. 4, Cor. 2 of Prop. 6,4) 
and GT, X, §3, No. 3, Th. 1). Therefore there exists a sequence of measures 
Lin € A converging to w in (I). Since @ is identified with the subspace of 
continuous functions on I zero at the origin, we have u(f) = Jim. Lin(f) for 


all f € @. Moreover, since @(1)@@(I) is dense in the normed space @(IxI) 
(Ch. ITI, §4, No. 1, Lemma 1), the relations lim py, = pw and |\znl| < ||| 
n—>0O0 
imply that lim (jn ® Un) = #® « (Ch. III, §1, No. 10, Prop. 17); since the 
00 
measures i, and pw place no weight at 0, we have 


W(in) = | / inf(t,t’) din (t) dyin (t') 
W(u) = is i; inf(t, ’) du(t) du(t’), 


whence Jim, W(un) = W(). 


It remains to prove that the Fourier transform of w’ is equal to e~W/? . 


Let pea}; choose measures py € Y as in Lemma 6. The measure w’ is 
bounded, and |e*(/#»)| = 1 for all n; Lemma 5 and Lebesgue’s convergence 
theorem (Ch. IV, §4, No. 3, Th. 2) then imply 


[ et fin) dw'(f) = lim [ et(fien) dw’ (f) 
C NTO SE 


= lim e7 W(un)/2 = e7 W(e)/2 F 
nm—oo 


Q.ED. 


The measure w on @ whose Fourier transform is equal to e~“/? is 
called the Wiener measure on @. 


Remark. — For every semi-open interval J = Ja,b] contained in T, let us set 
i(J) = b—a (the length of J) and denote by Ay the linear form f +> f(b) — f(a) 
on @. It can be shown that the Wiener measure is characterized by the following 
property: 

Let Ji,...,Jn be semi-open intervals contained in T and pairwise disjoint. 
The image of the measure w under the linear mapping f +> (Aj, (f),---, Aan (F)) 


of @ into R” is equal to ya; ®:::@ a, with aj =U(JS;)!/? forl <ic<n. 


(4) In the cited Cor. 2, read ‘second’ (axiom of countability) instead of ‘first’. 
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8. Continuity of the Fourier transform 


PROPOSITION 8. — Let E be a locally convex space, a promeasure 
on E, and © the Fourier transform of wu. One has the inequalities 


(53) |S(2’)| < (0) 
(54) |B(x") — B(y')|” < 26(0)((0) — ZG(x' — y’)) 
for z',y’ in E’. 


Formula (5) of No. 3 permits reducing to the case that E is finite- 
dimensional and yp is a measure. Then 


Jec’)| =| fe? au(o)] < f tet \du(a) = f au(z) = (0), 
E E E 
whence (53). Moreover, if a and 6 are real numbers, then 
|et — |? = \e*?|#| etla=t) a 1|? = (ee?) _ Diese >) _ 1) = 2—2cos(a—b) ; 


by the Cauchy-Schwarz inequality, we then have 
facet ak 2 
|(2’) 2 (y’)|” = Lf (elm )_ etry ) du(z)| 
E 
< i |eH2") = eile) P due) 1? du(z) 
E E 


= ike — 2cos(x, x’ — y’)) du(z) - ®(0) 
E 
oe 2(0) (®(0) — RP(a' — y’)), 


whence (54). 


COROLLARY. — Equip E' with a topology compatible with its vector 
space structure. For ® to be continuous, it is necessary and sufficient that 
its real part #® be continuous at the origin, in which case ® is uniformly 
continuous. 

This follows from the inequality (54). 


Let F be a locally convex space. We equip the dual F’ of F with a 
topology compatible with the duality between F and F’, and we identify F 
with the dual of F’. Consequently, the Fourier transform of a bounded meas- 
ure on F’ is the function Fu on F defined by 


(Fu)(e) = [ ele) dyu(a'). 
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PROPOSITION 9. — If F is barreled, then the Fourier transform of every 
bounded measure on F’ is a uniformly continuous function on F. 

Let p be a bounded measure on F’ and © its Fourier transform. Let 
€ > 0. There exists a compact subset K of F’ such that u(F’ — K) <e. 
Now, K is compact for the weak topology o(F’,F), hence is equicontinuous 
because F is barreled (TVS, III, §4, No. 2, Th. 1). Therefore there exists a 
symmetric neighborhood U of 0 in F whose polar U° contains K. Let x 
be in €U; then 


(0) —- Z®(x) = [io — cos(z, z’)) du(z’) . 


Now, 0 < 1 —cos(z,z2’) < 2 for every 2’ € F’ — K, and 


i) 


1 —cos(z,2’) < }(a,2')? < > 


for z’ €K CU; it follows that 
ge? e 
0 < (0) — B&(z) < 2u(F’ — K) + 5 w(K) < 26+ > uF’). 


The second member of this inequality tends to 0 with €; thus Z® is 
continuous at 0 and the proposition follows from the Cor. of Prop. 8. 


9. Minlos’s lemma 


Let T be a finite-dimensional vector space and w a bounded measure 
on T’; we shall identify T with the dual of T’ , so that the Fourier transform 
® of yu is a function on T. We assume given two positive quadratic forms 
h and q on T and a number ¢« > 0. For every real number r > 0, we 
denote by C, the set of x’ € T’ such that (z, 2’)? < r7h(z) for all x € T. 


PROPOSITION 10. — Under the hypothesis ®(0)-4® < e+ q, we have 
(55) w(T’ — Cy) < 3(e +r? Tr(q/h)) 


for every r>0. 

One writes Tr(g/h) for the trace of q with respect to h (cf. Annex, 
No. 1). The formula (55) is trivial when Tr(q/h) is infinite. We assume 
henceforth that Tr (q/h) is finite, hence that h(x) = 0 implies g(x) = 0 
for ET. 
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Let a1,...,@ be elements of T, and D the set of x’ € T’ such that 
n 
> (a;,2’)? > 1. For every real t > 0 we have 3(1 — e~*/*) > 0, and we 
jal 
even have 


3(1—e7*/?) > 3(11-e 7) > 3(1 — (8)-/7) =1 


n 
for t > 1, because e > ¢. Applying these inequalities to t = >> (a;,2’)?, 
j=l 
we obtain 


(68) wo) <3 (1-e(-5 S7(a;,2’)*) data’), 


jel 


Let 7 be the measure on R having density t > (2m)-1/2 e-”/2 with 
respect to Lebesgue measure. By Lemma 2 of No. 4, 


j eiut dy(t) = enw /2 
R 


for all real u. Consequently, 
1 n 
(57) 1-—exp ( 25 >(a;,2')") 
j=l 


-[--f (1 _ Oa date 


for all x’ € T’. The function of 2’,t),...,tn, to be integrated in the second 
member is continuous and is bounded above in absolute value by 2, and 
the measures and y are bounded; one can therefore integrate the two 
members of (57) with respect to d(x’) and interchange the integrations 
with respect to u and 7; one obtains 


os) at ( eae 


| (2@- a(>> tja)) )dy(t) ...dy(tn). 
gal 
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Since q is a quadratic form on T, there exist real numbers qj, such 


that 7 
a(dotias) = Do aintite 
j=l j,k 


for ti,...,tn real; in particular, q;; = q(a;) for 1 <j <n. Moreover, the 
integral f, t” dy(t) has the values 1,0,1 for n = 0,1, 2, respectively (No. 4, 
Lemma 1). From this, one deduces immediately 


(59) fof (<+0( Dose) Jet). dttn = c+ Yale) 


Now, the first member of (58) and (0) are real numbers; one can 
therefore replace ® by #® in the second member of (58). The inequality 
©(0) - #® <e+q and the formulas (56), (58) and (59) then imply 


(60) w(D) <3(+ >> ala). 
j=l 


Let us fix the number r > 0. Since the quadratic form h is positive, 
there exist a basis (e1,...,€n) of T and an integer m between 0 and n 


such that 
n m 
h( Stes) = og 
j=l j=l 
for t1,...,t, real (Annex, No. 1, Prop. 2). It is then immediate that C, 
consists of the x’ € T’ such that 
™ n 
Men2y <r, >> (e,0? =0 


j=l j=m+1 


For every integer | > 1, let D, be the set of x’ € T’ satisfying the inequality 


m™m n 
Sor te;,2’)? + be (lej,2’)? > 1. 
j=l j=m+1 


One sees easily that the sequence (D;);>1 is increasing with union T’ — C,, 
whence 


(61) u(T’ — Cy) = lim p(Di). 


INT IX.96 MEASURES ON HAUSDORFF TOPOLOGICAL SPACES §6 


But by (60), 
(62) w(Di) <3(e + ae 2de)+ > ?q(e3)); 
j=m+l1 
for 7 =m-+1,...,n we ae ee = 0, therefore g(e;) = 0. Moreover, 


Tr (q/h) = 3 g(e;) (Annex, No. 1, Prop. 2). The relation (55) then follows 
j=1 


from (61) aiid (62). 
QED. 


10. Measures on the dual of a nuclear space 


Let F be a locally convex space. Let 7, be the weak topology o(F’, F) 
on F’, and & the topology of uniform convergence on the compact convex 
subsets of F. By Mackey’s theorem (TVS, IV, §1, No. 1, Th. 1) the to- 
pologies Z% and % on F’ are compatible with the duality between F 
and F’; the same is therefore true of every locally convex topology Z on F’ 
intermediate to 7, and %. If 7 is such a topology, and F’z denotes the 
space F’ equipped with 7, we shall identify F with the dual of F’,. 
The promeasures on F’ are therefore the same for all topologies 7 of the 
preceding type, and if y is such a promeasure then its Fourier transform is 
a function on F. 

One calls Sazonov’s topology on F the locally convex topology ~ de- 
fined by the continuous seminorms N satisfying the following condition: 
N? is a positive quadratic form on F and there exists a continuous positive 
quadratic form H on F such that Tr (N*/H) < +00. The topology is 
coarser than the given topology on F; if these topologies are identical, F is 
said to be nuclear. This class of spaces will be studied in detail later on. 


THEOREM 2 (Minlos). — Let F be a locally convex space, F a locally 
conver topology on F’ intermediate to Z and %, and p a promeasure 
on F'5. Assume that the Fourier transform ® of wu is continuous on F 
for the Sazonov topology. Then is a measure on Fla 

Let ¢€ > 0. Since ® is continuous for the Sazonov topology on F, 
there exist two continuous positive quadratic forms Q and H on F such 
that Tr (Q/H) < +00 and 


®(0) — Z®(z) < </6 
for every x € F such that Q(x) <1. By Prop. 8 of No. 8, |#®(x)| < (0) 
for all x € F, whence 


(63) ®(0) — E(x) < €/6 + 2 H(0)Q(z) 
for all ce F. 


No. 11 MEASURES ON A LOCALLY CONVEX SPACE INT IX.97 


Set _r = (12 6(0) Tr(Q/H) e~1)/? and denote by K the set of 2’ € F’z 
such that (x,2’)? < r*H(z) for all c € F. Since H’/? is a continuous semi- 
norm on F, the set K is equicontinuous and closed in F's; it is therefore 
compact in F’z by Ascoli’s theorem (GT, X, §2, No. 5, Cor. 1 of Th. 2). 

Let V be a closed linear subspace of F'5 with finite codimension; then, 
V is the orthogonal of a finite-dimensional linear subspace T of F. Let py 
be the measure on T’ that is the image of the promeasure p on Fg under 
the mapping py that is the transpose of the canonical injection of T into F; 
its Fourier transform is the restriction of ® to T. Finally, by the Hahn— 
Banach theorem (TVS, II, §3, No. 2, Cor. 1 of Th. 1), py(K) is equal to 
the set C, of z’ € T’ such that (z, 2’)? < r?H(z) for all x € T. By the 
inequality (63), one can apply Prop. 10 of No. 9 to the measure py on T’, 
on taking for q the restriction of 26(0)Q to T and for h that of H. Then 
Tr(q/h) < 2 (0) TrQ/H) , whence 


ji (Tl Cs) < 3(= +26(0) Tr(Q/H)r-?) =e. 


Since py defines, by passage to the quotient, an isomorphism of F’,/V 
onto T’, Prop. 1 of No. 1 then shows that p is a measure on F ‘7° 
Q.E.D. 


COROLLARY. — Let F be a barreled nuclear space, Z a locally convex 
topology on F’ intermediate to Z, and Z%, uw a promeasure on F'sz , and ® 
the Fourier transform of 4. For w to be a measure, it is necessary and 
sufficient that ® be continuous on F. 

Necessity follows from Prop. 9 of No. 8 and sufficiency from Th. 2. 


Remark. — Let F bea barreled space and Y a locally convex topology on F’ 
intermediate to Z and %. Every subset of F’ compact for Z is compact for 
the coarser topology 7%. Conversely, let K be a subset of F’ compact for %. 
Since F is barreled, K is equicontinuous (TVS, III, §4, No. 2, Th. 1); but by 
Ascoli’s theorem, every equicontinuous subset of F’ is relatively compact for % 
and a fortiori for 7 , therefore K is contained in a subset of F’ compact for 7. 
It is not difficult to infer from this that the identity mapping of F, onto Fy, 
defines a bijection between the sets of measures on these two spaces. 


11. Measures on a Hilbert space 


Let E be a real Hilbert space, in which the scalar product is de- 
noted (z|y). There exists an isomorphism j of E onto its dual E’, charac- 
terized by the formula (z,j(y)) = (zly) for z,y in E (TVS, V, §1, No. 7, 
Th. 3). We will identify E and E’ by means of j. The Fourier transform 
of a promeasure y on E is therefore a function Fu on E; when p is a 
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measure, we have 
(64) (Fula) = fe duy) (eB), 


THEOREM 3 (Prokhorov-Sazonov) — Let E be a Hilbert space and E, 
the space i equipped with the weakened topology. Let be a promeasure 
on E, and © its Fourier transform. The following conditions are equivalent: 

a) The function ® is continuous on E for the Sazonov topology. 

b) For every € > 0, there exists a nuclear positive quadratic form Q 
on E such that ®(0)-2®<e+Q. 

c) The promeasure ps is a measure on Eg. 

b) = a): This follows from Prop. 8 of No. 8 (cf. the inequality (54)). 

a) => c): This follows from Theorem 2 of No. 10. 

c) > 6): Suppose that p is a measure on E,. Let € > 0. For every 
integer n > 1, the set B, of x € E with norm <n isa closed subset 
of E,, and E= | Bn. Therefore there exists an integer n 2 1 such that 

n21 


L(E — Bn) < 5 . The formula 
(65) ae) =5 fh Coiu)® duty) 


2 
defines a positive quadratic form Q on E. Set C= H(Bn)- If (e1,..-,€p) 
is a finite orthonormal sequence in E, then 


Pp 


S—(esly)? < lly? <n? 
j=l 


for every y € Bn by Bessel’s inequality. It follows by integration that 
Pp 1 Pp 2 n2 
Yes) =5 [Diesen du) < Fan) =C, 
j=l n j=l 


therefore Q is nuclear. 
2 


t 
Moreover, 1 — cost < inf (2, =) for every real number t, whence 


&(0) - #8(2) = [ (1 — cos(wly)) du(y) 


< [ 3 (aly)? du(y) + [ aD) 


< Q(@) +€ 
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for all z € E. Thus J) is verified. 
Q.E.D. 


COROLLARY 1. — Let Ey and Ee be two Hilbert spaces, u a Hilbert- 
Schmidt mapping of E, into E2, and uw a promeasure on E;,. Assume that 
the Fourier transform ® of wu is continuous on E,. Then the promeasure 
vy =u() is a measure on Eo equipped with the weak topology. 

With the identifications of E,; and E» with their duals introduced 
in this No., the Fourier transform of v is equal to ® o u*, where u* is 
the adjoint of u. Now, u* is a Hilbert-Schmidt mapping of Ez into Ey 
(Annex, No. 2), and the quadratic form y + ||u*(y)||? on Eo is therefore 
nuclear. If (E2).~ denotes E2 equipped with the Sazonov topology, u* is 
therefore a continuous linear mapping of (Ez) y into E,, and ¥y = Pou* 
is continuous on (E2).~; Theorem 3 then shows that v is a measure on the 
space Ez equipped with the weak topology. 


COROLLARY 2. — Let Q be a nuclear positive quadratic form on the 
Hilbert space E. The Gaussian promeasure Tq on E with variance Q is a 
measure on E, . 

The Fourier transform © of Tq is equal to e~2/2. Now, e’ >1+t 
for every real number t, whence ®(0) - Z® < Q/2. The condition b) of 
Theorem 3 is therefore verified and Pg is a measure on E,. 


Remarks. — 1) Let E be a Hilbert space, Es the space E equipped with 
the weak topology, and j the identity mapping of E into Es. One knows that j 
defines a bijection of the set of promeasures on E onto the corresponding set 
for Es. Moreover, if E is separable, it is a Polish space and j defines a bijection 
of the set of bounded measures on E onto the set of bounded measures on Es 
(§3, No. 3, Remark); it can be shown (the theorem of Phillips) that this theorem 
still holds if E is not separable. Consequently, Theorem 3 furnishes crieteria for a 
promeasure on E to be a measure. 

2) One can show (Annex, Exer. 7) that the Sazonov topology on a Hilbert 
space E is defined by the semi-norms of the type Q'/2 where Q is a nuclear 
positive quadratic form on E. 


*12. Relations with functions of positive type 


DEFINITION 3. — Let G be a group. A complex-valued function ® 
on G is said to be of positive type if the inequality 
Pp 
(66) Ss; cjt, B(z;2,°) > 0 
jk=1 
holds for any 21,...,2p) in G and any complex numbers c1,...,Cp- 


This concept will be studied in detail later on. 
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PROPOSITION 11. — Let E be a finite-dimensional vector space, u a 
bounded (positive) measure on E, and ® the Fourier transform of w. The 
function ® is continuous and of positive type on E’. 

The continuity of ® follows from Prop. 9 of No. 8. 

Let us show that © is of positive type. Let z/,...,2;, be in E’ and 
Ci,-++5Cp complex numbers. Then 


See (e) — 24) =f Sejteelei- oH au(e) 
ik E ik 


Pp 
= i. So cjeiteens) 
QED. 


One can prove a converse known as Bochner’s theorem: every continu- 
ous function on E’ of positive type is the Fourier transform of a bounded 


(positive) measure.(*) We shall assume this result for the rest of No. 12. 


2 
du(x) > 0. 


THEOREM 4. — Let E be a locally convex space. The Fourier transfor- 
mation is a bijection of the set of promeasures on E onto the set of functions 
of positive type on E’ whose restriction to every finite-dimensional subspace 
is continuous. 

We know (No. 3, Prop. 3) that the Fourier transformation is injective. 
Let = (uv)veg(p) be a promeasure on E and ® its Fourier transform. 
Let T be a finite-dimensional subspace of E’ and let V be the orthogonal 
of T in E. One can identify T with the dual of E/V; the restriction ®-y 
of ® to T is the Fourier transform of the bounded measure wy on E/V. 
By Prop. 11, © is continuous and of positive type on T. Since T is 
arbitrary, it is clear that ® is of positive type on E’. 

Conversely, let ® be a function of positive type on E’ whose restric- 
tion to every finite-dimensional subspace of E’ is continuous. For every 
V € F(E), we identify the dual of E/V with the orthogonal V° of V 
in E’; the restriction ®y of ® to V° is continuous and of positive type 
and so, by Bochner’s theorem, there exists a bounded (positive) measure pv 
on E/V whose Fourier transform is ®y. Let V and W in ¥(E) be such 
that W C V, and let pyw be the canonical mapping of E/W onto E/V; 
with the identifications made, ‘pyw is the injection of V° into W°. By 
formula (4) of No. 3, we then have 


F (pvw(uw)) = (Fuw) o *pvw = Ow o*pyw = Ov = Fy, 


(*) This question will be studied in a forthcoming chapter of the Book Théories 
spectrales. The reader may consult for this subject the book of L.H. Loomis, Abstract 
harmonic analysis, Van Nostrand, New York, 1953. 
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whence pyw(“w) = Hv by Prop. 3 of No. 3. Consequently, the family 
Lt = (uv)ve¥ (nm) is a promeasure on E; it is clear that ® is the Fourier 
transform of L. 


COROLLARY. — Let F be a barreled nuclear space; equip F’ with a 
locally convex topology Z intermediate to the weak topology o(F’,F) and 
the topology of uniform convergence on the compact convex subsets of F. 
The Fourier transformation is a bijection of the set of bounded (positive) 
measures on F’ onto the set of continuous functions of positive type on F . 

This follows immediately from Theorem 4 and the Cor. of Th. 2 of 
No. 10., 


ANNEX 


Complements on Hilbert spaces 


1. Trace of a quadratic form with respect to another“) 


In this No., we denote by E a real vector space and by Q,H two 
positive quadratic forms on E. There exist two symmetric bilinear forms 
(x,y) + (zly)q and (x,y) + (aly) characterized by 


Q(z) =(2\z)q, H(z) = (2|z)x 


for all re E. 

One calls trace of Q with respect to H and one denotes by Tr (Q/H) 
the positive real number, finite or not, defined as follows: 

a) If there exists an x € E such that H(z) = 0 and Q(z) £0, one sets 
Tr (Q/H) = 


b) In the Conary case, Tr (Q/H) is the supremum of the set of numbers 
of the form = Q(ei) , where (e1,...,@p) runs over the set of finite sequences 


of elements oF E orthonormal for H. 

Let E be areal Hilbert space and Q a positive quadratic form on E. 
Set H(z) = ||z||? for all z € E; then H is a positive quadratic form on E. 
One says that Q is nuclear if Tr (Q/H) is finite. For every x € E of norm 1, 
one has Q(x) < Tr(Q/H), whence Q < Tr(Q/H) - H; in particular, every 
nuclear form Q is continuous. 


Remarks. — 1) For every subspace F of E, denote by Qg the restriction 
of Q to F, and by Hr that of H. Then Tr(Qr/Hr) < Tr(Q/H) and Tr(Q/H) 
is the supremum of the numbers Tr(Qg/Hpr) for F C E finite-dimensional. 

2) Let Ei be a real vector space, Qi and Hj two positive quadratic forms 
on Ej, and 7: E — Ej asurjective linear mapping. If Q = Qiom and H = Hjo7z, 
then Tr (Q/H) = Tr(Qi/H1). 


(1) Of. TVS, V, 84, No. 9. 
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PROPOSITION 1. — Assume that E is finite-dimensional and H is 
nondegenerate. 
a) There exists an endomorphism u of E characterized by (zly)q = 


(u(x)|y)u for z,y in E. 
b) Tr(Q/H) = Tr (u). 


c) Tr(Q/H) = © Q(e;) for every basis (€1,...,€m) of E orthonormal 
i=l 


for H. 

a) follows from the fact that the bilinear form (x,y) +> (zly)y is non- 
degenerate. Every sequence in E orthonormal for H may be completed to 
a basis of E orthonormal for H. Consequently, Tr(Q/H) is the supremum 


m 
of the set of numbers of the form uy Q(e;) over all bases (€1,...,€m) of E 


orthonormal for H. To prove b) and c), it suffices to show that x Q(ei) = 
Tr(u) for every basis of ins kind. Set ai; = (u(es)lej)n = lens for 


1<i,j <m; then u(e;) = 3 a,je; for 1 <i <m, whence 
j=l 


Tr(u) = So a = S-(eileada = S> Qe) . 
i=1 i=1 


i=1 
Q.E.D. 
PROPOSITION 2. — Assume that E is finite-dimensional. There ezist 
a basis (€1,...,€n) of E and an integer m with O<m<n such that 


n m 
(1) H(>o tes) =e 
i=1 i=1 
for ti,...,tn real. If, moreover, the relation H(z) = 0 implies Q(x) = 0 


for x €E, then Tr(Q/H) = D3 Q(ei) - 


There exists a basis e.. ,e,,) of E orthogonal for H. One can 
assume the basis to be indexed in euch a way that H(e{) >0 forl<igm 
and H(e}) =0 for m<i<n. Then set e; = e//H(e;)/? for l<i<m 
and e; =e, for m <i <n; the relation (1) is satisfied. 

Let F be the subspace of E generated by e/,41,---,€,; it is the set 
of x € E such that H(z) = 0. Denote by a the canonical mapping of E 
onto E, = E/F. Since Q and H are zero on F, there exist two positive 
quadratic forms Q; and H,; on E; such that Q = Q,0o7 and H=Hjo7. 
Moreover, (7(€1),...,7(€m)) is a basis of E, orthonormal for H;, and 
therefore H; is nondegenerate. 
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By Prop. 1 and Remark 2, 
Tr (Q/H) = Tr (Qi/Hi) = 55 Qi(m(e:)) = 55 Q(ei). 
i=l i=1 


Q.E.D. 


Remark 3). — Assume E finite-dimensional and H nondegenerate. Let 
(e1,..-,@n) be a basis of E. Set q = ((eilesa)i<ijen and h= ((eiles HW) rcijen: 
With notations as in Prop. 1, the matrix of u for the basis (e1,...,en) of E is 
equal to h~1q, whence 


(2) Tr (Q/H) = Tr(h-1q) = Tr (gh7?). 


2. Hilbert—-Schmidt mappings”) 


Let E be a real Hilbert space, in which the scalar product is denoted 
by (aly). There exists an isometry jg of E onto its dual, characterized by 
the formula 


(3) (zly) = (@,jn(y)) for x,y in E 


(TVS, V, §1, No. 7, Th. 3). 

Let E, and E, be two real Hilbert spaces and u a continuous linear 
mapping of E; into E2. One calls adjoint of u the continuous linear map- 
ping u* = jp, o'wo jp, of Eg into Ej. The mapping u* is characterized 
by the relation 


(4) (u(#1)\|z2) = (x1 |u*(re2)) for 1; € Ey, 22 € Ep. 


If v is a continuous linear mapping of E2 into a Hilbert space E3, one has 
(vou)* = ut op*., 

Let E; and Ep» be two real Hilbert spaces and u a linear mapping 
of E; into Eg. One defines two positive quadratic forms H and Q on Ej 
by the formulas 


H(z) = |2|)?, Q(z) = |lu(z)|?_— (w@ EE). 


PROPOSITION 3. — Suppose u is continuous. Let (e;)icy be an or- 
thonormal basis of E; and (f;)je3 an orthonormal basis of E2. Then 


Tr (QIK) = SU llu(es)? = So le AI? = 0 So uledLf5)?- 


i€l jes iel jeJ 


(2) Cf. TVS, V, §4, No. 7. 
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For every z € Ej, we have ||x||? = >>(zle;)?, and similarly ||y||? = 
iel 


> (y|f;)? for every y € Ez. Consequently, 
jed 


dE lu(ed? = SO ule)? 


iel wel jeJ 


= Vleet Gy)? 


jeJ iel 


= ler: 


jEJ 
In particular, the number )> ||u(e;)||? is independent of the orthonormal 
tel 


basis (e;)ier of Ey. 
Set t = Tr (Q|H). For every finite subset I’ of I, by definition 


Y llu(es)I? = 5 Qe) <t 


ieV’ iel’ 
whence )> |lu(e;)||? <¢. Let (e{,...,€,) be a finite orthonormal sequence 
i€l 


in E. This sequence can be completed to an orthonormal basis (e/,)oea 
of E,. Then 


Pp 
So luce? < D5 lu(ea di? = So ues)? 
a=1 


acA iel 
and, passing to the supremum over all (e},...,¢,), one obtains the inequal- 
ity t< » ||u(e;)|2. We have thus established the equality t = » ||u(e,)||? . 
Q.E.D. 


One says that u is a Hilbert-Schmidt mapping of E, into Ep if the 
positive quadratic form Q : z+ |lu(z)||?_ on Ey, is nuclear. When this is 
so, one has Q < Tr (Q/H)-H, therefore u is continuous and 


llull < Tr (Q/H)*?. 


Let u : E, — Ep» be a continuous linear mapping. By Prop. 3, 
u is a Hilbert-Schmidt mapping if and only if there exists an orthonor- 
mal basis (e;);ey of E, such that X llu(es)IP < +oo. When this is so, 


every orthonormal basis of E, has the same property. Moreover, if u is a 
Hilbert-Schmidt mapping, then so is its adjoint u* by virtue of the formula 


X llu(es)iI? = 32 llu*(f)I? (Prop. 3). 
iel jes 


Exercises 


§1 


1) Let T be aset and p an encumbrance on T. For every subset A of T, set 
P(A) = p(va)- 

a) p(A) < p(B) when A is contained in B. 

b) For every sequence (An) , finite or not, of subsets of T, p(\JAn) < >> p(An)- 


n n 
c) For every increasing sequence (An)n>1 of subsets of T, p( U An) = lim p(An). 
n n—co 


2) Let T be aset and p an encumbrance on T. A function f € #+4(T) (resp. a 
subset A of T) is said to be p-negligible if p(f) =0 (resp. p(A) = 0). 

a) Let f and g bein #,4(T) and let ¢ bea positive real number such that f < t-g. 
If g is p-negligible, then so is f . The sum and upper envelope of a sequence of p-negligible 
functions are p-negligible. 

b) Every subset of a p-negligible set is p-negligible, as is the union of a sequence 
(finite or infinite) of p-negligible sets. 

c) Let f € #4(T). For every finite real number a > 0, denote by Ta the set 
of t € T such that f(t) >a. Show that p(Ta) < a~!-p(f). From this, deduce that f 
is p-negligible if and only if the set of t € T such that f(t) #0 is p-negligible. 

d) Let f € ¥,(T). If p(f) is finite, the set of t € T such that f(t) is infinite is 
p-negligible. 

e) Let f and g be in #4(T). If the set of ¢ € T such that f(t) # g(t) is 
p-negligible, then p(f) = p(g). 


3) Let T bea set and p an encumbrance on T. For every sequence (fn)n>1 of 
elements of #4(T), p(liminf f,) < liminf p(fn). 
n—-oco n—-co 


4) Let T be aset, M an encumbrance on T, E a real or complex Banach space, 
and p a finite real number such that p > 1. Denote by ¥ the set of mappings of T 
into E, and, for f in ¥ or in #4(T), set Np(f) = M(|fl?)1/?. 
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a) For every sequence (fn)n>1 of elements of #4(T), No( oe fn) < ow Np(fn) - 
n2l1 n21 
b) Let #? be the set of f € ¥ such that Np(f) is finite. Show that #? isa linear 
subspace of # , and Np is a semi-norm on #?. Show that the set 1 of f € #? such 
that Np(f) = 0 is equal to the set of f € # that are zero outside an M-negligible set. 
Show that the normed space #?/W is complete (cf. Ch. IV, §3, No. 3). 


5) Let T be a set. Denote by @1(T) the set of bounded positive real functions 
on T, and by po a mapping of 44(T) into the interval [0,+00] of R satisfying the 
conditions a) to d) of Def. 1 of No. 1. For every function f € #4(T), denote by p(f) 
the supremum of the set of numbers po(fo), where fo runs over the set of bounded 
functions < f. Show that p is an encumbrance on T. Analogous question, with #4, (T) 
replaced by the set of (finite) positive real functions on T. 


6) Let T be aset, .% asubset of #;(T), and M a mapping of .% into Ry. 
We make the following hypotheses: 

a) For every f € .%4 and every real number t > 0, the function t-f belongs to 4, 
and M(t: f) =t-M(f). 

b) If f and g belong to .¥;, thenso do f+g,sup(f,g) and inf f,g), and one has 
M(f + 9) = M(f) + M(g). 

c) For every increasing sequence (fn)n>1 of elements of %,, the function 
f= euP fn belongs to %,, and M(f) = <i M(fn) - 


Foe every function f € #4(T), we we a= am sg M(g). Show that p is an 
F492 
encumbrance on T (cf. Ch. IV, §1, No. 3). If f and g ete to #1(T) andif A and B 
are subsets of T, then p(sup(f, 9))+p(inf(f,9)) < p(f)+p(g) and p(AUB)+p(ANB) < 
p(A) + p(B). 


7) On a Lindel6f space every measure, every function and every subset is moderated. 
q is) ee us take up again the notations of Exer. 5 of Ch. IV, §1. Recall that 
p= = s n- Se yn, k/n2) and p*(D) = +oo. Show that °(D) = 0; deduce from 


k=—0o n=1 
this that py is not moderated, even though it is the sum of a series of measures with 
pairwise disjoint compact supports. Show that there exists a partition (Xn)nen of X 
into Borel subsets X, such that w°(Xn) is finite for every nEN. 


9) Let T be a topological space. If X and p are two positive measures on T 
such that A°(U) = w°(U) for every open set U in T, then A = wp (first prove that 
A°(f) = u*(f) for every lower semi-continuous function f >0 on T, then that A® = p®). 


10) Let T be a topological space and py a positive measure on T; assume that T is 
the union of a sequence of p-integrable sets Tn (n > 0). Denote by € the clan of subsets 
of T generated by the compact subsets. 

a) Let X be a Lusin space. For every p-measurable mapping f of T into X, 
there exists a sequence of mappings fm :T — X having the following properties: a) for 
p-almost every t€ T, f(t) = lim fm(t); GB) for every integer m, there exists a finite 

m—co 


partition of T into sets A; € € such that fm is constant on each of the sets A; (reduce 
to the case that the sets Tn form a partition of T, where To is y-negligible and Tn is 
compact for n > 1, and where X is a Polish space). 

b) Let Xi,...,Xp be Lusin spaces, Y a topological space, g a mapping of 
X1X-+-xXXp into Y,and f; (for l<i< P) a p-measurable mapping of T into X;. As- 
sume that, for 1 <i <p, the pave mapping 2; +> g(71,..., Lp) of X; into Y is contin- 
uous for any £1,...,2i-1,%i+1,--.,Zp. Show that the mapping t ‘o(fi (t),.--5 fp(t)) 
of T into Y is y-measurable. 
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§2 


1) Let Ti and T2 betwo topological spaces, and f an injective continuous mapping 
of T, into T2. Show that the mapping w+ f(y) is a bijection of .#°(T1) onto the 
subspace of .#°(T2) consisting of the measures carried by f(T1). 


2) Give an example of two topological spaces T; and T2 and a bijective continuous 
mapping f of T; onto T2, such that the mapping p> f(y) of M2 (T1) into AM? (T2) 
is not surjective. 


3) Let X be a set, and Y, 7' two Hausdorff topologies on X, with 7’ coarser 
than 7. Denote by T (resp. T’) the set X equipped with the topology 7 (resp. 7’), 
and by j the identity mapping of T into T’ (which is continuous). Assume that every 
bounded positive measure on T’ is carried by the union of a sequence of compact subsets 
of T. For every topology .Y intermediate to ZY and 7’, denote by Ty the set X 
equipped with the topology .”. Show that the set of bounded measures on Ty is 
independent of 7. 


§3 


1) Let E be aset, ® aclan of subsets of E, and m an additive set function defined 
on ®. Denote by &(®) the vector space of real @-step functions on E, and by J the 
linear form on &(®) such that J(pya) = m(A) forall AE ®. 

a) For every A € ®, one sets 


m+(A)= sup m(B) and m_(A)= sup (—™m(B)). 
Be, BCA Bes, BCA 


Show that |m|(A) = m4(A)+m-_(A) is the supremum of the set of numbers of the form 
Pp 
> |m(A;)| for all the finite partitions (Ai)i<i<p of A into sets belonging to ©. 


i=1 

b) One says that m is relatively bounded if the set of numbers of the form m(B) 
with B€ ®, BCA is bounded for any set A € ®. Show that the following conditions 
are equivalent: a) m is relatively bounded; (@) the linear form J on the Riesz space &(®) 
is relatively bounded; -y) m is the difference of two positive additive set functions on ®; 
6) |m|(A) is finite for all A € ® (argue in a circle a) > 8) > y) > 6) > a)). 

c) Suppose that m is relatively bounded. Show that the set functions |m|, m+ 
and m— are additive and that m = mi — m— (make use of Th. 1 of Ch. II, §2, 
No. 2). Moreover, if m’ and m” are additive and positive set functions on ® such that 
m=m'—m", then m’ >m zy and m”’ >m_. 

d) One says that m is countably additive if m(A) = > m(An) for every countable 

n21 

partition (An)n>1 of a set A € ® into sets belonging to ®. Show that this condition 


signifies that lim m(An) = 0 for every decreasing sequence (An)n>1 of elements of ® 
n— co 


such that ft) An = &. If m is countably additive, show that |m| is countably additive. 


n21 


2) Let E bea set, ® a clan of subsets of E, and V a fully lattice-ordered Riesz 
space. A mapping m of ® into V is said to be positive if m(A) 2 0 for all Ae ©, 
that it is additive if m(A UB) = m(A) + m(B) when the sets A € ® and B € © are 
disjoint, and that it is relatively bounded if the set of elements m(B) for BE ®, BCA 
is bounded above in V for any AE ®. 

a) Let m bea relatively bounded mapping of ® into V. One defines for every A 
the elements m;(A), m—(A) and |m|(A) of V as in Exer. 1 a). Show that |m|(A) 
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Pp 
is the supremum of the set of elements of V of the form iS |m(A,)| for all the finite 


i=1 
partitions (A;)i<i<p of A into sets belonging to @. From this, deduce that the map- 
ping |m| of ® into V is additive, then that m is the difference of the additive positive 
mappings m+ and m— of ® into V. 
b) Let m’ and m” be two additive positive mappings of ® into V and let 
m =m! —m". Show that m is relatively bounded, and that m’ > m4 and m” >m_. 
c) Generalize Exer. 1 d). 


3) Let E be a set and & a tribe of subsets of E. Denote by .# the set of map- 
pings f of E into Ry such that the set of « € E for which f(x) >c belongs to & for 
every c€ Ri y 

a) Show that the limit superior and limit inferior of every sequence of elements of .@ 
belong to .@ (first study sequences that are increasing or decreasing). 


b) Show that & is the set of subsets of E whose characteristic function belongs 
to &@. 


es -1 
c) Let f € .@. For every Borel subset B of R, the set f(B) belongs to & (the set 


-1 
of subsets B of R4 such that f (B) € © is a tribe, containing the intervals [c, +co] ). 
d) Let fi,...,fn be in # and let y be a Borel mapping of (Ri)" into R,; 
show that the mapping z+> (f1(z),...,fn(z)) of E into Ry belongs to .#. Deduce 
from this that .@ contains the sum of every series of elements of .@. 
e) Show that .# is the set of limits of increasing sequences of finite positive T-step 
functions. 


4) Notations and hypotheses are those of the preceding exercise. One calls abstract 
measure on (E,&) every mapping m of & into R+ having the following property: for 
every sequence (An)nen of sets belonging to T, pairwise disjoint, one has m( U An) = 

neN 
> m(An). One calls integral on (E,Z) every mapping J of W into Ry satisfying 
neN 
the following conditions: a) J(A- f) =A-J(f) for XE Ry and f €.H (with the usual 
convention 0- (+00) = 0); 8) J( }> fn) = D> I(fn) for every sequence (fn)nen of 
neN nen 
elements of 4%. 

a) Let J be an integral on (E,%); for every subset A € T, set my(A) = J(pa); 
show that mj is an abstract measure and that the mapping J + my is a bijection of 
the set of integrals on (E,%) onto the set of abstract measures on (E,%) (if m is an 
abstract measure, first define J(f) by linearity for the finite positive T-step functions and 
use Exer. 3 e)). If m is an abstract measure, we will denote by m* the corresponding 
integral. 

b) Let m be an abstract measure on (E,%). For every positive function f on E, 


finite or not, set m*(f) = inf _m*(g). Show that m* is an encumbrance on E 
96M, g>f 


(imitate the proof of Th. 3 of Ch. IV, §1, No. 3). One sets m*(A) = m*(yaq) for every 
subset A of E. 


5) Let E be a set, © a tribe of subsets of E, m an abstract measure on (E,%), 
and p> 1 a finite real number. For every numerical function f on E, one sets Np(f) = 
m*(|f|P)1/? and one denotes by #” the set of functions f such that Np(f) is finite (cf. 
§1, Exer. 4). One equips the vector space ¥? with the semi-norm Np, for which it is 
complete. 

a) Let YW be the set of functions f such that m*(|f|) = 0, ¥Y the vector space 
generated by the finite functions belonging to .@, and £? the smallest closed linear 
subspace of #? containing the characteristic functions of the sets A € & such that 
m*(A) is finite. Show that 2? = V%+(VNFP). 
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b) Extend Lebesgue’s theorem (Ch. IV, §3, No. 7, Th. 6) to the present case, and 
examine in particular the case p = 1 (one will define the integral of a function f € 2 1), 

c) A subset A of E is said to be m-integrable if pa € “1. Show that there then 
exists a set A’ € T such that m*(AN CA’) = m*(A’M CA) =0. Converse, in the case 
that m(E) is finite. 


@ 6) Let E be a set, © a tribe of subsets of E, and m an abstract measure 
on (E,&). Suppose that m(E) is finite and that, for every B € & such that m(B) >0, 
there exists a set A € { such that AC B and 0 < m(A) < m(B). For every BE & and 
every number ¢t such that 0 < t < m(B), there exists a set A € & such that m(A) =t 
and ACB. 


q 7) Let T be a topological space, ® a clan of subsets of T, and m a relatively 
bounded additive mapping (cf. Exer. 1) of ® into R. Assume that there exists an open 
covering & of T such that ® consists of the Borel subsets of T contained in the union 
of a finite number of elements of {{. Assume, moreover, that for every A € ® and ev- 
ery € > 0, there exist a compact subset K of T and an open subset U of T such that 
KCACU, UE ® and |m|(U — K) < €. Show that there exists a measure 4 on T (not 
necessarily positive) such that m(A) = w°®(A) for all A € ©, and that such a measure pu 
is unique (on introducing the decomposition m = m4 — m— of Exer. 1 c), reduce to the 
case that m takes positive values; first treat the case that T € ® and observe that m is 
then inner regular; finally, treat the general case by pasting together measures). 


8) Let T bea topological space and m a bounded, countably additive (cf. Exer. 1d)) 
mapping of 8(T) into R. Denote by © the set of Borel subsets A of T having the 
following property: for every e« > 0, there exist a closed set F and an open set U in T 
such that F C A C U and |m(B)| < € for every Borel subset B of U — F (in other 
words, |m|(U — F) < €). Show that & is a tribe of subsets of T (first observe that 
T €& and that T is a clan; it then suffices to prove that if (An)nen is a sequence of 
pairwise disjoint elements of {, the set A = U An belongs to &; to this end, choose 

nen 
closed sets Fn and open sets Un such that Fn C An C Un and |m|(Un — Fn) < €/2", 
then set F = Fo U---UFp for p sufficiently large and U = U Un). 
neNn 


9) Let X be aset; one calls gauge on X every countably additive mapping of P(X) 
into R1; a gauge m on X is said to be diffuse if m({x}) =0 for all x € X, and to be 
atomic if there exists a positive function f on X such that m(A) = > f(x) for every 

2eA 
subset A of X. : 

a) Show that every gauge on X may be decomposed in a unique way as the sum of 
a diffuse gauge and an atomic gauge. 

b) Let X’ bea subset of X, and m’ a gauge on X’; for every subset A of X, one 
sets m(A) = m’/(AMX’). Show that m is a gauge on X and that it is diffuse (resp. 
atomic) if and only if m’ has the same property. 

c) Let m bea gauge on X and let (X;)ier be a family of pairwise disjoint subsets 
of X. If every gauge on I is atomic, then m( (J Xi) = )> m(X;). 

iel iel 


10) Let X be an uncountable infinite set, equipped with a well-ordering relation 
denoted x < y. For every x € X, one denotes by I(x) the set of y € X such that y<z. 
We make the following hypotheses: a) there exists a largest element a in X; 8) the set of 
cardinals strictly smaller than Card(X) has a largest element c; y) for every x in I(a), 
one has Card(I(x)) <c, and the set Y of x € X such that Card(I(x)) = c¢ is nonempty; 
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5) every gauge on a set with cardinal < ¢ is atomic. Show that every gauge on X is 
atomic. One can argue by contradiction in the following way: let m be a nonzero diffuse 
gauge on X. Denote by b the smallest element of Y, and for every x € I(a) let fz 
be an injection of I(x) into 1(b). For every pair (#,y) € I(a) x I(b), denote by Az,y 
the set of elements z € X such that 2 < z <a and f(r) = y; for every x € I(a), 
denote by Mz the set of y € I(b) such that m(Az,y,) > 0, and for every y € I(b), 
denote by Ny the set of x € I(a) such that m(Az,y) > 0. Using Exer. 9 c), show that 
m(X) = > m(Az,y); from this, deduce that the set Mz is countable and nonempty 
yel(b) 

for every x € I(a); then show that each of the sets N, is countable and from this deduce 
the contradiction Card(X) =c. 


11) A cardinal ¢ is said to be an Ulam cardinal (or to be ulamian) if every gauge 
on a set with cardinal c is atomic. Show that every countable cardinal is ulamian, that 
if c is an Ulam cardinal then so is every cardinal c’ <c, and that if (c;)jer is a family of 
Ulam cardinals such that Card(I) is ulamian, then the cardinal > ¢; is ulamian. Finally, 

iel 
the smallest uncountable cardinal is ulamian (cf. Exer. 10). 


12) Let X bea set, U a subset of P(X), and m the characteristic function of LU. 
For m to be a gauge, it is necessary and sufficient that { be an ultrafilter and that the 
intersection of every countable subset of belong to &. Under these conditions, U is 
said to be an Ulam ultrafilter on X. Suppose that this is the case, and that (Hi)ie1 isa 
family of elements of {{ such that Card(I) is an Ulam cardinal; show that () Hi belongs 
iel 
to U. 


13) In this exercise, we admit the continuum hypothesis, that is, we adjoin to the 
axioms of set theory the axiom ( Card(R) is the smallest uncountable cardinal ».@) 

a) Every gauge on R is atomic (cf. Exer. 11). 

b) Let X be a set and m a gauge on X satisfying the following property: for 
every subset A of X such that m(A) > 0, there exists a subset B of A such that 
0 < m(B) < m(A); then m is zero (for every integer n > 1, there exists a finite 
partition (Xn,i)ier, Of X such that m(Xn,;) < 1/n for all 1 €I,; set I= I] I, and 

n21 
xa f) Xn,en for every a = (Qn)n>1 in I; the family (X;)ieq is a partition of X, 
n21 
m(X;) = 0 for every i € 1, and every gauge on I is atomic by a); conclude by means of 
Exer. 9 c)). 

c) Let X be aset on which there does not exist any nontrivial Ulam ultrafilter; then 
every gauge on X is atomic (otherwise, by b), there would exist a diffuse gauge m on X 
and a subset A of X such that m(A) > 0 and such that m(B) = 0 or m(A — B) = 0 
for every subset B of A; the set & of subsets B of X such that m(A) = m(ANB) 
would be a nontrivial Ulam ultrafilter on X). 

d) Show that 2° is an Ulam cardinal for every Ulam cardinal ¢ (by c), it suffices to 
show that if C is a set with cardinal c, then every Ulam ultrafilter £ on X = {0,1}° 
is trivial; equip C with a well-ordering structure and define by transfinite induction a 
family s = (Sa)eec of elements of {0,1} such that set of x = (ta) yeq in X for which 


(1) It comes to the same to say that R can be equipped with a well-ordering struc- 
ture ~< for which the set of x € R such that x <a is countable for every a€ R. It has 
been shown (cf. P. COHEN, Proc. Nat. Acad. Sci. U.S.A. 50 (1963), 1143-1148 and 51 
(1964), 105-110) that this axiom does not introduce any new contradiction into the theory 
of sets, and that it is moreover independent of the other axioms of set theory. 
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La = 8a for all a < B belongs to MU for every GB € C (cf. Exer. 12); then s belongs to 
every element of i).() 


14) Let (Ti)ier be a family of Radon topological spaces, and T the sum space of 
the family. If Card(I) is an Ulam cardinal, then the topological space T is a Radon space 
(show that for every positive and bounded countably additive function m on the Borel 
tribe of T,, there exists a countable subset J of I such that m( |) Ti) =0. 

i€I—J 


15) Let T be a discrete space whose cardinal is the smallest uncountable cardinal. 
Show that T is a Radon locally compact space whose topology does not have a countable 
base (cf. Exer. 11). Deduce from this that there exist compact Radon spaces that are not 
metrizable. 


16) Let I be a countable set, and (T;)ice1 a family of Radon spaces. Assume that 
every compact subset of any of the spaces T; is metrizable. Show that the product space 
fi I] T; is Radon. Generalize to the case of inverse limits. 

tel 

17) Let T be a topological space. 

a) Let m bea countably additive mapping of 8(T) into Ry. Assume that there 
exists a sequence (Tn)nen of Borel subsets of T such that T = U Tn, m(To) =0 

nen 
and the subspace T, of T is Radon for every n > 1. Show that there exists a bounded 
positive measure on T such that m(A) = u*°(A) for every Borel subset A of T (one 
can reduce to the case that the Tn are pairwise disjoint on applying the Cor. of Prop. 2 
of No. 3). 

b) Extend the preceding result to the case that the sets Tn for n > 1 are no longer 
assumed Borel but merely universally measurable in T (argue as in Prop. 2 of No. 3). 

c) Every topological space that is the union of a sequence of metrizable compact 
subspaces is Radon. 


18) Let T, and Tz be two topological spaces and f a bijective continuous mapping 
of T1 onto T2. Assume that, for every bounded countably additive function mj, on the 
Borel tribe (Ti), there exists a sequence of compact subsets Kn of Ti such that 
mi(Ti— Un) =0. Let m2 be a bounded countably additive function on 8(T2). In 


n 
order that there exist a bounded countably additive function mi on 8(T1) such that 
m2(A) = mi(f—1(A)) for all A € 8(T2), it is necessary and sufficient that the following 
condition be fulfilled: there exists a sequence of compact subsets Kn of T 1 such that 


m2(T2 — UJ f(Kn)) = 0. 


§4 


1) Let 7 = (Ki, p43) be an inverse system of compact spaces indexed by the set I, 
let K be a compact space, and let (pi)ier be a coherent and separating family of contin- 
uous mappings p; : K > K;. 


(2) A cardinal ¢ is said to be strongly inaccessible if it is uncountable, 2° < ¢ for 
every cardinal b < c, and og < c¢ for every family of cardinals ¢; < ¢ such that 
i€l 
Card(I) < c. Exercises 11 and 13 show that, assuming the continuum hypothesis, the 
smallest cardinal that is not an Ulam cardinal is strongly inaccessible. It is not known 
whether the axiom of the existence of strongly inaccessible cardinals is contradictory to 
the other axioms of set theory. 
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a) Let A be the set of continuous functions on K of the form f;op;, where 7 runs 
over I and f; runs over the set of continuous real functions on K;. Show that A isa 
dense linear subspace of @(K). 

b) Let (wi)ier be a sub-inverse system of positive measures on 7%. Assume that 
the p; are surjective. For every f € A, let If be the set of i € I such that f is of the 
form fj; op; with f; € @(K;) (necessarily unique). Show that there exists one and only 
one measure 7 on K such that a(f) = ea wi(fi) for all f € A. Show that a is the 

velf 


greatest of the positive measures ys on K such that pi(u) < uw; forall tel. 


{ 2) Hypotheses and notations are those of Th. 1 of No. 2, for which we propose to 
indicate a new proof. 

a) Let K be a compact subset of T; for every i € I, set K; = pi(T), and denote 
by q; the mapping of K onto K; that coincides on K with p;; for i <j, denote by qi; 
the mapping of K; into K; that coincides on K; with pj; . Deduce from the preceding 
exercise the existence of a greatest positive measure m* on K such that qi(7*) = (ui)K; 
for all ie 1. 

b) If K and L are compact subsets of T such that K C L, show that (1), > «XK ; 
deduce from this that the set of measures of the form i*(rK) (where K runs over the 
set of compact subsets of T, and iK is the canonical injection of K into T) admits a 
supremum yp in .4,(T). 

c) Show that p,(4) = 4; for every i € I (it suffices to observe that pi(u) < uw; and 
that the measures p;(j) and jy; have the same total mass by the hypothesis (P)). 


§5 


1) Let T be a topological space and yw a positive measure on T. Denote by Gy 
the set of subsets of T whose boundary is p-negligible. 

a) Show that G, is aclan. 

b) If T is completely regular, every point of T has a fundamental system of neigh- 
borhoods contained in Gy, (observe that if f is a continuous function on T, zero outside 


-1 
a p-integrable set, then the set of real numbers r such that f(r) is not p-negligible is 
countable). 


q 2) Let T be a completely regular space and § a filter on Me (T) that converges 
tightly to a bounded measure 4. A Borel subset A of T is said to be a convergence set 
(for 3) if ae = pa. 


a) If the disjoint sets A; and Ag are convergence sets, then so is Aj U Ag. 
b) Let A be an open or closed set. For A to be a convergence set, it is necessary 
and sufficient that oe A°(A) = p®(A). If A is a convergence set, then so is T— A. 


c) Let A be an open or closed convergence set in T, and B a convergence set such 
that T — B is also a convergence set. Then AUB and AMB are convergence sets, as 
are their complements. 

d) The clan generated by the open convergence sets consists of convergence sets. 

e) Let A beasubset of T whose boundary is p-negligible. Then A is a convergence 
set. 

f) Suppose that T is locally compact or Polish. Show that every compact sub- 
set K of T is contained in a compact convergence set (in case T is locally compact, use 
Exercise 1 6). If T is Polish, use the same exercise to construct a sequence of finite cover- 
ings Up of K by open subsets of T, with u-negligible boundary and of diameter < 27~?; 
show that L = ) U U is compact and conclude that it is a convergence set by b)). 

p UEUp 
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g) Extend the result of f) to the case of a convergent sequence of measures on a 
complete metric space. 


3) Let T bea Polish space and (fn) a sequence of bounded positive measures on T 
converging tightly to a measure 4. Denote by € the set of subsets A of T having the 
following property: for every € > 0, there exists a compact subset K of A such that 
sup Un(A ~ K) < €. Let D be the set of subsets A of T that, together with their 

n 


complement, belong to €. 

a) If the sets A and A’ belong to €, then sodo AU A!’ and ANA’; deduce from 
this that D is a clan of subsets of T. 

b) Every subset A of T whose boundary is p-negligible belongs to D (apply 
Prokhorov’s theorem to the interior of A, and use Exer. 2 e)). 

c) Every A € D is a convergence set for the sequence (jn) (cf. Exer. 2); conversely, 
every open or closed convergence set belongs to D. 

d) Let A €®. Show that there exist a sequence of disjoint compact sets Kp and a 
subset N of T having the following properties: a) each Kp is a convergence set for the 


sequence (jin); @) A C NU|)Kp and |)Kp C AUN; 7) for every ¢ > 0, there exists an 


p Pp 
open neighborhood U of N such that sup un(U) < e€ (apply Exer. 2 f) and Prokhorov’s 


n 
theorem to a suitable subspace of T that is the intersection of a sequence of open sets). 


4) Let T be a completely regular space, t a point of T, and & a set of Borel 
subsets of T that generates the filter of neighborhoods of t. Let I be a set equipped 
with a filter ¥, and let (4;)ier be a family of bounded positive measures of total mass 1 


on T. In order that limp; = e4, it is necessary and sufficient that im ui(U) = 1 for 
i, 1, 


every UE. 


5) Let E bea real Hilbert space admitting an orthonormal basis (tn)nen. Let T 
be the space E equipped with the weakened topology, and let (an)nen be a sequence of 


real numbers such that 0 < an <1 forall n and lim n? logan =0. Forevery nEN, 
n—-co 


set Un = ss ah (1 — an) ‘En-z»- Show that pn is a bounded positive measure on T 
pEeN 
of total mass 1 for every n € N, that lim pun = €0 (tight convergence), and that 


n— co 
lim un(K) =0 for every compact subset K of T (apply the criterion of the preceding 
n—-oco 


exercise to the set of neighborhoods of 0 of the form {z| (a|z) < 1}, where a runs 
over E). In particular, the set of elements of the sequence (fn)nen is a relatively 
compact subset of Me? (T) that does not satisfy Prokhorov’s condition. 


6) Let T be a topological space and H a set of positive measures on T; assume 
that the following condition is fulfilled: 

(V) Every point of T admits an open neighborhood W such that sup y°(W) is 

HEH 

finite. 

Finally, let & be an ultrafilter on H. 

a) Let K be a compact subset of T. Show that the induced measures px (wu € H) 
converge vaguely with respect to 1 to a measure 7K on K. 

b) Let K and L be two compact subsets of T such that K C L; show that 
(w*)K > ak, 

c) For every compact subset K of T, let i® be the canonical injection of K into T. 
Show that the family of measures iX(r*) admits a supremum 7 in .4+(T). 

d) Let f be a lower semi-continuous positive function on T, and g an upper semi- 
continuous positive function on T with compact support. Show that m°(f) < lim bu (f) 


and 1°(g) > lim u*(g). 
wu 
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q 7) Let H beaset of bounded positive measures on a topological space T. Assume: 
that sup u°(T) is finite, and that for every € > 0, there exists a compact subset K of T 
uweEH 
such that sup u°(T — K) <«. Show that the condition (V) of the preceding exercise is 
HEH 
verified. Let { be an ultrafilter on H. The measure 7 is defined as in the preceding 
exercise. 
a) Show that 7°(g) > aa p°(g) for every upper semi-continuous bounded positive 
My 


function g on T. Deduce from this that 7*(f) = lim p*(f) for every bounded function f 
By 


on T whose set of points of discontinuity is 7-negligible. 

b) When T is completely regular, deduce from a) that H is relatively compact for 
the tight topology (this furnishes a new proof of Th. 1 of No. 5 for the case of positive 
measures). 


q 8) Let T be acomplete separable metric space, and d its metric. For every closed 
subset F of T and every real number a > 0, denote by F®% the set of z € T such that 
d(x, F) < a. Given two bounded positive measures and y on T, denote by D(A, ») the 
infimum of the set of real numbers a > 0 satisfying the inequalities A°(F) < u°(F*)+a, 
p®(F) < A°(F*) +a for every closed subset F of T. 

a) Show that D is a metric on Me and that D(ez,ey) = d(z,y) for two points x 
and y of T such that d(z,y) <1. 

b) Let f be a Borel mapping of T into T (cf. TG, IX, §6, No. 3 or GT, IX, §6, 
Exer. 16) and X a bounded positive measure on T. Show that there exists a bounded 


-1 
positive measure » on T such that p*(A) = A°( f (A)) for every Borel subset A of T. 
Let a > 0, and let H be the set of 2 € T such that d(z, f(x)) > a; show that H is 
Borel in T and that D(A, u) < sup (a, \(H)) (for every closed subset F of T, one has 


-1 
FA(T—H) Cc f (F*) and \°(F) < A*(FA(T — H)) +A*(H)). 
c) Let w and pn (for n 2 1) be bounded positive measures on T such that 
lim D(un,“) = 0. Show that the sequence (un) converges tightly to (show that 
n—- co 
lim p*(T) = u°(T) and yu®(F) > limsup py? (F) for every closed subset F of T; deduce 
n—-co n—oo 
from this that u®(f) < liminf u%(f) for every lower semi-continuous function f > 0 by 
n—co 


the method of Lemma 3 of §2, No. 6). 

d) Conversely, show that for every sequence of bounded positive measures fn tend- 
ing tightly to w in Me , one has lim D(in, w) = 0. One can proceed as follows: let ¢ > 0, 
and let K be a compact subset of T such that u°®(T — K) <e and supy®(T — K) <e; 


n 
construct a finite family (Bi)1<icp of sets with y-negligible boundary, of diameter < €/2, 
pairwise disjoint, whose union contains K (cf. Exer. 1). Let f be a mapping of T 
into T, constant on each of the sets B1,...,Bp and €(BiU---UBp) and such that 


-1 
f(Bi) C By for 1 <i <p. Define the measures m, and m by w°(A) = y8(f(A)) 


-1 
and 1°(A) = u*(f(A)) for every Borel subset A of T; deduce from 6) the relations 
D(tn, un) <e€, D(a, p) <e and show that lim D(an,7)=0. 


n—-co 
e) The metric D on Me is compatible with the tight topology (observe that Me 
is metrizable for the tight topology). 


{ 9) Notations and hypotheses are those of the preceding exercise. Let (tn) bea 
Cauchy sequence in i for the metric D; show that the sequence (jin) is convergent 
(this gives a new proof of the fact that the space 7 i is Polish for the tight topology). 
One can proceed thus: 


INT IX.116 MEASURES ON HAUSDORFF TOPOLOGICAL SPACES §5 


a) Let « > 0 and a > 0 be two real numbers; there exists a finite subset F 
of T such that sup u?(T — F*) < € (choose an integer N > 1 and a compact subset K 
n 
< 


of T such that sup D(un,un) < €/2 and wR(T —K) < e€/2; deduce from this that 
n>N 

sup |u*(T) — u°(T)| < € and sup u*(T — K2/?) < «; finally, choose a finite subset F 

n>N N 


n2 
of T such that K°/? c F@ and sup w*(T — F*) €e). 
n<N 


b) Let ¢ > 0; there exists a compact subset K of T such that supyw?(T — K) <e 
(for every integer p > 1 choose a finite subset Fp of T such that u%(T — (Fp)? ”) < 
e/2P, and set K = () (Fp)?"? ). 
p21 
c) Deduce from 6) that the Cauchy sequence (un) has a convergent subsequence 
(for the metric D). 


4 10) let T be a completely regular space; denote by the set of real func- 
tions f 21 on T, such that the set of points t of T for which f(t) <c is compact for 
every real number c. For every f € .”, denote by .@; the set of bounded measures pu 
on T such that |u|*(f) <1. 

a) For a subset H of .@°(T) to satisfy Prokhorov’s condition, it is necessary and 
sufficient that there exist an f € % such that H C .@; (for necessity, take f to be of 
the form c(1+ Dy n+ fn) where fn is the characteristic function of a set Un such that 

n21 
T — Un is compact and sup |u|*(Un) < 2-”). 
HEH 

b) Suppose T is locally compact. For a subset H of .W@°(T) to be relatively compact 
(for the tight topology), it is necessary and sufficient that there exist a continuous function 
f €¢f such that HC .4;. 

c) Let C be a closed convex cone in MAT) 2 Show that C/N .4; is a cap of C 
(TVS, II, §7, No. 2, Def. 3) for every f € .”, and deduce from this that C is the union of 
its caps. Denote by E the union of the extremal generators of C. Suppose T is Souslin. 
Show that for every a € C, there exist a Borel subset B of Me (T) contained in E and 


a positive measure P on B of total mass 1, such that 7 = i udP(p) (apply Choquet’s 
integral representation theorem). 


11) Let T be acompletely regular space. Assume given, for every compact space K 
and every continuous mapping f of T into K, a positive measure wy,~ on K; assume 
that g(us,K) = Hgof,L for any compact spaces K and L and any continuous mappings 
f :T-—K and g: K —L; assume moreover that the measure Ly,K is concentrated 
on f(T) for any f and K. Show that there exists one and only one bounded positive 
measure 7 on T such that ws x = f(m) for any f and K (make use of the universal 


property of the Stone-Cech compactification of T ). 


12) Let T be a completely regular space, a subspace of a locally compact space L. 
For every measure p (positive or not) on T, there exists a locally compact subspace T’ 
of L containing T, and a measure yz’ on T’ concentrated on T that induces » on T. 


¢ 13) *Let G bea locally compact abelian group. One denotes by G the dual group 
of G and by a a Haar measure on G. For every bounded measure pu on G, one denotes 


by #yp the Fourier transform of y, which is a function on the group G (cf. Théor. spec., 
Ch. II, §1, No. 2). 
a) The Fourier transformation ¥ is a continuous mapping of Me (G) equipped 


with the tight topology into #? (G) equipped with the topology of compact convergence. 
(Make use of the Cor. of Prop. 13 of No. 6.) 
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b) Let $ be a filter on mM (G) and ® a bounded continuous function on G; assume 
that fae A): a= ®-a@ (vague convergence) and pas A)(0) = ®(0). Show that the 


filter ¥ converges tightly to a measure y such that #yu = ® (show by application of 
the Stone—-Weierstrass theorem that the set of Fourier transforms of continuous functions 
on G with compact support is a dense linear subspace of #°(G) for uniform convergence; 


next observe that ra f (FA) -uda = f ®@uda for every u € E and that the filter ¥ 


contains a vaguely compact set of bounded measures; deduce from this that the filter ¥ 
has at most one cluster point, then that it converges tightly). 


c) Let ¥ bea filter on Me (G) having a countable base. In order that $ converge 
tightly to a bounded positive measure yz, it is necessary and sufficient that there exist a 


continuous function ® on G such that #2 converges pointwise to ® with respect to F, 
in which case Fu = ® (P. Lévy’s theorem)., 


§6 


4 1) For every compact interval K of R, let @(K) be the real vector space of 
continuous functions on K, equipped with the topology of uniform convergence; denote 
by QZ(K) the vector space of infinitely differentiable real functions on R that are zero 
outside K. Equip 2(K) with the coarsest topology for which the mappings f ++ D? f|K 
are continuous for every positive integer p (D is the differentiation operator). Set J = 
U Q(K) , a space that one equips with the locally convex topology that is the direct limit 
K 


of the topologies of the subspaces Y(K) . 
a) For every integer p > 0 and every function f € 9(K), set 


Qr(f) = | (D? f(a))? de. 
K 


Show that Qp, is a positive quadratic form on Y(K), that the sequence of norms Qi/ 2 


defines the topology of 9(K), and that Tr(Qp+1/Qp) is finite for every p > 0. (For 
every real t, let I; be the characteristic function of the interval [t, oof; using the formula 


n 
D? f(t) = he D?+1 Ff .1,dx and Bessel’s inequality, prove that > Qo(fi) < I? for every 
i=1 
finite sequence fi,..., fn of functions belonging to Q(K), orthonormal for Qp+1; the 
number | is the length of the interval K.) Deduce from this that Q(K) is a nuclear 
space. 

b) Prove that the space 9 is nuclear. (First establish the existence of a nonzero 
function in Y, and deduce from this the existence of a function h >0 in JY such that 
ye h(a —n) = 1 for every zc € R. Let K be a compact interval of R such that h is 
neZ 
zero outside of K; for every integer n, set hn(x) = h(a —n) and Kn =K+n. Let V 
be a convex neighborhood of 0 in Q; there exist positive integers pn such that every 
function f € B(Kn) with Qp,(f) < 1 belongs to V. Define the continuous quadratic 
forms Q and R on J by Q(f) = D> 2?"Qpn(f hn) and R(f) = D> 23°Qp, 41(f -hn); 

neZ neéZ 
show that V contains the set of f € J such that Q(f) <1 and that Tr(R/Q) is finite.) 

*c) Generalize the foregoing to infinitely differentiable functions on R” with com- 

pact support., 
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ANNEX 


1) Let E bea finite-dimensional vector space over a commutative field of character- 
istic 4 2. Denote by H a nondegenerate quadratic form on E, and by S the symmetric 
bilinear form on E x E such that H(z) = S(a,2) for all z in E. Let Q be a quadratic 
form on E. , 

a) There exists an endomorphism 1 of F characterized by the relations Q(z) = 
S(u(x), 2) and S(u(z), y) = S(x, u(y)) for all 2 and y in E. Onesets Tr (Q/H) = Tr(u). 

b) Generalize Remark 3 of No. 1. 


m 
c) If (e:)i<icm is a basis of E orthonormal for H, then Tr(Q/H) = >. Q(e:)- 


i=1 


2) Let E be a real Hilbert space, Q a continuous positive quadratic form on E, 
and H the quadratic form z+ ||z||? on E. 
a) Show that Tr(Q/H) = >> Qe) for every orthonormal basis (e;)ie1 of E. (Let 
i€l 
(a1,...,@p) be a finite orthonormal family in E; for every € > 0, there exist a finite 
subset J of I and elements a4)... An that are linear combinations of the e; for i€ J 


P 
and are such that |laj —a‘|| <«¢ for 1<j <p; then 2 a5) < 2 Aes) < 2 6s): 
j= i t€ 


Pp 
Deduce from this that > Q(aj) < >. Q(e:) -) 
j=l ie€l 

b) Deduce from a) a new proof of Prop. 3. 

c) Let Eo be a dense linear subspace of E, Qo (resp. Ho) the restriction of Q 
(resp. H) to Eo. Show that Tr(Q/H) = Tr(Qo/Ho). (Let (e1,..-,en) be a linearly 
independent sequence in E, generating a subspace F. Denote by Qp (resp. Hp) the 
restriction of Q (resp. H) to F. Using Remark 3 of No. 1, show that Tr(Qr/Hr) is a 
continuous function of (e1,..., en) -) 


3) Let E and F be two real vector spaces and wu a linear mapping of E into F; 
if Q and H are positive quadratic forms on F such that H(z) = 0 implies Q(z) = 0 
for x € F, then Tr(Qou/Hou) < Tr(Q/H). 


4) Let I be aset and /?(I) the vector space of families x = (x;)ie1 of real numbers 
such that 5, is finite. Let (Ai)ieq be a summable family of positive numbers. For 
iel 
every x in 1?(I), set Q(x) = }> iz? and H(x) = )> 2?. Show that Tr(Q/H) = 0 A:. 
ie! tel iel 
(Make use of Exercise 2 a).) 

5) Let E be a real vector space, (Ai)ier a summable family of positive numbers, 

and (y:)ier a family of linear forms on E. For every x € E, set H(x) = Ya, yi)? 

i€l 

and Q(z) = SS ri(z, yi)? ; assume that H(z) is finite for every z € E. Show that Q(z) 
iel 

is finite for every zc € E, that Q and H are positive quadratic forms on E, and that 

Tr(Q/H) < }>AG. (Set u(x) = ((z,yi))ie1 and apply Exer. 3 to the linear mapping u 
iel 

of E into la(I).) 

6) Let E be a real vector space, Q, H and Ho positive quadratic forms on E. 
Assume that H < a-Ho, where a is a positive real number. Prove that Tr(Q/Ho) < 
a-Tr(Q/H). (Reduce to the case that E is finite-dimensional by Remark 1 of No. 1, then 
conclude by Prop. 1, using the existence of a basis of E that is orthogonal for both H 
and Ho .) 
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7) Let E be areal Hilbert space. Show that the Sazonov topology on E is defined 


by the set of semi-norms Q!/2, where Q runs over the set of nuclear positive quadratic 
forms on E. (Use Exer. 6.) 


8) Let E and F be two real Hilbert spaces. There exists on E@F a Hausdorff 
pre-Hilbert space structure such that (21 @y1|r2 @y2) = (r1|z2)-(yily2) for 21,22 in E 
and y1,y2 in F. One denotes by E @2 F the Hilbert space completion of E@F. 

a) If EB’ (resp. F’ ) is a closed linear subspace of E (resp. F ), show that E’/@2F’ may 
be identified with the closed linear subspace of E ®2 F generated by the elements z @ y 
such that z € E’ and ye F’. 

b) Suppose that E (resp. F) is the hilbertian sum of a family (Ea)aca (resp. 
(Fs)sep ) of closed linear subspaces (TVS, V, §2, No. 2, Def. 2) . Show that E @2 F is 
the hilbertian sum of the family (Ea @2 Fg)(a,a)caxB Of closed linear subspaces. 

c) If (ei)ier (resp. (f;)j¢3 ) is an orthonormal basis of E (resp. F ), then the family 
(ei ® f3)(4,7)e1x3 is an orthonormal basis of E @2 F. 

d) Let G be a real Hilbert space. Define canonical isomorphisms of E @2 F onto 
F @2 E and of (E @2 F) @2G onto E@2 (F @2G). 

e) Let E; and F; be two real Hilbert spaces, and u:E — Ei, uv: F — Fy contin- 
uous linear mappings. Show that u@v may be extended by continuity to a continuous 
linear mapping u @2v of E@2F into Ei @2 Fi, and that ||u @2 || = |lull - lull - 


9) Let E and F be two real Hilbert spaces. 

a) Show that there exists a continuous linear mapping y of E@2F into “(E;F) 
characterized by y(x @ y)(z’) = (z|z’)-y for z,2’ in E and y in F. Show that » has 
norm 1, and that y(E @F) is the set of continuous linear mappings of finite rank of E 
into F. 

b) Show that is a bijection of E@2F onto the set HS(E,F) of Hilbert-Schmidt 
linear mappings of E into F (make use of Exer. 8 c) and Prop. 3). Equip HS (E, F) with 
the Hilbert space structure deduced from that of E®@2F by means of the bijection y; the 
corresponding norm is denoted ||ul|2. Let wu € HS(E,F); one defines positive quadratic 
forms Qu and H on E by Qu(z) = |lu(z)||?_ and H(z) = ||2|/?. Show that ||ul|2 = 
Tr (Qu/H). 

c) Let E; and F, be two real Hilbert spaces, and u: Ei — E, v: F > Fi 
continuous linear mappings. Let yi be the isomorphism of Ei @2 Fi onto HS(Ki, F1) 
defined in a manner analogous to y. Show that vo y(t)ou = g1((u* @ Rin for all 
t € E@2F. From this, deduce that for every Hilbert-Schmidt mapping w of E into F, 
the linear mapping vo wou of Ey into Fi is Hilbert-Schmidt, and that ||vowoull2 < 


Ill - [leella - [eel - 


HISTORICAL NOTE 


(N.B. — The Roman numerals refer to the bibliography at the end of 
this note.) 


While the study of the connections between topology and measure the- 
ory goes back to the beginnings of the modern theory of functions of real 
variables, it is only very recently that integration in Hausdorff topological 
spaces has been thoroughly worked out in general fashion. Before setting 
out the history of the work that preceded the present synthesis, we review 
several stages in the evolution of the ideas regarding the relations between 
topology and measure. 

For Lebesgue, it is only a question of integrating functions of one or 
several real variables. In 1913, Radon defined general measures on R” and 
the corresponding integrals; this theory is exposed in detail in the book (I) 
of Ch. de la Vallée Poussin and rests, in constant fashion, on the topolog- 
ical properties of Euclidean spaces. A little later, in 1915, Fréchet defined 
in (II, a)) ‘abstract’ measures on a set equipped with a tribe, and the in- 
tegrals with respect to these measures; he noted that one can establish in 
this way the principal results of the Lebesgue theory without the use of 
topological methods. He justified his undertaking with the following words, 
taken from the introduction of (II, b), first part): « Que par exemple dans 
Vespace & une infinité de coordonnées ot diverses applications de l’Analyse 
avaient conduit a diverses définitions non équivalentes d’une suite conver- 
gente, on remplace une de ces définitions par une autre, rien ne sera changé 
dans les propriétés des familles et fonctions additives d’ensembles dans ces 
espaces».(*) Fréchet’s investigations were completed by Carathéodory, to 
whom is due an important theorem on the extension of a set function to a 
measure. The beginning of the book of Saks (III) gives a condensed exposi- 
tion of this point of view. 

The discovery of Haar measure on locally compact groups (cf. the His- 


(*) “While, for example, in the space with infinitely many coordinates where various 
applications of Analysis had led to various inequivalent definitions of convergent sequence, 
if one replaces one of these definitions by another, nothing will be changed in the properties 
of the families and additive functions of sets in these spaces.” 
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torical Note for Chs. VII and VIII) and the numerous applications that 
it immediately received, then the works of Weil and Gelfand on Harmonic 
Analysis, led around 1940 to a profound modification of this point of view: 
in this kind of question, it is most convenient to regard a measure as a, lin- 
ear form on a space of continuous functions. This method obliges one to 
restrict oneself to compact or locally compact spaces, but this is not an in- 
convenience for nearly all of the applications: better yet, the introduction of 
Harmonic Analysis on p-adic groups and adéle groups by J. Tate and A. Weil 
has permitted a spectacular renewal of Analytic Number Theory. 

It is from an entirely different direction that the need arises for enlarging 
this point of view by considering measures on non locally compact topological 
spaces: gradually, Probability Theory leads to the study of such spaces and 
furnishes numerous nontrivial examples. Perhaps the reason for the tardy 
influence of these developments on the theory of measure is to be found in 
the relative isolation of Probability Theory, which remained until recently 
on the fringes of the traditional mathematical disciplines. 


Measures on spaces of sequences 


One of the most highly developed branches of classical Probability The- 
ory is that of limit theorems (law of large numbers, tendency towards the 
Gauss-Laplace law, ...); this concerns a deepening of the concept of sta- 
tistical regularity manifested by phenomena that bring into play very large 
populations. The correct mathematical formulation of these problems re- 
quires the introduction of measures on sequence spaces; these spaces, which 
constitute the most obvious generalization of finite-dimensional spaces, were 
the subject of choice of investigations into ‘General Analysis’ undertaken 
around 1920 by Fréchet, Lévy, Lusin, .... Nor is it fortuitous that Khint- 
chine and Kolmogoroff, the creators of the new methods of Probability The- 
ory, were both disciples of Lusin, and that Lévy very quickly oriented himself 
towards probabilistic problems: these constituted the touchstone of the new 
methods. 

The first implicit intervention of a measure on a sequence space ap- 
peared in the work devoted by E. Borel in 1909 to countable probabili- 
ties (IV). A highly original idea of Borel consists in the application of the 
probabilistic results he had just obtained to the proof of properties possessed 
by the decimal expansion of almost every real number between 0 and 1. 
This application rests on the following fundamental remark: let us define 
every real number between 0 and 1 by the sequence of figures (or ‘digits’) 
in its expansion in a given base q (q > 2); if one successively draws at 
random the various figures of a number z, independently of each other and 
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with equal probability 1/q for 0,1,...,q—1, the probability that x lies in 
an interval of [0,1[ is equal to the length of that interval. 

In 1923, Steinhaus (V) established these results rigorously and described 
the precise mathematical model for the infinite sequence of random draw- 
ings considered by Borel: for simplicity let us take q = 2 and denote by I 
the set with two elements {0,1}; one equips I with the measure ys de- 
fined by (0) = p(1) = $ : the elements of the product space IN are the 
sequences € = e(n)) neN of numbers equal to 0 or 1, and the mapping 


pier >> e(n)-2-"! is, up to a countable set, a bijection of IN onto the 
n20 

interval [0,1]; moreover, y~! transforms the Lebesgue measure on (0, 1] 
into the measure P on IN that is the product of the measures p on each of 
the factors. Actually, Steinhaus did not have at his disposal a construction 
for product measures; he used the existence of the quasi-bijection y to con- 
struct the measure P on IN starting from Lebesgue measure on [0,1], and 
then gave an axiomatic characterization of P. The isomorphism so obtained 
made it possible to translate the language of probability into that of measure 
and to apply the known theorems on the Lebesgue integral. 


In the same work, Steinhaus considered the random series }> on: Gn, 

n20 
where the signs o, = +1 are chosen at random independently of each other 
and with equal probability 3 ; between 1928 and 1935, he studied numerous 


other random series. From their side, Paley, Wiener and Zygmund con- 


sidered random Fourier series!) of the form = Qn, exp (2mi(nt + @,)); 


—co 

the ‘amplitudes’ a, are fixed, and the ‘phases’ "On, are independent random 
variables uniformly distributed on [0,1]. While the analytic difficulties vary 
enormously from one of these problems to another, the translation in terms 
of measure theory is the same in all cases and represents an extension of 
the case treated by Borel and Steinhaus; it is a matter of constructing a 
measure on RN that is the product of a family of measures all identical to a 
same positive measure . on R of mass 1; for example, the preceding ran- 
dom Fourier series correspond to the case that yz is the Lebesgue measure 
on [0,1]. 

To construct such product measures, two methods can be used. The first 
is a direct method, precisely exposed for the first time by Daniell (VI, a)) 
in 1918; it was rediscovered in 1934 by Jessen (VII), who made a detailed 
study of the case that yz is Lebesgue measure on [0,1]. The second method 
is to seek artifices analogous to that of Steinhaus to reduce to Lebesgue 
measure on [0,1]; this way of proceeding had the advantage of convenience 


(4) For an account of random Fourier series, see the exposition of J. P. KAHANE in 
the Séminaire Bourbaki (No. 200, 12th year, 1959/60, Benjamin, New York). 
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so long as one did not have available a complete exposition of general measure 
theory, for it permitted using Lebesgue’s theorems without the need for new 
proofs. (2) 


The theory of Brownian motion 


This theory occupies a special position in contemporary scientific de- 
velopment, by the constant and fertile exchange between physical problems 
and ‘pure’ mathematics to which it bears witness. The study of Brown- 
ian motion, discovered in 1829 by the botanist Brown, had been conducted 
intensively in the 19th century by numerous physicists,) but the first sat- 
isfactory mathematical model was only invented by Einstein in 1905. In the 
simple case of a particle moving along a straight line, Einstein’s fundamen- 
tal hypotheses may be formulated as follows: if z(t) is the abscissa of the 
particle at the instant t, and if to < ty < --- < tm_1 < ty, the successive 
displacements x(t;) — x(ti-1) (for 1 < 4 < n) are independent Gaussian 
random variables. This is not the place to evoke in detail the important 
experimental work of J. Perrin that motivated Einstein’s theory; for our 
purposes, we need only retain a remark of Perrin, according to which the 
observation of trajectories of Brownian motion irresistibly suggested to him 
the “mathematicians’ functions without derivative”. This remark was to be 
the initial spark for Wiener. 

Quite another current of ideas has its origins in the kinetic theory of 
gases, developed between 1870 and 1900 by Boltzmann and Gibbs. Consider 
a gas formed by N molecules of mass m at (absolute) temperature T, and 
denote by vi,...,Vvn the velocities of the N molecules of the gas; the kinetic 
energy of the system is equal to 


(1) 5 (vi .+++-v2) = 3NKT, 


where k is Boltzmann’s constant. According to the ideas of Gibbs, the 
multitude of shocks between molecules does not allow the precise determi- 
nation of the velocities of the molecules, and it is convenient to introduce a 
probability law P on the sphere S of the space of dimension 3N defined 
by the equation (1). The ‘micro-canonical’ hypothesis consists in assuming 


(2) Wiener also took care on numerous occasions (cf. for example (XI), Ch. IX) to 
show that the measure of Brownian motion is isomorphic to Lebesgue measure on [0,1]. 
The possibility of such artifices finds its explanation in a general theorem of von Neumann 
that gives an axiomatic characterization of the measures isomorphic to Lebesgue measure 
on [0, 1]. 

(3) A very lively account of this history may be found in the recent book of E. NEL- 
SON, Dynamical theories of Brownian motion, Mathematical Notes, Princeton, 1967. 
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that P is the measure on the sphere S with mass 1 invariant under rota- 
tion. Moreover, Maxwell’s law of velocities states that the law of probability 
of a component of the velocity of a molecule is a Gaussian measure with 
variance 2kT/m (§6, No. 5, Remark 3). Borel seems to have been the first 
to observe in 1914 that Maxwell’s law is a consequence of Gibbs’ hypotheses 
aud the properties of the sphere when the number of molecules is very large. 
He considered a sphere S in a Euclidean space of large dimension and the 
measure P of mass 1 on S invariant under rotation; using the classical 
approximation methods based on Stirling’s formula, he showed that the pro- 
jection of P on a coordinate axis is approximately Gaussian. These results 
were sharpened a little later by Géteaux and Lévy (IX, a)). Given an inte- 
ger m>1 andanumber r > 0, denote by Sp, the set of sequences of the 
form (%1,...,%m,0,0,...) with x? +.--- +22, =r’; also, denote by Om,r 
the measure with mass 1 on S,, invariant under rotation. Stated in mod- 
ern language, the result of Gateaux and Lévy is as follows: the sequence of 
measures Om, tends tightly to a unit mass at the origin (0,0,.. .), and the 
sequence of measures 0, m@ tends tightly to a measure T of the form 


dI'(r1,22,...)= Il dy(rn) 
n=1 


(7 is the Gaussian measure on R with variance 1). 

The preceding measure [ plays the role of a Gaussian measure in infi- 
nite dimensions. It seems indeed that Lévy had confusedly hoped to define 
in an intrinsic manner a Gaussian measure on every infinite-dimensional 
Hilbert space. In fact, as shown by Lévy and Wiener, the measure I is in- 
variant in a certain sense‘4) under the automorphisms of I? ; unfortunately, 
the set 1? of square-summable sequences (x1,22,..-,%n,---) has measure 
zero for I’. It is now known that one must be content to have a Gaussian 
promeasure on an infinite-dimensional Hilbert space. (°) 

We owe to Wiener the essential progress: if one does not have a rea- 
sonable Gaussian measure on an infinite-dimensional Hilbert space, one can 


(4) More precisely, one has the following result. Let U be an automorphism of 
the Hilbert space 1, and (tmn) the matrix of U. Let E be the vector space of all real 
sequences (2%n)n>1 and F the subspace of E formed by the sequences (zn)n31 for which 
the series > Umnin converges for every m 21. The formula (Ur)m = > Umni&n 

n21 n21 
defines a linear mapping U of F into E, the measure I’ is concentrated on F, and 
u(r) =P. 

(5) This concept was introduced under the name “weak canonical distribution” by 
I. E. SEGAL (Trans. Amer. Math. Soc. 88 (1958), 12-42). One owes to this author a 
detailed study of Gaussian promeasures, and their application to certain problems in the 
quantum theory of fields. 
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construct by the operation of primitive a measure w on a space of continuous 
functions starting from a Gaussian promeasure (cf. §6, No. 7, Th. 1 for the de- 
tails). We shall explain succinctly Wiener’s original construction of w (X); it 
is directly influenced by the relation T = jim Om,/m of Gateaux and Lévy. 


For every integer m > 1, denote by H» the set of functions on T = ]0, 1] 
—-lk 
= (for kK =1,2,...,m), 
m 


and by am the measure of mass 1, invariant under rotation, on the Eu- 
clidean sphere of radius 1 in R™. Let fp, be the isomorphism of Hp 


onto R™ that associates, to each function taking the value a, on the inter- 
k-1k 
val ss =| , the vector (@1,a@2 — @1,...,@m —Q@m_1) (whence the term 


k 
that are constant on each of the intervals 


‘differential space’ dear to Wiener); denote by wm the measure on H», that 
is the image of 7 under f,,1. Wiener defined the desired measure w as 
the limit of the measures wm. To be precise, let us denote by H the set 
of regulated functions on T, with the topology of uniform convergence (we 
have H,, C H for every integer m > 1); for every bounded uniformly con- 
tinuous function F on H, the limit A{F} = jim, Su, F(z) dwm(x) exists; 
next, Wiener obtained certain upper bounds by a subtle analysis of the fluc- 
tuations of the game of heads-or-tails, and taking up again the compactness 
arguments highlighted by Daniell, he showed that one is under the condi- 
tions for applying Daniell’s extension theorem. One concludes the existence 
of a measure w carried by @(T) and such that A{F} = Ser F(z) dw(z). 
Wiener was then able to show that the measure w corresponds to Einstein’s 
hypotheses,‘®) and his estimates allowed him to give a precise meaning to 
Perrin’s remark on functions without derivatives: the set of functions sat- 
isfying a Lipschitz condition of order 4 is negligible for w (however, for 
every a with O<a< 3, almost every function satisfies a Lipschitz condi- 
tion of order a). 

Today, numerous constructions of the Wiener measure are known. Thus, 
Paley and Wiener use random Fourier series (XI, Ch. IX): for every real 


(8) This may be translated by the formula 
Lets f(x(t1),..-,2(tn)) dw(x) = 


(20/2 Il (t;—t¢_1) 71/2 f : +f f(x, s+.) 2n) exp (-; oa a2) dey ce dain, 
i=1 


i=1 ti — ti-y 


where f is an arbitrary bounded continuous function on R” and where 0 = to < ti < 
+++ <tn <1 (one makes the convention zo = 0). Wiener, trained in analytical rigor by 
Hardy, and justly mistrustful of the foundations of Probability Theory at that time, was 
careful not to use probabilistic terminology or results. It follows that his memoirs are full 
of formidable formulas of which the foregoing is a sample; this circumstance is one of the 
factors that delayed the diffusion of Wiener’s ideas. 
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sequence a = (@n)n>1 and every integer m > 0, let us define the func- 
tion fm,a on ]0,1] by 


gmt 


fma(t) =a ,t+2 d. apa} sin wkt; 


one can show that for T-almost every sequence a, the sequence of func- 
tions fm,ja tends to a continuous function f,, and that w is the image 
of IT under the mapping (defined almost everywhere) at+> fa. Later on, 
Lévy gave in (IX, b), c)) a construction very near to that which we have ex- 
posed in §6, No. 7. Finally, Kac, Donsker and Erdés showed around 1950 how 
to replace the spherical measures 7,, on R™ in Wiener’s original construc- 
tion by more general measures. Their results establish a solid link between 
Wiener measure and the limit theorems of Probability Theory; they were to 
be completed and systematized by Prokhorov (XIII) in a work to which we 
shall return later on. 

This is not the place to analyze the numerous and important probabilis- 
tic works brought about by Wiener’s discovery; nowadays, Brownian motion 
appears only as one of the most important examples of a Markoff process. 
We shall only mention Kac’s application of Wiener measure to the solution 
of certain parabolic partial differential equations; this is a question of adapt- 
ing ideas of Feynmann in quantum field theory—yet another example of the 
reciprocal influence of mathematics and problems of physics. 


Inverse limits of measures 


This is a theory that has developed mainly in response to the needs 
of Probability Theory. Problems concerning a finite sequence of random 
variables X,,...,X,, are in principle solved when one knows the law Px 
of the sequence: this is a positive measure on R” of mass 1 such that 
the probability of obtaining simultaneously the inequalities aj < X, < 0, 

-, Qn < Xn < bp is equal to Px(C), where C is the closed box 
[a1, bi] x--- x [an, bp] in R”. In practice, the measure Px either has discrete 
support or admits a density with respect to Lebesgue measure. When dealing 
with an infinite sequence (X,)nz1 of random variables, one generally knows 
the law P,, of the partial sequence (X1,...,Xn) for every integer n > 1; 
these data satisfy a compatibility condition that expresses that the sequence 
(Pn)nzi is an inverse system (or ‘projective system’) of measures. Until 
about 1920, the probabilities of events relating to the infinite sequence were 
defined in more or less implicit fashion by ‘natural’ passages to the limit 
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from the probabilities of the finite case; one thus assumes that the prob- 
ability that a game terminates is the limit, as n tends to infinity, of the 
probability that it terminates in at most n steps. Naturally, such a theory 
is not very coherent, and nothing excludes the presence of ‘paradoxes’, the 
same probability receiving two distinct estimates according as one evaluates 
by means of one or the other of two procedures, each as ‘natural’ as the 
other. 

Steinhaus (V) appears to have been the first to have felt the need for con- 
sidering (for the game of heads-or-tails) not only the inverse system (Pn)n>1 
but its limit as well. A little earlier, in 1919, Daniell (VI, 6)) had proved in 
general the existence of such inverse limits,‘”) but this result seems to have 
remained unknown in Europe. It was rediscovered in 1933 by Kolmogoroff 
in the work (XII) where the author formulates the axiomatic conception of 
Probability Theory. The proofs of Daniell and Kolmogoroff make use of a 
compactness argument, which is substantially the same as the one we have 
employed in Th. 2 of §4, No. 3 and which rests on Dini’s theorem. 

The Daniell-—Kolmogoroff theorem left nothing to be desired for the 
case of random sequences (Xn)n>1, but the study of random functions un- 
dertaken from 1935 on by Kolmogoroff, Feller and Doob harbors difficulties 
of quite another order. Consider for example an interval T of R, repre- 
senting the set of instants of observation of a ‘stochastic process’; the set of 
possible trajectories is the product space R™ , regarded as the inverse limit 
of the partial products R!#, where H runs over the set of finite subsets 
of T; one generally assumes given an inverse system of measures (wy) (cf. 
§4, No. 2). Kolmogoroff’s theorem does indeed yield a measure on R" , but 
it is defined on a tribe notably smaller than the Borel tribe.) A variant of 
Kolmogoroff’s construction, which yields a measure on a topological space, 
is due to Kakutani (Proc. Imp. Acad. Tokyo 19 (1943), 184-188), and has 
been rediscovered several times since: one regards py as a measure on R# 
carried by R#;(9) the compact space E = R™ is the inverse limit of the 
finite products R# and one can define a measure on E as the inverse 
limit of the yy (cf. Ch. III, §4, No. 5). However, this procedure has a seri- 
ous inconvenience; the elements of RT possess no regularity property that 
permits advancing the probabilistic study of the process—or even simply 


(7) Daniell treated the case of measures on a product II In of compact intervals 
n21 
of R,, but his method extends immediately to the case of an arbitrary product of compact 
spaces; this is essentially the method we have used in Ch. III, §4, No. 5. 
Kolmogoroff’s measure is only defined for the Borel sets in RT of the form 

A x RT™—D, where D is a countable subset of T, and A is a Borel subset of RD; 
because of this, Kolmogoroff’s theorem for an arbitrary product RT is an immediate 
consequence of the case of countable products. 

9) One could replace R by any compact space containing R as a dense subspace. 
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eliminating the parasitic values -too introduced by the compactification R 


of R. This can be remedied by inducing the measure ps of R° on a par- 
ticular subspace (for example @(T) in the case of Brownian motion); the 
fundamental difficulty arises from the fact that a function space, even one of 
the usual type, is not necessarily y-measurable in R™, and even the choice 
of function space may be questionable. 

A decisive step was taken in 1956 by Prokhorov in a work (XIII) that 
has had a determining influence on the theory of stochastic processes. By 
putting into a suitable axiomatic form the methods used by Wiener in the 
article analyzed above, he established a general existence theorem for inverse 
limits of measures on function spaces that is a special case of Th. 1 of 84, 
No. 2 corresponding to Polish spaces. 

A more restricted class of inverse systems was introduced by Bochner 
(XIV) in 1947; these are inverse systems formed by finite-dimensional real 
vector spaces and surjective linear mappings. The inverse limit of such a 
system may be identified in a natural way with the algebraic dual E* of a 
real vector space E, equipped with the weak topology o(E*,E); a corre- 
sponding inverse system of measures has a limit that is a measure yu defined 
on a tribe notably smaller than the Borel tribe of E*. Bochner completely 
characterized such ‘promeasures’ by their Fourier transform, which is a func- 
tion on E. But this result is scarcely usable in the absence of a topology 
on E, in which case one has to examine the possibility of regarding ys as a 
measure on the topological dual E’ of E. In an independent way, R. Fortet 
and E. Mourier, while seeking to generalize to random variables with values 
in a Banach space certain classical results of Probability Theory (law of large 
numbers, central limit theorem) also brought into evidence the fundamental 
role played by the Fourier transformation in such questions. But substantial 
progress was not made until 1956 when Gelfand (XV, 6)) suggested that the 
natural setting for the Fourier transformation is not that of Banach spaces 
or Hilbert spaces, but that of nuclear Fréchet spaces. He conjectured that 
every continuous function of positive type on such a space is the Fourier 
transform of a measure on its dual, a result established soon afterwards by 
Minlos (XVI). Its importance stems above all from the fact that it is ap- 
plicable to spaces of distributions, and that the quasi-totality of function 
spaces are Borel subsets of the space of distributions (which thus constitutes 
a much better receptacle than R™ ).0) The theory of random distributions 
is an area in full expansion, and we shall content ourselves by referring the 


(10) For a detailed discussion of the problem of constructing measures on function 
spaces, and the methods used prior to Prokhorov, see J. L. Doon, Bull. Amer. Math. Soc. 
53 (1947), 15-30. 

(11) One may consult the exposition of X. FERNIQUE, Ann. Inst. Fourier 17 (1967), 
1-92, which also contains numerous results on tight convergence. 
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reader to the book of Gelfand and Vilenkin (XVII). 

The results on inverse limits just mentioned make use of the existence 
of topologies on the base spaces. One may ask whether there exists an 
analogous theory in the case of ‘abstract’ measures. Von Neumann proved 
in 1935 the existence of product measures in all cases, but the discovery of 
a counter-example by Jessen and Andersen (XVIII) dashed the hope that 
every inverse system of measures admits a limit. Two palliatives have been 
discovered: in 1949, C. Ionescu-Tulcea established the existence of countable 
inverse limits, by means of the existence of suitable disintegrations,“?) a 
highly interesting result for the study of Markoff processes; moreover, it had 
been observed that the topology of the spaces only intervenes through the 
intermediary of the set of compact subsets. It was therefore natural to try to 
axiomatize this situation within the abstract theory, by means of the concept 
of compact class of subsets of a set. This work was done in 1953 by Mar- 
czewski (who established an abstract inverse limit theorem by such means) 
and Ryll-Nardzewski (who treated the disintegration of measures). (13) 


Measures on general topological spaces 
and tight convergence 


The study of the connections between topology and measure theory has 
above all been conceived of as the study of regularity properties of measures, 
and in particular that of ‘outer’ regularity and of ‘inner’ regularity;(4) in- 
ner regularity is equivalent to outer regularity on a locally compact space 
countable at infinity. The construction that Lebesgue gives to the measure 
of subsets of the line highlights these two kinds of regularity, and the outer 
regularity property of measures on a Polish space seems to have had public 
notoriety around 1935. But it was not until 1940, in an article whose diffu- 
sion was retarded by the war, that A. D. Alexandroff (XIX) gave prominence 
to the role of inner regularity and showed that it is possessed by the measures 
on a Polish space; this result was rediscovered later by Prokhorov (XIII) and 
is often erroneously attributed to this author. It was not perceived until very 
recently that this property extends to Souslin spaces; because of this, the 


(12) Tt seems that it is the absence of a satisfactory theory of disintegration that 
marks the limit of the theory of ‘abstract’ measures. This difficulty reappears in insistent 
fashion in Probability Theory in connection with conditional probabilities. 

3) For an exposition of this theory, one may consult J. PFANZAGL and W. PIERLO, 
Lecture Notes in Mathematics (Springer-Verlag), Vol. 16 (1966). 

(14) An ‘abstract’ measure u on the Borel tribe of a Hausdorff topological space is 
said to be outer regular if the measure of every Borel set is the infimum of the measures 
of the open sets that contain it; the measure p is said to be inner regular if the measure 
of every Borel set is the supremum of the measures of its compact subsets. 
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importance of these spaces has increased greatly, even more so as it was 
realized that their theory could be worked out without any metrizability 
hypothesis, and that the quasi-totality of the function spaces were Souslin 
(most often, even Lusin).{5) These are the reasons that moved us to place 
the accent on inner regular measures in this chapter. 

‘he detinition of a mode of convergence (vague or tight) for measures is 
most conveniently done by putting the space of measures into duality with 
a space of continuous functions. Generalizing an old result of F. Riesz, 
A. A. Markoff established in 1938 a one-to-one correspondence between 
the positive functionals on @(X) and the regular measures on a compact 
space X. In the work (XIX) already cited, A. D. Alexandroff extends these 
results to the case of a completely regular space: he introduces a hierarchy 
in the set of positive linear forms on the space @°(X) of bounded continuous 
functions on a completely regular space X ,{!®) he defines tight convergence 
of bounded measures and proves among others the following two theorems: 


a) if X is Polish, the set of linear forms on @°(X) corresponding to 
the measures is closed for the weak convergence of sequences; 

b) if a sequence of bounded measures has a tight limit, ‘no mass escapes 
at infinity’ (this is a weak form of the converse of Prokhorov’s theorem on 
tight convergence). 


From this abundance of concepts and theorems, Prokhorov was able 
to extract the results important for the theory of stochastic processes, and 
to present them in a simple and striking form. In his great work of 1956 
already cited (XIII), a large part is devoted to bounded positive measures 
on a Polish space; generalizing a construction of Lévy, he defines a metric 
on the set of positive measures of mass 1 that makes it a Polish space, and 
then establishes an important compactness criterion for tight convergence 
(cf. §5, No. 5, Th. 1). Independently of Prokhorov, Le Cam (XX) obtained 
a number of compactness results for the tight convergence of measures; he 
makes no metrizability hypothesis on the spaces he considers, and his results 
reduce to earlier theorems of Dieudonné in the locally compact case. 


(15) To attempt to resolve certain probabilistic difficulties (specifically the relations 
between various notions of stochastic independence or dependence), a number of authors 
introduced restricted classes of ‘abstract’ measures: the ‘perfect’ spaces of Kolmogoroff- 
Gnedenko, the ‘Lusin’ spaces of Blackwell, the ‘Lebesgue’ spaces of Rokhlin. In fact 
(at least assuming a rather weak countability hypothesis), all of these definitions give 
characterizations of ‘abstract’ measures isomorphic to a bounded positive measure on a 
Souslin space. On this subject, one may consult the work cited in footnote (13). 

(16) He distinguishes by decreasing order of generality between the o-measures (‘ab- 
stract’ measures on the Borel tribe of X), the 7-measures (outer regular measures) and 
the taut measures (inner regular measures). When X is Polish, these three notions co- 
incide. The terminology itself is due to McShane and Le Cam (XX). One can find an 
account of the works to which this classification has given rise in V. S. VARADARAJAN 
(Amer. Math. Soc. Transl. (2), 48, 161-228). 
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Index of notations 


Reference numbers indicate, in order, the chapter, section and subsec- 
tion. 


Chapter VII: 

x(s) ’ ¥(s): VII, 1, 1. 

(s)f,¥(s)u (f a function, ~ a measure): VII, 1, 1. 

du(s—tx): VII, 1, 1. 

dx(s), 6(s), 6(s)f, 6(s)u, du(xs): VII, 1, 1. 

j, jt, du(x—!) (f a function, » a measure): VII, 1, 1. 

Ag, A: VII, 1, 3. 

modgy, mody (¢y an automorphism): VI, 1, 4. 

Zp (p a prime number): VII, 1, 6. 

Kt (K a field): VII, 1, 10. 

modx a, moda (a an element of a locally compact field K): VII, 1, 10. 

HX(X), A(X), #7(X), f*, f* (X a locally compact space in which a 
locally compact group H operates, x a continuous representation of H 
in R*: VII, 2, 1. 

PPO VL, 2; 2: 

dM B u/B+ VIL, 2, 2. 


mi! (m a vectorial measure): VII, 2, 2. 
Ty, Ti(n,K), T(n,K), T(n, K)*: VOU, 3, 3. 


Chapter VIII : 


nr 
ine *o(Mi)i<i<n, Hi * M2 ***** Mn: VIL, 1, 1. 
“vy: VII, 2, 3 and VIII, 2, 4. 
Vup + VIN, 2, 5. 
U(u) (U a representation of a locally compact group G, m a measure 
on G): VIIL, 2, 6. 
M°(G) (G a locally compact group): VIII, 3, 1. 
ux f, wx f (pw ameasure, f a function): VIII, 4, 1. 
-£(G) (G a locally compact group): VIII, 4, 5. 
Ue(G) (G a locally compact group): VIII, 4, Exer. 21. 
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Chapter IX : 


F(T), F4, fa, f°: preliminary conventions. 
™(p), PA Or pia: IX, 1, 1. 

P(T;C), A(T;R), A(T), Ay(T): IX, 1, 2. 
w(f), f° fdw, f° f(t) dw(t): IX, 1, 2. 

w*, wr: IX, 1, 2. 

wt, w-, |w|: IX, 1, 2. 

Mf), w(A): IX, 1, 5. 

Supp() : IX, 1, 6. 

>> wi: IX, 1, 7. 

il 


uX(f), wR(A), S fdu, J" F(t) du(t): IX, 1, 9. 
p*: IX, 1, 9. 

2 Rey L), #5(T, HL), £7(T, HL), YET, pw) (for 1 < p< +00): IX, 1, 10. 

Piru), Zp, 2, Z'(u), Lu), LP: IK, 1, 10. 
N,(f), N,(f), We, Ne: IX, 1, 10. 

L2(u), L2: IX, 1, 10. 

S fdu, w(f), f Fl dult): IX, 1, 10. 

wx, wx, w|X: IX, 2, 1. 

f > w: IX, 2, 2. 

m(p): IX, 2, 3. 

A ® p: IX, 2, 5. 

R(T), B(T): conventions of §3. 

@°(T;F), €°(T), €°, €2(T), @°: conventions of §5. 

MT; C), °(T), &°, A2(T), 2°: conventions of §5. 

Ly: IX, 5, 7. 

F(E): IX, 6, 1. 

pv, pvw: IX, 6, 1. 

Q(E): IX, 6, 1. 

2 IX, 6, 1. 

u(u) ( a promeasure): IX, 6, 2. 

Fu (ps a promeasure or a measure): IX, 6, 3. 

TQ, Ya: IX, 6, 5. 

Yc: IX, 6, 6. 

Tr (Q/H): IX, Annex, 1. 

u*: IX, Annex, 2. 


Index of terminology 


Reference numbers indicate, in order, the chapter, section and subsec- 
tion (or, exceptionally, exercise). 


Abstract measure, integral: IX, 3, Exer. 4. 

Additive set function: IX, 3, 2. 

Additive, countably (set function): IX, 3, 2. 

Adjoint of a linear mapping: IX, Annex, 2. 

Algebra, triangular (upper, lower): VII, 3, 3. 

Almost everywhere: IX, 1, 9. 

Associated promeasure, to a measure: IX, 6, 1. 

Atomic gauge: IX, 3, Exer. 9. 

Base py, measure with: IX, 2, 2. 

Bochner’s theorem: IX, 6, 12. 

Bounded encumbrance: IX, 1, 1. 

Bounded measure: IX, 1, 2. 

Bounded set function: IX, 3, 2. 

Brunn—Minkowski inequality: VII, 1, Exer. 25. 

Cardinal, strongly inaccessible: IX, 3, Exer. 13, footnote. 
Cardinal, ulamian: IX, 3, Exer. 11. 

Character of a monoid: IX, 5, 7. 

Concentrated (encumbrance) on a subset: IX, 1, 1. 
Concentrated (measure) on a subset: IX, 1, 4. 
Continuous linear representation: VIII, 2, 1. 
Contragredient (linear representation): VIII, 2, 2. 
Convolution product of a finite sequence of measures: VIII, 1, 1. 
Convolution product of functions: VIII, 4, 5. 
Convolvable functions: VIII, 4, 5. 

Convolvable measure and function: VIII, 4, 1. 
Convolvable, y-convolvable (finite sequence of measures): VIII, 1, 1. 
Countably additive set function: IX, 3, 2. 

Covariance matrix of a Gaussian measure: IX, 6, 6. 
Covariance of a Gaussian promeasure on R™: IX, 6, 6. 
Cramped set of bounded measures: VIII, 3, Exer. 10. 
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Crushing: IX, 1, 8. 

Decomposition, Iwasawa’s, of GL(n, K): VII, 3, 3. 
Density of a measure with respect to another: IX, 2, 2. 
Diffuse gauge: IX, 3, Exer. 9. 

Disintegration of a measure: IX, 2, 7. 

Domain, fundamental: VI, 2, 10. 

Encumbrance: IX, 1, 1. 

Encumbrance, bounded: IX, 1, 1. 

Encumbrance, concentrated on a subset: IX, 1, 1. 
Encumbrance, image: IX, 1, 1. 

Encumbrance, induced: IX, 1, 1. 

Encumbrance, locally bounded: IX, 1, 1. 
Equicontinuous linear representation: VIII, 2, 1. 
Essential upper integral: IX, 1, 2. 

Essentially bounded function: IX, 1, 10. 

Essentially integrable function: IX, 1, 10. 

Finite sequence, y-convolvable, of measures: VIII, 1, 1. 
Form, nuclear quadratic: IX, Annex, 1. 

Full submonoid: IX, 5, 7. 

Function of positive type: IX, 6, 12. 

Function, essentially bounded: IX, 1, 10. 

Function, essentially integrable: IX, 1, 10. 

Function, generating (of a sequence): IX, 5, 7. 
Function, integrable: IX, 1, 10. 

Function, locally integrable: IX, 2, 2. 

Function, locally negligible: IX, 1, 4. 

Function, measurable: IX, 1, 5. 

Function, moderated: IX, 1, 9. 

Function, modular (of a locally compact group): VII, 1, 3. 
Function, negligible: IX, 1, 9. 

Function, universally measurable: IX, 2, 7. 
Fundamental domain: VII, 2, 10. 

G-covering: VII, 1, Exer. 27. 

G-filling: VII, 1, Exer. 27. 

G-paving: VII, 1, Exer. 27. 

Gauge on a set X: IX, 3, Exer. 9. 

Gaussian measure, promeasure: IX, 6, 5. 

Gaussian measure with covariance matrix C’: IX, 6, 6. 
Gaussian promeasure with covariance K: IX, 6, 6. 
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Gaussian promeasure, canonical, on a real Hilbert space: IX, 6, 6. 

General linear group: VII, 3, 3. 

Generating function of a sequence: IX, 5, 7. 

Group, large triangular (upper, lower): VI, 3, 3. 

Group, special triangular (upper, lower): VII, 3, 3. 

Group, strict triangular (upper, lower): VII, 3, 3. 

Group, unimodular: VII, 1, 3. 

Haar measure (left, right): VII, 1, 2. 

Hilbert-Schmidt mapping: IX, Annex, 2. 

Image of a measure: IX, 2, 3. 

Image of a promeasure: IX, 6. 2. 

Image of an encumbrance: IX, 1, 1. 

Induced encumbrance: IX, 1, 1. 

Induced measure: IX, 2, 1. 

Inequality, Brunn—Minkowski: VII, 1, Exer. 25. 

Inner regular set function: IX, 3, 2. 

Integers, p-adic: VII, 1, 6. 

Integrable function: IX, 1, 10. 

Integrable set: IX, 1, 9. 

Integral, abstract: IX, 3, Exer. 4. 

Integral, essential upper: IX, 1, 2. 

Integral, upper: IX, 1, 9. 

Integral of a function: IX, 1, 10. 

Invariant measure (left-, right-) on a group: VII, 1, 1. 

Invariant measure, under a group of operators: VII, 1, 1. 

Inverse (or projective) limit of measures on an inverse (or projective) limit 
of locally compact groups: VII, 1, 6. 

Inverse (or projective) limit of measures: IX, 4, 2. 

Inverse (or projective) system of measures: IX, 4, 2. 

Isometric linear representation: VIII, 2, 1. 

Iwasawa decomposition of GL(n, K): VII, 3, 3. 

Kernel of positive type: IX, 6, 6. 

Lagrange’s theorem: VII, 1, Exer. 29. 

Laplace transformation: IX, 5, 7. 

Large triangular group (upper, lower): VII, 3, 3. 

Left Haar measure: VII, 1, 2. 

Left multiplier, of a relatively invariant measure on a locally compact group: 
VII, 1, 8. 

Left-invariant measure on a group: VII, 1, 1. 
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Levy, P., theorem of: IX, 5, Exer. 13. 

Lifting of measures: IX, 2, 4. 

Limit, inverse (or projective), of measures on an inverse (or projective) limit 
of locally compact groups: VII, 1, 6. 

Limit, inverse (or projective), of measures: IX, 4, 2. 

Linear representation, transposed, contragredient of a linear representation: 
VIII, 2, 2. 

Locally almost everywhere: IX, 1, 4. 

Locally bounded encumbrance: IX, 1, 1. 

Locally bounded set function: IX, 3, 2. 

Locally integrable function: IX, 2, 2. 

Locally negligible function: IX, 1, 4. 

Locally negligible set: IX, 1, 4. 

Mapping, Hilbert-Schmidt: IX, Annex, 2. 

Mapping, p-proper: IX, 2, 3. 

Margins of a measure on a function space: IX, 4, 3. 

Mass, total (of a promeasure): IX, 6, 1. 

Mean, orbital: VII, 2, 2. 

Measurable function: IX, 1, 5. 

Measurable set: IX, 1, 5. 

Measure: IX, 1, 2. 

Measure, abstract: IX, 3, Exer. 4. 

Measure on Q,, normalized Haar: VII, 1, 6. 

Measure, bounded: IX, 1, 2. 

Measure, Gaussian with covariance matrix C’: IX, 6, 6. 

Measure, Gaussian with variance Q: IX, 6, 5. 

Measure, Haar (left, right), on a locally compact group: VII, 1, 2. 

Measure, image: IX, 2, 3. 

Measure, induced: IX, 2, 1. 

Measure, invariant (relatively invariant, quasi-invariant) under a group of 

operators: VII, 1, 1. 

Measure, left-invariant (right-invariant), on a locally compact group: VII, 1, 1. 

Measure, lifting of: IX, 2, 4. 

Measure, moderated: IX, 1, 9. 

Measure, normalized Haar, on a compact group, on a discrete group: VII, 1, 3. 

Measure, outer (of a set): IX, 1, 9. 

Measure, product: IX, 2, 5. 

Measure, quasi-invariant, on a locally compact group: VII, 1, 9. 

Measure, relatively invariant, on a locally compact group: VII, 1, 8. 
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Measure, Wiener: IX, 6, 7. 

Measure, with base pw: IX, 2, 2. 

Measure, with density f with respect to a measure p: IX, 2, 2. 

Measured space: IX, 6, 7, Footnote (2). 

Minkowski’s theorem: VII, 1, Exer. 27. 

Minlos’s theorem: IX, 6, 10. 

Moderated function: IX, 1, 9. 

Moderated measure: IX, 1, 9. 

Moderated set: IX, 1, 9. 

Modular function of a locally compact group: VII, 1, 3. 

Modulus of a locally compact group: VII, 1, 3. 

Modulus of an automorphism: VII, 1, 4. 

Multiplier (left, right), of a relatively invariant measure on a locally compact 
group: VII, 1, 8. 

Multiplier on a product G x X of a group G and a set X on which G 
operates: VIII, 2, 3. 

Multiplier, of a measure relatively invariant under a group of operators: 
VII, 1, 1. 

Negligible function: IX, 1, 9. 

Negligible set: IX, 1, 9. 

Normalized Haar measure on a compact group, on a discrete group: VII, 1, 3. 

Normalized Haar measure on Q,: VII, 1, 6. 

Nuclear quadratic form: IX, Annex, 1. 

Nuclear space: IX, 6, 10. 

Orbital mean: VII, 2, 2. 

Outer measure: IX, 1, 9. 

p-adic integers: VII, 1, 6. 

Positive premeasure, measure: IX, 1, 2. 

Positive type, function of: IX, 6, 12. 

Positive type, kernel of: IX, 6, 6. 

Premeasure: IX, 1, 2. 

Premeasure, positive: IX, 1, 2. 

Premeasure, real: IX, 1, 2. 

Product of a family of measures: IX, 4, 3. 

Product of two measures: IX, 2, 5. 

Product, convolution (of a measure and a function): VIII, 4, 1. 

Product, convolution (of functions): VIII, 4, 5. 

Product, convolution (of measures), with respect to a mapping: VIII, 1, 1. 

Projective (or inverse) limit of measures: IX, 4, 2. 


316 INTEGRATION 


Projective (or inverse) system of measures: IX, 4, 2. 

Prokhorov’s conditions: IX, 4, 2 and IX, 5, 5. 

Promeasure: IX, 6, 1. 

Promeasure associated with a measure: IX, 6, 1. 

Promeasure, canonical Gaussian, on a real Hilbert space: IX, 6, 6. 

Promeasure, Fourier transform of: IX, 6, 3. 

Promeasure, Gaussian with covariance K, on R!: IX, 6, 6. 

Promeasure, Gaussian with variance Q: IX, 6, 5. 

Promeasure, image: IX, 6, 2. 

Promeasure, total mass of: IX, 6. 1. 

Proper, u- (mapping): IX, 2, 3. 

Quadratic form, nuclear: IX, Annex, 1. 

Quasi-invariant measure on a locally compact group: VII, 1, 9. 

Quasi-invariant measure, under a group of operators: VII, 1, 1. 

Quotient of a measure on a locally compact space X by a Haar measure of 
a group operating on X: VII, 2, 2. 

Radon space: IX, 3, 3. 

Real measure, premeasure: IX, 1, 2. 

Regular representation (left, right): VIII, 2, 5. 

Regularization: VIII, 4, 7. 

Relatively invariant measure, on a locally compact group: VII, 1, 8. 

Relatively invariant measure, under a group of operators: VII, 1, 1. 

Representation, continuous (separately continuous, equicontinuous, isomet- 
ric): VIII, 2, 1. 

Representation, regular (left, right): VIII, 2, 5. 

Representation, unitary: VIII, 2, Exer. 4. 

Right Haar measure: VII, 1, 2. 

Right multiplier, of a relatively invariant measure on a locally compact 
group: VII, 1, 8. 

Right-invariant measure on a group: VII, 1, 1. 

Sazonov topology: IX, 6, 10. 

Separately continuous (linear representation): VIII, 2, 1. 

Set function, additive: IX, 3, 2. 

Set function, bounded: IX, 3, 2. 

Set function, countably additive: IX, 3, 2. 

Set function, inner regular: IX, 3, 2. 

Set function, locally bounded: IX, 3, 2. 

Space, nuclear: IX, 6, 10. 

Space, Radon: IX, 3, 3. 
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Space, strongly Radon: IX, 3, 3. 

Special triangular group (upper, lower): VII, 3, 3. 
Strict triangular group (upper, lower): VII, 3, 3. 
Strongly inaccessible cardinal: IX, 3, Exer. 13, footnote. 
Strongly Radon space: IX, 3, 3. 

Sub-inverse (or sub-projective) system of measures: IX, 4, 2. 
Submonoid, full: IX, 5, 7. 

Sum of a family of measures: IX, 1, 7. 

Summable family of measures: IX, 1, 7. 

Support of a measure: IX, 1, 6. 

System, inverse (or projective), of measures: IX, 4, 2. 
System, sub-inverse (or sub-projective), of measures: IX, 4, 2. 
Theorem, Bochner’s: IX, 6, 12. 

Theorem, Lagrange’s: VII, 1, Exer. 29. 

Theorem, Minkowski’s: VII, 1, Exer. 27. 

Theorem, Minlos’s: IX, 6, 10. 

Theorem, P. Lévy’s: IX, 5, Exer. 13. 

Theorem, Thue’s: VII, 1, Exer. 28. 

Thue’s theorem: VII, 1, Exer. 28. 

Tight convergence, topology of: IX, 5, 3. 

Tight topology: IX, 5, 3. 

Topology, Sazonov’s: IX, 6, 10. 

Topology, tight: IX, 5, 3. 

Total mass of a promeasure: IX, 6, 1. 


Trace of a quadratic form with respect to another: IX, Annex, 1. 


Transform, Fourier (of a measure, of a promeasure): IX, 6, 3. 
Transform, Laplace (of a measure): IX, 5, 7. 
Transposed linear representation: VIII, 2, 2. 
Triangular algebra: VII, 3, 3. 

Triangular group (large, strict, special): VII, 3, 3. 
Ulam cardinal: IX, 3, Exer. 11. 

Ulam ultrafilter: IX, 3, Exer. 11. 

Unimodular group: VII, 1, 3. 

Unitary representation: VIII, 2, Exer. 4. 
Universally measurable function: IX, 2, 7. 
Universally measurable set: IX, 3, 3. 

Upper integral: IX, 1, 9. 

Variance of a measure: IX, 6, 5. 

Wiener measure: IX, 6, 7. 
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PRINCIPAL FORMULAS OF CHAPTER VII 


Formulas concerning the y(s) and the 6(s) 


Let G be a topological group operating continuously on the left in a locally 
compact space X by (s,x2) +> sz. 


¥(s)x = sx (s€G,2eX) 

¥(st) = ¥(s)¥(t) (s, t in G) 

(y(s)f)(z) = f(s~*2) (f a function on X) 
(f,v(s)u) = (y(s~*) fH) ( a measure on X) 
d(7(s)u)(z) = du(s~*x) 

(y(s)u)(A) = u(s7*A) (A a7(s)p-integrable set) 


If uw is relatively invariant with multiplier y, 


¥(8)u = x(s)7*y 
du (sx) = x(s) du(z). 


Let G be a topological group operating continuously on the right in a locally 

compact space X by (s,z)'> as. 
6(s)z = xs~* 

§(st) = 8(s)d(t) 
(5(s) f)(x) = f(s) 
(f,6(s)u) = (8(s~*) f, u) 
d(8(s)u)(x) = du(xs) 
(5(s))(A) = w(As). 


If yu is relatively invariant with multiplier x’ , 


6(s)u = x'(s)u 
du(xs) = x'(s) du(z). 
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Formulas concerning Haar measures 
Let G be a locally compact group, A its modulus, p a left Haar measure, 


vy aright Haar measure. 
1) One has 


(8) = bw 4(s)u = A(s)u =A -p 
du(sx) = du(x) du(xs) = A(s) du(z) du(x~*) = A(x)~* du(z). 


If f is u-integrable, 


y f(x) du(e) = | f(a) du(e) / f(s) du(a) = A(s)7? / f(x) du(c) 
/ f(a) A(2)"? dle) = / f(a) du(a). 
If A CG is p-integrable, 


u(sA)=p(A) — u(As) = A(s)u(A). 


2) One has 


6(s)v =v 4(s)v = A(s)v v=A-v 
dv(xs) = dy(x) dv(s~*x) = A(s)dv(xz) = dv(a~") = A(a) dv(z). 


If f is v-integrable, 


[ seesae) = f se) duce) [ teevana)= a0 [ 12) a2) 
[te awane = [ sean). 
If A CG is v-integrable, 
v(As)=v(A) — v(sA) = A(s~')v(A). 


3) v is proportional to A~!-, pu is proportional to A-v. 
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CONDITIONS SUFFICIENT FOR THE EXISTENCE 
OF THE CONVOLUTION PRODUCT 


I. — The case that the convolution product 4 * vy of two measures exists: 


(a) * is defined by a continuous mapping y: X x Y > Z: 

ps, v bounded (then  *v is bounded and ||p * v|| < ||| - [lvl] ). 

bt, v have compact support (then mw * vy has compact support and 
Supp(u * v) C y(Supp pu x Supp) ). 


(b) * is defined by a group operating continuously on the left in a space: 
p with compact support, v arbitrary. 


(c) * is defined by the multiplication in a group G: 
one of the two measures has compact support. 
Mw, v in M°(G) (then wxv € @°(G), and |[u*ulo < llmllollully )- 


II. — The case that the convolution product w+*f of a measure and a function 
exists: 


(a) * is defined by a group G operating continuously on the left in a space X 
equipped with a measure 2 > O such that ¥(s)G = x(s~',-)@, x being continuous: 

» with compact support, f locally G-integrable (if f is continuous, w* f is 
continuous; if f is continuous with compact support, yw * f is continuous with 
compact support). 

G operates properly in X, f € “(X) (yw*f is continuous). 


(b) the x(s,-) are bounded; let p(s) = sup x(s~, x): 
2Ex 
Be M°(G), f € L™(X,f) (then w+ f © L(X,B); if f € Y™(X), 
wx fEe@-(X); if fe H(X), wx f € #(X)). 
Be MG), f € L?(X, 8) where 1/p+1/q=1 (then uw f € L?(X, @) 
and || * fllp < [lHll,1/allfllp )- 


III. — The case that the convolution product f *g of two locally 6-integrable 
functions exists (6 a relatively invariant measure > 0 on a group G, with left 
and right multipliers x and x’ ): 


f or g continuous, f or g with compact support (then f *g is continuous; 
if f,g are in “(G), then f*ge€£#(G)). 
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fx7¥4 © Li(G,8) and g € L?(G,B), where 1/p+1/q = 1 (then 
f*g €L7(G,f) and |If * gllp < llfx7*/h Ilglle)- 

f © L?(G, B) and gx'~!/4 € L(G, B) (then f *g € L?(G,f) and ||f *gllp < 
IIfll llax’~*/4lh1 ). 

fx7? € L(G, B) and g € €~(G) (resp. #(G)) (then fxg € @~(G) (resp. 
H(G))). re 

f € 6° (G, 8) (resp. #(G)) and gx’~* € L(G, #) (then f xg € *(G) 
(resp. #(G) )). 7 

f € L?(G,B), g € L9(G,f) with 1/p+1/q =1, 1 < p < +00, B left- 
invariant (then f *g € 2 (G) and ||f * glloo < IIfllp lldlla )- 
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